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Uniform topologies on types
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We study the robustness of interim correlated rationalizability to perturbations of
higher-order beliefs. We introduce a new metric topology on the universal type
space, called uniform-weak topology, under which two types are close if they have
similar first-order beliefs, attach similar probabilities to other players having sim-
ilar first-order beliefs, and so on, where the degree of similarity is uniform over
the levels of the belief hierarchy. This topology generalizes the now classic no-
tion of proximity to common knowledge based on common p-beliefs (Monderer
and Samet 1989). We show that convergence in the uniform-weak topology im-
plies convergence in the uniform-strategic topology (Dekel et al. 2006). Moreover,
when the limit is a finite type, uniform-weak convergence is also a necessary con-
dition for convergence in the strategic topology. Finally, we show that the set of
finite types is nowhere dense under the uniform strategic topology. Thus, our re-
sults shed light on the connection between similarity of beliefs and similarity of
behaviors in games.
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1. INTRODUCTION

The Bayesian analysis of incomplete information games requires the specification of a
type space, which is a representation of the players’ uncertainty about fundamentals,
their uncertainty about the other players’ uncertainty about fundamentals, and so on,
ad infinitum. Thus the strategic outcomes of a Bayesian game may depend on entire
infinite hierarchies of beliefs. Critically, in some games this dependence can be very
sensitive at the tails of the hierarchies, so that a mispecification of higher-order beliefs,
even at arbitrarily high orders, can have a large impact on the predictions of strategic
behavior, as shown by the Electronic Mail game of Rubinstein (1989). As a matter of
fact, this phenomenon is not special to the E-Mail game. Recently, Weinstein and Yildiz
(2007) have shown that in any game satisfying a certain payoff richness condition, if a
player has multiple actions that are consistent with interim correlated rationalizability—
the solution concept that embodies common knowledge of rationality! —then any of
these actions can be made uniquely rationalizable by suitably perturbing the player’s
higher-order beliefs at any arbitrarily high order. This phenomenon raises a conceptual
issue: if predictions of strategic behavior are not robust to mispecification of higher-
order beliefs, then the common practice in applied analysis of modeling uncertainty
using small type spaces—often finite—may give rise to spurious predictions.

A natural approach to study this robustness problem is topological. Consider the
correspondence that maps each type of player into his set of interim correlated ratio-
nalizable (ICR) actions. The fragility of strategic behavior identified by Rubinstein (1989)
and Weinstein and Yildiz (2007) can be recast as a certain kind of discontinuity of the ICR
correspondence in the product topology over hierarchies of beliefs, i.e., the topology of
weak convergence of k-order beliefs, for each k£ > 1. While in every game the ICR corre-
spondence is upper hemicontinuous in the product topology, lower hemicontinuity can
fail even for the strict ICR correspondence—a refinement of ICR that requires the incen-
tive constraints to hold with strict inequality.? Strictness rules out incentives that hinge
on a “knife edge,” which can always be destroyed by suitably perturbing the payoffs of
the game. Indeed, nonstrict solution concepts are known to fail lower hemicontinu-
ity in other contexts, e.g., in complete information games, Nash equilibrium, and, in
fact, even best-reply correspondences fail to be lower hemicontinuous with respect to
payoff perturbations. By contrast, the strict Nash equilibrium and the strict best-reply
correspondences are lower hemicontinuous. It is, therefore, surprising that this form of
continuity breaks down when it comes to perturbations of higher-order beliefs.

There exist, of course, finer topologies under which the ICR correspondence is up-
per hemicontinuous and the strict ICR correspondence is lower hemicontinuous in all
games. The coarsest such topology is the strategic topology introduced by Dekel et al.
(2006); it embodies the minimum restrictions on the class of admissible perturbations
of higher-order beliefs necessary to render rationalizable behavior continuous. Thus

1See Dekel et al. (2007, Proposition 2) and Battigalli et al. (2008, Theorem 4).

2Here, the notion of strictness is actually quite strong: the slack in the incentive constraints is required
to be bounded away from zero uniformly on a best-reply set. Despite this, the strict ICR correspondence
fails to be lower hemicontinuous in the product topology.
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the strategic topology gives a tight measure of the robustness of strategic behavior: if
the analyst considers any larger set of perturbations, he is bound to make a nonrobust
prediction in some game. Given this significance, we believe the strategic topology de-
serves closer examination. Indeed, Dekel et al. (2006) only define it implicitly in terms of
proximity of behavior in games, as opposed to explicitly using some notion of proximity
of probability measures. This leaves open the important question as to what proximity
in the strategic topology means in terms of the beliefs of the players.

To address this question, we introduce a new metric topology on types, called
uniform-weak topology, under which a sequence of types (t,),>1 converges to a type
t if the k-order belief of f#, weakly converges to that of ¢ and the rate of convergence
is uniform over k > 1. More precisely, for each k > 1, we consider the Prohorov met-
ric, d*, over k-order beliefs—a standard metric that metrizes the topology of weak con-
vergence of probability measures—and then define the uniform-weak topology as the
topology of convergence in the metric d"W = sup,., d*. Our first main result, Theo-
rem 1, is that convergence in the uniform-weak tof)ology implies convergence in the
uniform-strategic topology. The latter, also introduced by Dekel et al. (2006), is the coars-
est topology on types under which the ICR correspondence is upper hemicontinuous
and the strict ICR correspondence is lower hemicontinuous, where the continuity is now
required to hold uniformly across all games.? In particular, Theorem 1 implies that con-
vergence in the uniform-weak topology is a sufficient condition for convergence in the
strategic topology.

The uniform-weak topology is interesting in its own right, as it generalizes the classic
notion of approximate common knowledge due to Monderer and Samet (1989). Given
a payoff-relevant parameter 6, say that a type of a player has common p-beliefin 6 if he
assigns probability no smaller than p to 6, assigns probability no smaller than p to the
event that 0 obtains and the other players assign probability no smaller than p to 6, and
so forth, ad infinitum. A sequence of types (,),>1 has asymptotic common certainty of
0 if for every p < 1, t, has common p-belief in 6 for all n large enough. Monderer and
Samet (1989) use this notion of proximity to common knowledge to study the robust-
ness of Nash equilibrium to small amounts of incomplete information. Although they
focus on an ex ante notion of robustness and consider only common prior perturba-
tions, their main result has the following counterpart in our interim, noncommon prior,
nonequilibrium framework.

If a sequence of types (t,)n>1 has asymptotic common certainty of 0, then, for every game,
every action that is strictly interim correlated rationalizable when 6 is common certainty
remains interim correlated rationalizable for type t,, for all n large enough.

It turns out that asymptotic common certainty of 6 is equivalent to uniform-weak con-
vergence to the type that has common certainty of 6 (i.e., common 1-belief). Thus, our
Theorem 1 is a generalization of Monderer and Samet’s (1989) main result to environ-
ments where the limit game has incomplete information.

3See Section 3 for the precise definition of the modulus of continuity on which the uniformity is based.
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An important corollary of Theorem 1 is that the strategic, uniform-strategic, and
product topologies generate the same o-algebra.* Indeed, a fundamental result of
Mertens and Zamir (1985), which is the Bayesian foundation of Harsanyi’s (1967-1968)
model of types, is that the space of hierarchies of beliefs, called the universal type space,
exhausts all the relevant uncertainty of the players when endowed with the product o-
algebra. It is reassuring to know that this universality property remains valid when the
players can reason about any strategic event.®

Our second main result, Theorem 2, is that uniform-weak convergence is also a nec-
essary condition for strategic convergence when the limit is a finite type, i.e., a type
belonging to a finite type space. Indeed, for any finite type ¢ and for any sequence of
(possibly infinite) types (f,),>1 that fails to converge to ¢ uniform-weakly, we construct
a game in which an action is strictly interim correlated rationalizable for ¢, but not in-
terim correlated rationalizable for #,, infinitely often along the sequence.® Thus, the
uniform-weak topology fully characterizes the strategic topology around finite types.
Moreover, the assumption that the limit is a finite type cannot be dispensed with. Un-
der the uniform-weak topology, the universal type space is not separable, i.e., it does not
contain a countable dense subset; by contrast, Dekel et al. (2006) show that a countable
set of finite types is dense under the strategic topology.” This implies the existence of in-
finite types to which uniform-weak convergence is not a necessary condition for strate-
gic convergence. (We explicitly construct such an example in Section 4.) While this fact
imposes a natural limit to our analysis, finite type spaces play a prominent role in both
applied and theoretical work, so it is important to know that our sufficient condition for
strategic convergence is also necessary in this case.

Finite types are also the focus of our third main result, Theorem 3. We show that, un-
der the uniform-strategic topology, the set of finite types is nowhere dense, i.e., its closure
has an empty interior. To understand the conceptual implications of this result, recall
that Dekel et al. (2006) demonstrate the denseness of finite types under the nonuniform
version of the strategic topology.® Arguably, this result provides a compelling justifica-
tion for why it might be without loss of generality to model uncertainty with finite type
spaces: Irrespective of how large the “true” type space T is, for any given game there is
always a finite type space T’ with the property that the predictions of strategic behavior

4This is because uniform-weak balls are countable intersections of finite-order cylinders and the strate-
gic topologies are sandwiched between the uniform-weak and the product topologies, by Theorem 1.

5Morris (2002, Section 4.2) raises the question of whether the Mertens—Zamir construction is still mean-
ingful when strategic topologies are assumed.

6This complements the main result of Weinstein and Yildiz (2007), who fix a game (satisfying a payoff-
richness assumption) and a finite type ¢, and then construct a sequence of types converging to ¢ in the prod-
uct topology such that the behavior of 7 is bounded away from the behavior of all types in the sequence.
By way of contrast, we fix a sequence of types that fails to converge to a finite type ¢ in the uniform-weak
topology and then construct a game for which the behavior of ¢ is bounded away from the behavior of the
types in the sequence infinitely often.

“While Dekel et al. (2006) state only the weaker result that the set of all finite types is dense in the strategic
topology, their proof actually establishes the stronger result above.

8Mertens and Zamir (1985) prove the denseness of finite types under the product topology. Dekel et al.
(2006) argue that this result does not provide a sound justification for restricting attention to finite types,
for strategic behavior is not continuous in the product topology.
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based on 7" are arbitrarily close to those based on 7. Our nowhere denseness result im-
plies that such finite type space T’ cannot be chosen independently of the game. This
is particularly relevant for environments such as those of mechanism design, where the
game—both payoffs and action sets—is not a priori fixed. More generally, our result
implies that the uniform-strategic topology is strictly finer than the strategic topology.
Thus, while a priori these two notions of strategic continuity seem equally compelling,
assuming one or the other can have a large impact on the ensuing theory.

The exercise in this paper is similar in spirit to that of Monderer and Samet (1996)
and Kajii and Morris (1998), who, like us, consider perturbations of incomplete infor-
mation games. These papers provide belief-based characterizations of strategic topolo-
gies for Bayesian Nash equilibrium in countable partition models a la Aumann (1976).
However, since both of these papers assume a common prior and adopt an ex ante ap-
proach, while we adopt an interim approach without imposing a common prior, it is
difficult to establish a precise connection.? Another important difference between their
approach and ours is in the distinct payoff-relevance constraints adopted: we fix the set
of payoff-relevant states, so our games cannot have payoffs that depend directly on play-
ers’ higher-order beliefs; Monderer and Samet (1996) and Kajii and Morris (1998) have
no such payoff-relevance constraint.

The connection between uniform and strategic topologies first appears in Morris
(2002), who studies a special class of games, called higher-order expectation (HOE),
games, and shows that the topology of uniform convergence of higher-order iterated
expectations is equivalent to the coarsest topology under which a certain notion of strict
ICR correspondence—different from the one we consider—is lower hemicontinuous in
every game of the HOE class.'? Compared to the uniform-weak topology, the topology of
uniform convergence of iterated expectations is neither finer nor coarser, even around
finite types. We further elaborate on this relationship in Section 5.

This paper is also related to contemporaneous work by Ely and Peski (2008). Fol-
lowing their terminology, a type ¢ is critical if, under the product topology, the strict ICR
correspondence is discontinuous at ¢ in some game. Ely and Peski (2008) provide an in-
sightful characterization of critical types in terms of a common belief property: a type is
critical if and only if, for some p > 0, it has common p-belief in some closed (in product
topology) proper subset of the universal type space.'! Conceptually, this result shows
that the usual type spaces that appear in applications consist almost entirely of critical
types, as these type spaces typically embody nontrivial common belief assumptions. For
instance, all finite types are critical and so are almost all types belonging to a common

9Monderer and Samet (1996) fix the common prior and consider proximity of information partitions,
whereas Kajii and Morris (1998) vary the common prior on a fixed information structure. For this reason,
the precise connection between these papers is already unclear.

10Morris (2002) defines his strategic topology for HOE games using a distance that makes no reference
to ICR. But, as we claimed above, it can be shown that his strategic topology coincides with the coarsest
topology under which a certain notion of strict ICR correspondence is continuous in every HOE game. The
notion of strictness implicit in Morris (2002) analysis, unlike ours, does not require the slack in the incentive
constraints to be uniform.

U Moreover, they show that under the product topology the regular types, i.e., those types which are not
critical, form a residual subset of the universal type space—a standard topological notion of a “generic” set.
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prior type space. Thus Ely and Peski’s (2008) result tells us when—based on the common
beliefs of the players—there will be some game and some product-convergent sequence
along which strategic behavior is discontinuous, whereas we identify a condition for an
arbitrary sequence to display continuous strategic behavior in all games.

The rest of the paper is organized as follows. Section 2 introduces the standard
model of hierarchies of beliefs and type spaces, and reviews the solution concept of ICR.
Section 3 reviews the strategic and uniform-strategic topologies of Dekel et al. (2006),
introduces the uniform-weak topology, and presents our two main results concerning
the relationship between these topologies (Theorems 1 and 2). Section 4 examines the
nongenericity of finite types under the uniform-strategic and uniform-weak topologies,
and presents the nowhere denseness result (Theorem 3). Section 5 discusses the relation
with some other topologies. Section 6 concludes with some open questions for future
research.

2. PRELIMINARIES

Throughout the paper, we fix a two-player set I and a finite set ® of payoff-relevant states
with at least two elements.'?> Given a player i € I, we write —i to designate the other
player in /. All topological spaces, when viewed as measurable spaces, are endowed
with their Borel o-algebra. For a topological space S, we write A(S) to designate the
space of probability measures over S equipped with the topology of weak convergence.
Unless explicitly noted, all product spaces are endowed with the product topology and
subspaces are endowed with the relative topology.

2.1 Hierarchies of beliefs and types

Our formulation of incomplete information follows Mertens and Zamir (1985).!3 Define
X0=0,and X! = X9 x A(XY), and, for each k > 2, define recursively

k
XE=10,ul, ..., 1) e X0 x X AKX :margye o ut =,ﬁf—1vz=2,...,k}.
=1

By virtue of the above coherency condition on marginal distributions, each element
of X* is determined by its first and last coordinates, so we can identify X* with
O x A(X*~1). ForeachieI and k > 1, we let ;¥ = A(X*~!) designate the space of
k-order beliefs of player i, so that 7;" =AOXT _kl._l). The space 7; of hierarchies of beliefs
of player i is

T = {(Mk)k>1 e X AX*):margyi uf = uf vk > 2}.
k>1

12We restrict attention to two-player games for ease of notation. Our results remain valid with any finite
number of players.
13An alternative, equivalent formulation is found in Brandenburger and Dekel (1993).



Theoretical Economics 5 (2010) Uniform topologies on types 451

Since O is finite, 7; is a compact metrizable space. Moreover, there is a unique mapping
wi: T —~ A(O x T_;) that s belief preserving, i.e., forall t; = (¢!, 1?,...) e Trand k > 1,

wi(8)[0 x (wfi)_l(E)] = tf”[e x E] for all # € ® and measurable E C Tfi,

where 77{‘ is the natural projection of 7; onto 7;" . Furthermore, the mapping w; is a
homeomorphism, so to save on notation, we identify each hierarchy of belief ¢; € 7; with
its corresponding belief u;(#;) over ® x 7_;. Similarly, for each ¢; € 7;, we write tf‘ € 7;"
instead of the more cumbersome ’7le ().

Hierarchies of beliefs can be implicitly represented using a type space, i.e., a tuple
(Ti, di)ier, where each T; is a Polish space of types and each ¢;:T; — A(® x T_;) is a
measurable function. Indeed, every type ¢; € T; is mapped into a hierarchy of beliefs
vi(t) = (vll.‘(t,-))kzl in a natural way: vl-l(t;) =margg ¢;(#;) and, for k > 2,

Vf‘(tl-)[e x E1= ¢;i(t;)[0 x (vff)_l(E)] for all € ® and measurable E C T_kl._1.

The type space (7;, ni)ics is called the universal type space, since for every type space
(Ti, ¢i)ics there is a unique belief-preserving mapping from 7; into 7;, namely the map-
ping »; above.!* When the mappings (v;);c; are injective, the type space (T}, ¢;)ics is
called nonredundant. In this case, (v;);c; are measurable embeddings onto their im-
ages (v;(T;))icr, which are measurable and can be viewed as a nonredundant type space,
since we have u;(v;(#;))[® x v_;(T_;))] =1forall i e [ and ¢; € T;. Conversely, any (7});cs
such that 7; C 7; and w;(#;)[0 x T_;] =1for all i € I and ¢; € T; can be viewed as a nonre-
dundant type space.

2.2 Bayesian games and interim correlated rationalizability

A game is a tuple G = (A;, gi)ic1, Where A; is a finite set of actions for player i and g;:
A;i x A_j x @ — [—M, M]is his payoff function, with M > 0 an arbitrary bound on pay-
offs that we fix throughout.!'®> We write G to denote the set of all games and, for each
integer m > 1, we write G for the set of games with | 4;| <m foralli e I.

The solution concept of interim correlated rationalizability (ICR) was introduced in
Dekel et al. (2007). Given a y € R, a type space (T}, ¢;)ics, and a game G, for each player
i €I, integer k > 0, and type t; € T;, we let Rff(ti, G, y) C A; designate the set of k-order
v-rationalizable actions of t;. These sets are defined as:

R4, G, y) = 4,

and recursively for each integer k > 1, Rf.‘(t,-, G, v) is the set of all actions a; € A4; for
which there is a conjecture, i.e., ameasurable function o_; : ® x T_; — A(A_;) such that'®

suppo_i(0, 1)) SR 7 (t_;,G,y) Y(0,1_)e® x T_; (1)

14T say that »; is belief-preserving means that w;(v;(£))[0 x E] = ¢;(£;)[0 x (v_;) " (E)] for all 6 € ® and
measurable £ C 7_;.

15We will also denote by gi the payoff function in the mixed extension of G, writing g;(«;, _;, 0) with the
obvious meaning for any «; € A(4;) and a_; € A(A4_)).

16Relaxing condition (1) by requiring it to hold only for ¢;(#;)-almost every (6, t_;) would not alter the
definition of rationalizability. Indeed, any conjecture that has a (k — 1)-order rationalizable support ¢;(#;)-
almost everywhere can be changed into one that yields the same expected payoff and satisfies the condition
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and for all 4} € A;,
fo ; [gi(ai, o_i(0,1_;), 0) — gi(a;, o_i(0, 1), 0)]|bi(1;)(dO x di_;) > —. 2)

For future reference, a conjecture o—;: ® x T_; — A(A_;) that satisfies the former condi-
tion will be called a (k — 1)-order y-rationalizable conjecture. The set of y-rationalizable
actions of type ¢; is then defined as

Ri(t;,G,y) = | Rf (t;, G, ).
k>1

Finally, following Ely and Peski (2008), an glction a; € A; is strictly interim correlated -
rationalizable for type t; and we write a; €R; (t;, G, v) if a; € Ri(t;, G, v') for some y’ < y.

As shown in Dekel et al. (2007), R;(¢;, G, vy) is nonempty for every game G, type ¢;
and y > 0.7

Interim correlated rationalizability has a characterization in terms of best-reply sets.
A pair of measurable functions s;:T; — 24, i € I, has the y-best-reply property if for
each i e I and 1; € T;, each action q; € s;(¢;) is a y-best reply for #; to a conjecture o_;:
O xT_; - A(A_;) with

suppo_;(0,t_;) Ss_;(t_;) V(0,1)e®xT_;.

If (s;)ier has the y-best-reply property, then s;(¢;) € R;(¢#;, G, y) foralli e [ and ¢; € T;. As
shown in Dekel et al. (2007), the pair (R;(-, G, v))ics is the maximal pair of correspon-
dences with the y-best-reply property. This means there is no other pair (s;);c; with
the y-best-reply property such that R;(#;, G, y) C s;(¢;) for each i € I and ¢; € T;, with
strict inclusion for some i € I and ¢; € T;. Therefore, an action is y-rationalizable for a
type ¢t; if and only if it is a y-best reply to a y-rationalizable conjecture, i.e., a conjecture
0_;:0® xT_; — A(A_;) such that

suppo_;(0,t;)) SR _i(t-;,G,y) V(0,1;) €O xT_,;.

Dekel et al. (2007) also show that the set of y-rationalizable actions of a type is deter-
mined by the induced hierarchy of beliefs. Indeed, for any k& > 1, any two types (possibly
belonging to different type spaces) mapping into the same k-order belief must have the
same set of k-order y-rationalizable actions. This has two implications. First, for interim
correlated rationalizability, it is without loss of generality to identify types with their cor-
responding hierarchies. Thus, in what follows we restrict attention to type spaces (7;);es
with 7; € T; and [0 x T_;]=1foralli € I and t; € T;.'® Accordingly, we take the univer-
sal type space 7; to be the domain of the correspondence R;(-, G, y):7; = A;. Second,

everywhere. This is possible because the correspondence R’:l is upper hemicontinuous, and hence it ad-
mits a measurable selection by the Kuratowski-Ryll-Nardzewski selection theorem (see, e.g., Aliprantis and
Border 1999).

17Note that for y < —2M, we have R;(#;, G, y) = @, and for y > 2M we have R;(t;, G, y) = A;.

18Recall that we identify each type ¢; € 7; with his belief u;(#;) € A(® x T_;).
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to establish whether an action is k-order y-rationalizable for a type ¢;, we can restrict
attention to (k — 1)-order y-rationalizable conjectures o_;, which are measurable with
respect to (k — 1)-order beliefs.

Finally, the following result shows that, similar to rationalizability in complete in-
formation games, interim correlated rationalizability has a characterization in terms of
iterated dominance, where the notion of dominance now becomes an interim one.

ProrosiTION 1. FixyandagameG = (A;, gi)ic1- Foreach k > 1, playeri € I, typet; € T;,
and action a; € A;, we have a; € Rf.‘(t,-, G, v) ifand only if, for each o; € A(A; \ {a;}), there
exists a measurable o_;: ® x T_; — A(A_;) with

suppo_i(0,t_) e R*71(1_;, G, y) V(0,t) €O x T_; 3)

such that

/@ . [gi(ai, o_i(0,1_7), 0) — gi(ai, 0_i(0,1_;), 0)]t:(d6 x dt_;) = —.

The proof of this proposition, relegated to the Appendix, uses a separation argument
analogous to that which establishes the equivalence between strictly dominated and
never best-reply strategies in complete information games. Here, too, the usefulness of
the result comes from the fact that to check whether an action is rationalizable for a type,
we are able to reverse the order of quantifiers and seek a possibly different conjecture for
each possible (mixed) deviation.

3. TOPOLOGIES ON TYPES

The strategic (or simply S) topology introduced in Dekel et al. (2006) is the coarsest topol-
ogy on the universal type space 7; under which the ICR correspondence is upper hemi-
continuous and the strict ICR correspondence is lower hemicontinuous in all games.
More explicitly, following a formulation due to Ely and Peski (2008), the S topology is the
topology generated by the collection of all sets of the form

{tieTita; ¢ Ri(t;,G,y)} and ({t;e€T;:a; eR; (1, G, y)},

where G = (A;, gi)ier, a; € A;, and y e R.20
The S topology on 7; is metrizable by the distance dl.s, defined as follows.?! For each
game G = (A;, gi)iel, action a; € A;, and type t; € 7;, let

hi(tila;, G) =inf{y:a; € Ri(t;, G, y)}.

19This means that o_;(6, s_;) = o_;(0, t_;) for all 6 and all types s_;, t_; with the same (k — 1)-order be-
liefs.

20The strategic topology can be given an equivalent definition that makes no direct reference to y-
rationalizability for y # 0. Indeed, by Ely and Peski (2008, Lemma 4), a subbasis of the strategic topology is
the collection of all sets of the form {¢;:a; ¢ R(t;, G,0)} and {¢t;: a; eRi- (t;, G,0)}.

2IDekel et al. (2006) define the S topology directly using the distance dl.s, rather than using the topological
definition above.
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Then, for each s; and ¢; € 7;,

di(si,t) =) 27" sup max | h;(silai, G) — hi(tila;, G)|.
G=(4;,81)ici€g™ i€ Ai

m>1

In terms of convergence of sequences, Dekel et al. (2006) show that for every ¢; € 7; and
every sequence (#; ,),>1 in 7;, we have dis(ti’n, t;) — 0 if, and only if, for every game G =
(A;, g)iel, action a; € A;, and vy € R, the following upper hemicontinuity (u.h.c.) and
lower hemicontinuity (l.h.c.) properties hold: For every sequence vy,, — v,

ai € Ri(tin, G, yn) Vn>=1 = a;€Ri(;,G,), (wh.c.)
and for some sequence vy, \, v,
a;€ Ri(t;,G,y) — a;c Ri(l‘,’,n, G,y,) Vn>1. (Lh.c.)

Dekel etal. (2006) also introduce the uniform-strategic (US) topology, which
strengthens the definition of the strategic topology by requiring the convergence to be
uniform over all games. More precisely, the US topology is the topology of convergence
under the metric 7%, which is defined as

dl-US(ti,Si)= sup max|h,~(t,~|al~,G) —hi(si|ai,G)|.
G=(A;,81)ic1€G 4
This uniformity renders the US topology particularly relevant for environments where
the game—both payoffs and action sets—is not fixed a priori, such as in a mechanism
design environment.

We now introduce a metric topology on types, which we call uniform-weak (UW)
topology, under which two types of player are close if they have similar first-order be-
liefs, attach similar probabilities to other players having similar first-order beliefs, and
so on, where the degree of similarity is uniform over the levels of the belief hierarchy.
Thus, unlike the S and US topologies, which are behavior-based, the UW topology is a
belief-based topology, i.e., a metric topology defined explicitly in terms of proximity of
hierarchies of beliefs. The two main results of this section, Theorems 1 and 2 below,
establish a connection between these behavior- and belief-based topologies.

Before we present the formal definition of the UW topology, recall that for a complete
separable metric space (S, d), the topology of weak convergence on A(S) is metrizable
by the Prohorov distance p, defined as

p(u, u') =inf{8 > 0: w(E) < w'(E®) + & for each measurable E C S} Vpu, 1’ € A(S),

where E? = {s € S:infycsd(s,s') < 8}. The UW topology is the metric topology on 7;
generated by the distance

d9W (s, t;) =supd¥(si, t;) Vi, ti € T;,
k>1

where d' is the discrete metric on ® and recursively for k > 1, df‘ is the Prohorov distance
on A(O x T_kl.’l) induced by the metric max{d", d’if} on O x T_ki’l.
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In the remainder of Section 3 we explore the relationship between the UW topology
and the S and US topologies. First, we show that the UW topology is finer than the US
topology (Theorem 1). Second, we prove a partial converse, namely that around finite
types, i.e., types belonging to a finite type space, the S topology (and hence also the US
topology) is finer than the UW topology (Theorem 2).

3.1 UW convergence implies US convergence

THEOREM 1. Foreach playeri € I and for all types s;, t; € T;,
dlUS(Si, t) < 4MdPV(si, t;).
Thus the UW topology is finer than the US topology.
This theorem is a direct implication of the following proposition.

ProPoOSITION 2. Fixagame G,y > 0and é > 0. For each integer k > 1,
d¥(si,t) <8 = R, G,y) SR (s5i,G,y+4M8) Viel, Vs, tie T

The main challenge in proving this result is due to the fact that (k — 1)-order ratio-
nalizable conjectures o—;: @ x 7_; — A(A_;) need not be continuous under the topology
of weak convergence of (k — 1)-order beliefs. This implies that, keeping the conjecture
fixed, the incentive constraints of player i for k-order y-rationalizability (cf. (2)) may be
discontinuous in his type under the topology of weak convergence of k-order beliefs.
Our proof overcomes this issue by endowing close-by types with similar, but not iden-
tical, conjectures. Indeed, the characterization of ICR from Proposition 1 implies that
for a given action a; € A; and a given mixed deviation «; € A(A4;), there always exists
a (k — 1)-order rationalizable conjecture that is optimal to y-rationalize a; against «;
at order k.?? Following this observation, in our proof we endow type ¢; with an opti-
mal conjecture for y-rationalizability and endow type s; with an optimal conjecture for
(v + 4M 6)-rationalizability. Using these optimal conjectures, we then prove, using an
integration-by-parts type argument, that every action that is k-order y-rationalizable
for ¢; remains k-order (y + 4M 8)-rationalizable for s;.

Proor or ProprosiTION 2. Fixa game G = (A, gi)ics, ¥ = 0 and 8 > 0. The proof is by
induction on k. For k =1, let s; and ¢; € 7; be such that d} (si, t;) < 6. Fix an arbitrary
a; € R}(ti, G, v) and let us show that q; € R}(s,-, G,y + 4M &) using Proposition 1. Fix
a; € A(A4;\ {a;}) and let o_; : ® — A(A_;) be a conjecture such that>3

> (gitai, 0-i(0), 0) — gilai, o_i(6), 0))1} 101> —. (4)
0O

22To be precise, when we say that o_; is an optimal conjecture to y-rationalize a; against a_; at order k,
we mean that o_; is a (k — 1)-order y-rationalizable conjecture that satisfies the following property: for any
type t;, the expected payoff difference between a; and «; for type ¢; is at least —y under some (k — 1)-order
y-rationalizable conjecture if and only if this expected payoff difference is at least —y under o_;.

ZRecall that ¢! designates the first-order belief of type ;.
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(Note that condition (3) is trivial for k£ = 1.) Pick any functiona_;:® — A_; such that

a_;(0) € argmax(g;(a;, a—;, 0) — gi(aj,a_;, 0)] V€O

a_jeA_
and define
h(6) = gi(ai,a_i(0), 0) — gi(a;;a_i(0),0) VOO,
so that
h(0) > gi(ai, 0-i(6), 0) — gi(ei, 0—i(6),60) VOeO. (5)

To conclude the proof for £ = 1, we now show that } y_q h(@)s}[@] > —y —4M34. Indeed,
let {0,,},11\’:1 be an enumeration of ® such that 4(6,) > h(6,1) forall1 <n <N — 1. Thus,
it follows from d} (si, ;) < 6 and |h(6)| < 2M for all 6 that

N-1 n
D h(O)(s{ 01— 116D = Y (h(6n) — h(Bp11)) Y (5;[0m] — 1/ [64])
0O n=1 m=1
N-1
= D (h(0n) = h(0,11)) (5 [{Om) ey ] — £} 11O,y 1)
n=1 >0 > 5
N-1
> =8 h(0y) = h(0n41)
n=1
= —8(h(61) — h(6n))
> —4M5é,

hence

> h(0)si101=")_h(0)(s/[01— 1 [0]) + D h(O)f[01= —4M&+ D h(0)f[6]
0O 0O 0O 0O
> —4M&+ Y (gi(ai, o-i(0), 0) — gi(ei, o_i(0), )1} [6] = —y — 4M3,
0O
where the penultimate inequality follows from (5) and the last inequality follows from
(4). Thus, a; € R}(s,-, G, vy + 4M ) by Proposition 1, which proves the desired result for
k=1.

Proceeding by induction, we now suppose the result is valid for some k > 1 and show
that it remains valid for £ + 1. Let s;, t; € 7; be such that df”(si, t;) < . Fix an arbitrary
a; € R¥(1;, G, v) and let us show that a; € R¥!(s;, G,y + 4M8). Fix a; € A(4; \ {a;})
andleto_;:0® x T _kl. — A(A_;) be a k-order y-rationalizable conjecture such that>*

/O (8100 06,15, 0) = gi(ey, -6, 1), )7 (@O x dify 2 =y, (©)

—i

24Recall that ¥ designates the k-order belief of type ;.
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Pick any measurable functiona_;:® x 7 fl. — A_; such that

a_i(0,t)e argmax  (gi(aj,a—;, 0) — gi(a;,a_;, 0)) Y(0,15)e®x T,
a_ieRk ,(t* .G, y+4M5)

By construction, a_; is a k-order (y +4M 6)-rationalizable conjecture. Thus, by Proposi-
tion 1, to conclude that g; € Rf.‘“ (si, G,y +4Mé), we need show only that

/O L (81006, £, 6) — gilai, a-i(0, 1%, 0))5 (dO x dily) 2 —y —aMB. ()

Let Ay, ..., A7 be an enumeration of the nonempty subsets of 4_; and define

he(0) = max [gi(a;,a_;, 0) — gi(aj,a_;,0)] Y0eO,V1<{<L.

a,,'EAg
Next, define a partition {Py, ..., P.} of T_ _kt. as

Pr=(t* eTh RF.(&*,G,y)= A4} Vi<e<L.

—1°
Since o_; is a k-order vy-rationalizable conjecture, we have
he(0) = gi(ai, o-i(6,15)), 0) — gi(ai, o_i(6,15,),0) V(0,15) € O x Py
and, therefore,
L
DD he(O) 0 x Pyl

00 (=1

®)
> /@ _ L8iai -6, 5), 0) = gila, o-i(6,15)), )]+ (@6 x diky).

Likewise, define a partition {Q1, ..., Qr} as
Q=" e T":R* (i*,, G,y +4M8) = 4} VI<t<L.

Thus we have

fo . [gi(ai,a_i(0, %)), 0) — gi(ei, a_i(6, t5,), )]sk (do x di*))

L
=33 he(0)sE0 x Q41

00 (=1

which, together with (6) and (8), implies

/@ - [gi(ai,a_i(6, %)), 0) — gi(a;, a_i(6, %)), 0)]sf‘“(d0 x dt* )
X

—i

> fo L8, 00, 5), 0) = gi(a, o-i(6, 1)), )] (@ x diky)
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L
+ )Y he(0)(sE O x Qo] — £ [0 x Py

60 (=1
L
> —y+ DY he(0) (0 x Q1 — 1110 x Py)).
00 (=1

Therefore, to prove (7) and conclude that a; € Rf“(s,-, G,y +4M§é), we need only show
that

L
YO he(0)(sET0 x Qo] — ££T[0 x ) = —4M .
0e® (=1

To prove this inequality first note that the induction hypothesis implies
PR |J on vises<L. (©)
n:/_l,,gf_lg

Next, let N = |®|L and consider an enumeration {(6,, Kn)}”N:1 of ® x {1, ..., L} such that
for all n,

he,(0n) = he, 1 (0p41),
and for all m, n,
(0m=6nand A, 2 Ay) = m<n? (10)

Thus, foreachn=1,..., N,

n

sl’F“[U O X ngi| > st O x Pgm] (by (9) and (10))

Lm=1

— n b
:Slk+1 <U Om XPZm) }
L \m=1

M n
> i1 Y Om x sz] —& (byd* (s, 1) <9)

Lm=1

m=1

and, therefore,

L
DN he(0)(sf 0 x Qo] — [0 x Py))

00 (=1

N
= I, (02)(s{ 00 x Qp, 1 — 571104 x Py, 1)
n=1

25To see why an enumeration of ® x {1, ..., L} that satisfies these two properties exists, note that it fol-
lows directly from the definition of %, () that Ay © A4,, implies /;(0) > h,,(0).
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N—
= Z R, (0n) = he,,, (Ong1)) Z(s"“wm % Qu,, 1 = 15 [0 x Py, 1)

n=1 m=1
N-— n n
Z R, (6n) hz,,ﬂ(enm)(s,-k“[u Om x sz} - tf“[U Om x Pem:|>
n=1 m=1 m=1
>0
>—8
N-1
> =8 Y (he,(0n) = he,, (Bp11)) = —=8Lhe, (1) — ey (B3)] > —4M 8
n=1
as required. O

CoRroLLARY 1. The Borel o-algebras of the UW, US, S, and product topologies coincide.

Proor. Theorem 1 implies that the Borel o-algebra of the US topology is contained in
the Borel o-algebra of the UW topology. Moreover, Lemma 4 in Dekel et al. (2006) im-
plies that the Borel o-algebra of the strategic topology contains the product o-algebra.
Hence, it suffices to show that the product o-algebra contains the UW o -algebra. In ef-
fect, every uniform-weak ball is a countable intersection of cylinders, therefore, every
uniform-weak ball is product-measurable, which implies that every UW-measurable set
is product measurable. O

An important implication of this corollary is that the Mertens—Zamir universal type
space (7;, ui)ic; Yemains a universal type space when equipped with any of the topolo-
gies S, US, or UW instead of the product topology, a fact that was not known prior
to this paper. Indeed these topologies leave the measurable structure unchanged, so
wi: T — A(® x 7_;) remains the unique belief-preserving mapping and a Borel isomor-
phism, albeit no longer a homeomorphism.

3.2 S convergence to finite types implies UW convergence

Here we provide a partial converse to Theorem 1. We show that, as far as convergence to
finite types is concerned, convergence in the S topology implies convergence in the UW
topology (and hence also in the US topology).

THEOREM 2. Around finite types the S topology is finer than the UW topology, i.e., for
each playeri € I, finite type t; € T; and 6 > 0 there exists ¢ > 0 such that for each s; € 7T;,

d,-S(Si,ti)Ss = d?W(si, ) <.

This theorem is a direct implication of Proposition 3 below, which in turn relies on
the following result.
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LeMwMmA 1. Let (T;)ics be a finite type space. For every & > 0, there exist ¢ > 0 and a game
G = (Aj, gi)ier with A; 2 T; forall i € I, such that foreveryiecl andt; € T;,

t,-eargmaxz Z gi(ai, t_;, O)t;[0,1_;], (11)

ajed; 0O t_jeT_;

and for every y € A(® x A_;) such that y[D] < t;[D] — & for some D € ® x T_;,

min Y Y (8, ai, 0) — gilai, ai, 0)$l0, a1 < —e. (12)

€A
e 0c®a_jecA_;

The proof of this lemma, given in the Appendix, uses a “report-your-beliefs” game
embedded in a “coordination” game. More precisely, we construct a game where each
player i chooses a point in a finite grid 4; € A(® x T-;) that includes all types in T;
(viewed as probability distributions over ® x T_;). If player —i chooses an action in 7-_;
the payoff to player i is given by a proper scoring rule,?5-2” which guarantees that coor-
dinating on truthful reporting has the best-reply property, as shown in (11). If, instead,
player —i chooses an action in 4A_; \ T_;, then the payoff to player i is no greater than
the minimum payoff under the scoring rule and strictly less when choosing an action in
T;. Thus, if the grid 4; € A(® x T-;) is sufficiently fine, no action ¢#; € T; can be an e-best
reply to a conjecture y € A(® x A_;) that is far from ¢; (viewed as a probability distrib-
ution over ® x A_;), as shown in (12). Indeed, either ¢ assigns large probability to —i
choosing an action in 4_; \ 7_;, which makes any a; € A4; \ T; a profitable deviation, or it
assigns enough probability to ® x T_; so that the conditional s = §s(-|® x T_;) is close to
¢ and hence far from ;.. Thus, in both cases, any grid point a; € 4; \ T; sufficiently close
to ¢ is a profitable deviation.

ProrosITION 3. Let (T;)icr be a finite type space. For each é > 0, there exist ¢ > 0 and a
game G such that for each integer k > 1, each player i € I, and each (t;, s;) € T; x T;,

d¥(si,t)>8 = Ri(t;,G,0)Z RN (si, G, e).

26A proper scoring rule on a measurable space () is a measurable function f:Q x A(Q) — R such that
[ flo,wp(dw) > [ f(o, w)u(dw) for all u, u' € A(Q), with strict inequality whenever u' # p. In the
proof of the lemma, we use the scoring rule f;: 0 x T_; x A(® x T_;) — [—1, 1] such that (6,7_;, ) —
2016, ti1 — |97

2"Dekel et al. (2006) use a report-your-beliefs game to prove their Lemma 4, which states that for every
k >1 and & > 0, there exists ¢ > 0 such that for all ¢, s; € 7;, dlk(s,-, t;) > & implies dl.s(si, t;) > . However,
it can be shown that, as k — oo, the number of actions in their game grows without bound and ¢ shrinks
to 0. Thus, we cannot use a similar construction to prove our result. The game we construct differs from
theirs in two respects: First, in our game the players report infinite hierarchies of beliefs, albeit in a finite
type space, whereas in their game players report only finitely many orders; second, Dekel et al. (2006) use
a pure report-your-beliefs game, while we embed a report-your-beliefs game in a coordination game. The
coordination feature ensures that the rationalizable outcomes of our game hinge on infinitely many levels
of the hierarchy. This is important because when types fail to be close under dlUW, there is no upper bound
on the lowest order at which the failure of proximity occurs.
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Proor. Fix afinite type space (7;);c; and é > 0. Choose 0 < 1 < § such thatforall £ > 1,
ielandt;,u;eT;*8

K tuk = dM,u) > 2. (13)

By Lemma 1, there exist ¢ > 0 and a game G = (A4;, g;)ic; With 4; D T; such that (11) and
(12) hold for every ¢; € T; and every ¢ € A(® x A_;) such that [D] < ¢;[D] — n for some
D C ®xT_;. Thus, foreach (¢, s;) € T; x 7; and each measurable function o_; : @ x 7_; —
A(A_)),ifforsome D C O x T_;,

> / o_i(0,s_)la_i)si(0 x ds_;) < (D] —n,
T

(6,a_j)eD
Y(6,a_;)
then for some a; € A;,
/ [gi(ti, 0—i(0,5_)), 0) — giai, 0—_i(8,5_;), 0)]si(d x ds_;) < —«. (14)
OxT_;
We now show that for each i € I,

tieRi(t;,,G,0) VteT; (15)

d¥(si,t)>n = ¢Ri (s, G, e) Yk=1,Y(t,s)eT; x T (16)

Fori eI and ¢t; € T; consider the conjecture o—_;: @ x T_; — A(A_;) with o_;(0, t_))[t_;] =
1 forall (6,7_;) € ® x T_;. Then action ¢; is a best reply for type ¢; to conjecture o_; by
(11), hence ¢; € R;(t;, G, 0) by the characterization of ICR in terms of best-reply sets, thus
proving (15).

To prove (16) for k = 1, pick s; € 7; with dil(s,-, t;) > m. Then there exists E C 0 such
that s![E] < t][E] — n and, hence, for every o_;:©® x 7_; - A(A_;), letting D =E x T_;,

> / o-i(0, s-)la-ilsi(8 x ds—i) =) | / o-i(0,5-)[T—i)si(0 x ds_)
(0,a_;)eD T 0cE T

<s/[E] <t}[E]—n=4[D]—n.

It follows from (14) that ¢; ¢ R} (si, G, &).
Proceeding by induction, let k > 2 and assume that (16) holds for k — 1. Fixi € I and
t; € T;, and pick s; € 7; with df‘(t,-, s;) > m. Then there exists some E C 0 x wfi_l(T_i) with

SKLE™ < tF[E] — . (17)

Define D ={(0,t_;) € ® x T_;: (6, tfi_l) € E}, so that t;[D] = t{‘[E]. Consider an arbitrary
(k — 1)-order ¢-rationalizable conjecture o—;: @ x 7_; - A(A_;), i.e.,

suppo_i(8,s_;) SR '(s_i, G, &) V(8,5_1) €O x T_,.

28Such positive 1 exists because, given any finite type space (7;);cs, there exists K > 1 such that
dlk(ti, uj) = dlK(ti, u;) forallk > K and ¢, u; € T;.
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By the induction hypothesis and the condition above,
dlffl(s—i, ti)=zm = o0 i(0,s Plti1=0 V(0,5 ;,t;)eOxT ;xT_;. (18)

Thus,

> / o-i(6, s-)la—ilsi(6 x ds_;)
7

(6,a_;)eD

= > o-i(0,5-DIT-i N (mTH 7 THsi(0 x ds_i)
0, Hee"

< D / e o—i(0, s-)T—; O (w7 T T Dsi(0 x dsy)
_ (w2 ) {2
(0,04 hee B

< Y SO (M =sFIEM < (F[E1 - n = 4ID] - m,
0,/ YeE

i

where the first inequality follows from (18), the second equality follows from (13), and
the last inequality follows from (17). By (14), this implies ¢; ¢ Rf.‘ (si, G, &). O

Theorems 1 and 2 combined yield the following corollary.
CoRrOLLARY 2. The UW, US, and S topologies are all equivalent around finite types.

To end this section, we remark that in Theorem 2 we cannot dispense with the as-
sumption that ¢ is a finite type. Indeed, in the next section we prove that the US topol-
ogy is strictly finer than the S topology. Thus, the UW topology cannot be equivalent to
the S topology, for we have shown that the UW topology is finer than the US topology
(Theorem 1).

A more direct way to argue that the UW topology is strictly finer than the S topol-
ogy is to note that the universal type space is not separable under the UW topology
(a result that is interesting in its own right), whereas Dekel et al. (2006) show that a
countable set of finite types is dense under the strategic topology. To see why the
uniform-weak topology is not separable, fix two states 6y and 6; in ®, and consider
the nonredundant type space (X;);c;, where X; = {0, 1}V and each type x; = (Xi.n)neN
assigns probability 1 to the pair (6y, ,, Li(x;)), where L;: X; — X_; is the shift operator,
ie, L((x;1,Xi2,...)) = (X;2,X;3,...) for each x; = (x; ,)nen. Clearly, the UW distance
between any two different types in X; is 1 and, hence, under the UW metric, X; is a
discrete subset of the universal type space. Since X; is uncountable, it follows that the
universal type space is not separable under the UW topology.

4. NONGENERICITY OF FINITE TYPES

Dekel et al. (2006) show that finite types are dense under the S topology, thus strength-
ening an early result of Mertens and Zamir (1985) that finite types are dense under the
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product topology. In contrast, in Theorem 3 below we show that under the US topology,
finite types are nowhere dense, i.e., the closure of finite types has an empty interior.?’ An
implication of this result and Theorem 1 is that the US topology is strictly finer than the
S topology.3°

The proof of Theorem 3 relies on Lemmas 2 and 3 below. Lemma 2 states that finite
types are not dense under the UW topology. To prove this, we consider an instance of the
countably infinite common-prior type space from Rubinstein’s (1989) E-Mail game and
show that none of its types can be UW-approximated by a sequence of finite types. In
Lemma 3 we show that any sequence of types that fails to converge to a type in the E-Mail
type space under the UW topology must also fail to converge under the US topology.
Together, these lemmas imply that finite types are bounded away from the E-mail type
space in US distance, which we state as Proposition 4 below. This implies that the set of
finite types is not dense under the US topology. Using this result, the proof of Theorem 3
shows that every finite type can be US-approximated by a sequence of infinite types,
none of which is the US limit of a sequence of finite types, thereby establishing nowhere
denseness.

In effect, consider the following instance of the E-Mail type space. Let ® = {6y, 61}
and let the type space (Uj, U,) be3!

Uy ={u1,0,u1,1,u1,2, ..}, U ={uz,0, u2,1, u22, ...},
where u1 o[00, uz,01 =1, uz,0[00, u1,01 =2/3, uz 0[01, u1,11=1/3,

u, 01, uz,n-11=2/3, ut,pl01,urnl=1/3 V¥n>1

up u[01, u1,n] =2/3, uz p[01, U1, n411=1/3 Vn>1.

We have the following result.
PROPOSITION 4. Foreveryi e I, finite type t; € T;, and n > 0, dPS(t;, u; ) > M /6.
The proposition is a direct consequence of the following two lemmas.
LemMA 2. Foreveryie I, finite type t; € T;, and n > 0, dP W (t;, u; ») > 1/3.

LemMa 3. Foreveryiel, ti€ T, andn >0, d?S(t;, uin) > (M/2)d?V (t;, ui ).

29This is equivalent to saying that the complement of the set of finite types contains an open and dense
set under the US topology.

30Dekel et al. (2006) state the result that the US topology is strictly finer than the S topology. However, as
reported in Chen and Xiong (2008), the proof in that paper contains a mistake.

31This type space is an instance of the E-Mail type space where the more informed player 1 who received
k messages attaches probability p =2/3 (resp. 1 — p = 1/3) to player 2 having received k£ — 1 (resp. k) mes-
sages, and the less informed player 2 who received k messages attaches probability p (resp. 1 — p) to player 1
having received k (resp. k + 1) messages. Our choice that p = 2/3 is immaterial; our results hold true if we
assume any other value for p.
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F1Gure 1. The game from Lemma 3 for N =1 and M =4.

In the proof of Lemma 2, given in the Appendix, we first show that the UW distance
between any two distinct types of any player in the E-Mail type space above is at least
2/3.32 Second, we show that any finite type t., whose UW distance from u; , is less than
1/3 must attach positive probability to (and hence implies the existence, in the same
finite type space, of) a type #; ,,1 whose UW distance from u , is less than 1/3, which
in turn implies the existence in the same finite type space of some type # ,4+1 whose
UW distance from u; ;4 is less than 1/3 and so on. These two facts together imply the
contradiction that the types ¢; 1, t; 2, . . . are all different but belong to the same finite type
space, whence the result follows.

Turning to Lemma 3, the proof, also in the Appendix, constructs, for each 6 > 0 and
N >0, a game such that for each 0 <n < N, a certain action a; , is rationalizable for
u; , butis not é-rationalizable for any type #; with dlk (ti, uin) > 28/M, where the order k
grows with the difference N — n. To provide intuition, we sketch the argument for the
case N = 1. The game corresponding to this case is depicted in Figure 1, with the payoff
bound normalized to M =4.

It is clear that in this game, for all i = 1,2 and n =0, 1, action a; , is rationalizable
for ui,n.33 However, a; , is weakly dominated by s;, and the payoffs from b; , and ¢; , are
such that whenever the beliefs of a type ¢; are sufficiently far from those of u; ,,, then any
d-rationalizable conjecture about player —i that é-rationalizes g; , against s; cannot do
so against both b; , and ¢; , as well. Indeed, we have

d¥(ti, uin) >28/M = a;, ¢ RF(4:,8) Vi<k<2—n. (19)

To see this for k = 1, first note that a; o is weakly dominated by s;, hence a; ¢ ¢ Ri(ti, 8)
for any type 1 with d{(t1,u1,0) > 8/2. Indeed, uio[eo] =1 and hence d] (11, u1,0) > 8/2
implies tll[BO] < 1—8/2, so the highest possible expected payoff for #; under a; ¢ is —28,
whereas s, yields 0. By the same token, aj 1 ¢ R1(#, 8) for any #; with d] (1, u1,1) > 8/2
anday; ¢ R%(tz, ) for any #, with d%(tz, uy,1) > 6/2. Consider action a; o now and pick
any f#, such that d%(tz, uz0) > 6/2. Since u%’o[el] = 1/3, we must have either t21[01] <

32The type uy ;. of player 1 who received k messages assigns probability 2/3 to the other player having
received k — 1 messages, while u; 4 attaches probability 0 to that event, and similarly for player 2.
33The pair (s1, sp) with s;(u; ) = @i, it n < 1 and s;(u; ) = s; if n > 2 has the best-reply property.
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1/3—8/2or t% [60] < 2/3+ 6/2. Pick any conjecture o that -rationalizes a5 g, so that the
difference in expected payoff between s; and a5 ( is at most 8. This requires the induced
distribution over ® x A; to satisfy

Pr[6y, a1 0lt2, 1]+ Pr[01, a1 1|, 011 > 1 — 5/4,
hence the difference in expected payoffs between b, o and a5 g is
Pr[6o, a1,0lt2, o] = 2Pr[0y, ay,11t2, 011 = =3 Pr[01, a1 1162, o] +1 - §/4,

which is greater than 6 when t%[el] < 1/3 — §/2. Likewise, the difference in expected
payoffs between c; o and a, g is

—Pr[6y, a1,0lt2, 011+ 2P1[61, a1,11t2, 011 = =3 Pr[6p, a1 olt2, 011 +2 — 6/2,

which is greater than 6 when t21 [60] <2/346/2. Thus, inany case, a, o ¢ R%(tz, 8) and the
proof of (19) for kK =1 is complete. The proof for » = 0 and k£ = 2 uses the arguments just
given for the case k£ = 1 and is completely analogous—for instance, those arguments
show that if o is a first-order é-rationalizable conjecture that §-rationalizes a; o for a
type 1, then we musthave 1 — 8/4 < Pr(6y, az olt1, 02] < t3[8) x {u%,o}z‘s/M] and hence the
distance between the second-order beliefs of #; and u; ¢ is at most é.

We are now ready to prove the main result of this section.

THEOREM 3. Finite types are nowhere dense under the US and the UW topology.

Prookr. It suffices to prove that every finite type can be UW-approximated by a se-
quence of infinite types, none of which is the US limit of a sequence of finite types.3*
Fix a finite type space (71, T,) and a type t, € T,. Foreachn > 1, let 6, =1/(n+ 1) and
define the infinite type #, , by the requirement that, for every k > 1 and every measurable
ECOxTf,

15 J[E1= (1 — 8,)t5[E]+ 8,u5 ([E].
Note that for all n > 1, k > 1, and measurable £ C 0 x le_l, we have
15 J[E] = (1= 8,) (5 [E]+ 8,15 ([E] < 1 [E®"] + 8,

hence dyWV (1 ,, 1) < 8, — 0.

It remains to prove that none of the types in the sequence (# ,),>1 is in the US clo-
sure of the set of finite types, i.e., for every n > 1, there exists ¢, > 0 such that the US
distance between 1, , and every finite type in 7; is at least ¢,. Thus, fix n > 1, pick any
0 < &, <min{M/6, M/(3n + 1)}, any finite type space (S, S3), and any type s; € S, and
let us show that dy5(t, ,, 5,) > &,. Using Lemma 2, choose N > 1 large enough so that

df(NH)(fl, ui0) >1/3 voeTliUs (20)
34Indeed, by Theorem 1, the sequence also US-approximates the finite type, hence nowhere denseness

in the US topology follows. By the same theorem, none of the types in the sequence will be the UW limit of
a sequence of finite types, thus nowhere denseness in the UW topology also follows.
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andlet Gy = (A; N, 8i,N)i=1,2 be the game defined in the proof of Lemma 3. Now define
another game G, = (A} , &; y)i=1,2 s
Ay y=A1nN, Ay v = Axn x {0, 1},

andforalla; € A1 n,a2€ Ao N, x€{0,1}and 6 € O,

g/l,N(al7 (l2, x7 0) = %gl,N(a1> az; 6)

M/2 ifx:landalzal,o
gQ,N(a1, a, x,0) = %gz,N(ab az, )+ —M/(Bn+1) ifx=1anda;#ajy
0 otherwise.

Note that since all payoffs in Gy are between —M and M, the same is true for all payoffs
in G). Moreover, we have the following lemma, which is proved in the Appendix.

LEMMA 4. Forallk >0andall € > 0,

Ri(t,GN.2¢e) =RY(11,Gly,e) VHeT (21)

Ri(tr, Gy, 26) = Proj 4, R (1), Gy, e) VheT. (22)

We now prove that (ay, 1) € Ry(f2,, Gy, 0) for some a; € Ay n, but (az, 1) ¢ Ry(s2,
Gy, &) for all a; € A3 y, reaching the desired conclusion that dgs(tz’ 1 82) > &p.

To show that (az, 1) € Ry(t2,,, Gy, 0) for some a; € A y, it suffices to construct a

rationalizable conjecture o} in game G); under which, for all a; € A4 v, actions (a3, 0)

and (ay, 1) give #; , the same expected payoff. Let oy : 0 x 71 — A(A4; y) be an arbitrary
rationalizable conjecture in G and define o7:0 x 71 — A(A4] 5) as

01(0, t)la1] = 010, t)[a1] VH € i\ Up, Va1 € A y

o1(0,ur larkl=1 Vk>0.

From the proof of Lemma 3, it follows, using (21) with & = 0, that o7 is a rationalizable
conjecture in G?v and also, using (20) and the fact that ¢, < M/6, it follows that

ar,0 ¢ R1(t1,GN, en) Y eT1 US. (23)

Thus, 01(0, t1)[a1,01=0forall 6 € ® and ¢; € Ty, hence for all a; € 4> y we have

LT[glz,N(U{(G,fl),az,l,0)—g/z,N(U{(O,fl),az,O,9)]f2,n(d9><dfl)
W

_2uM (2, M
T3 2 3 )3n+1

This proves that (a;, 0) and (a2, 1) give type 1, , the same expected payoff under o for
all a; € A5 n, as was to be shown.
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Turning to the proof that (ay, 1) ¢ Ra(s2, Gy, &x) for all a; € A y, consider an ar-
bitrary ¢,-rationalizable conjecture o-i in game G;V. By (21) and (23), for all # € ® and
s1 € §1, we must have o7 (6, s1)[a1,01 =0. Thus, forall a; € 4; y,

Z S2[0781][g/2N(0-1(07 Sl)’aZala 0)—g/2N(O'1(0,S1),612,0, 0)]2_ < —&p,
’ d 3n+1
(9,S1)€®><S1
which proves that (ay, 1) is not g,-rationalizable for s, in game G. O

5. DIScuUssION
5.1 Relation with common p-beliefs

Aswe mentioned in the Introduction, the uniform-weak topology is related to the notion
of common p-belief due to Monderer and Samet (1989). Fix a state 6 € ©® and p < [0, 1].
For each player i € I, define

B'P(0)={il e T :i![61> p} and BPP(0) ={rk e T*: 1516 x B*."7 ()1 = p)

recursively for all k£ > 2. A type t; has common p-belief in 0, and we write ¢; € le” (6), if
tl.k € Bf.‘”’(o) forall k > 1. A sequence of types (¢; ,)»>1 has asymptotic common certainty
of 0 if for every p < 1, we have t; , € C’(6) for n large enough.

Monderer and Samet (1989) use this notion of proximity to common certainty,
i.e.,, common 1-belief, to study the robustness of Nash equilibrium to small amounts
of incomplete information. Their main result states that for any game and any sequence
of common-prior type spaces, a sufficient condition for Nash equilibrium to be robust to
incomplete information (relative to the given sequence of type spaces) is that for some
sequence p, 1, the prior probability of the event that the players have common p,,-
belief on the payoffs from the complete information game convergesto 1 as n — co. Are-
lated paper, Kajii and Morris (1997), shows that asymptotic common certainty is actually
a necessary condition for robustness in all games. Since both results are formulated for
Bayesian Nash equilibrium in common-prior type spaces, to facilitate comparison with
our results, we report (without proof) an analogue of their results for interim correlated
rationalizability without imposing common priors.

PRrROPOSITION 5. A sequence of types (ti,),>1 has asymptotic common certainty of 0 if
and only if for every game and every ¢ > 0, every action that is rationalizable for player i
when 0 is common certainty remains interim correlated e-rationalizable for type t; , for
all n large enough.

Thus the “only if” part is an interim version of Monderer and Samet (1989, Theo-
rem B*) and the “if” part is an interim version of Kajii and Morris (1997, Proposition 10).
As it turns out, the uniform-weak topology can be viewed as an extension of the
concept of asymptotic common certainty: these two notions of convergence coincide
when the limit type has common certainty of some state. Indeed, letting #; 4 designate
the type of player i who has common certainty of §, we can make the following proposal.
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PROPOSITION 6. A sequence (t;,)n=0 has asymptotic common certainty of 6 if and only if
dlUW(ti,n, tig) > 0asn— oo.

Proor. It suffices to show that for each i € I, p € [0, 1], and k > 1, we have Bf.‘"’(e) =
{tfa}lfp. For k = 1, this follows directly from tl{g[e] = 1. Now suppose this holds for k — 1
and let us show that it also holds for k. Indeed,

BEP(0) = (ke TF 1510 x B P (0)1> p)
= {tF e TF 1k x {thé}l_p] > p}= {lfg}l_pa

where the second equality follows from the induction hypothesis and the third equality
follows from the fact that tfa[e, tf;é] =1. O

Thus, taken together, Theorems 1 and 2 extend Proposition 5 to environments where
the limit type has nondegenerate incomplete information.3°

5.2 Other uniform metrics

The Prohorov metric, on which the uniform-weak topology is based, is but one of many
equivalent distances that metrize the topology of weak convergence of probability mea-
sures. For any such distance, one can consider the associated uniform distance over
hierarchies of beliefs. Interestingly, these metrics can generate different topologies over
infinite hierarchies, even though the induced topologies over k-order beliefs coincide
for each k > 1. Below we provide such an example.

Given a metric space (S, d), let BL(S, d) designate the vector space of real-valued,
bounded, Lipschitz continuous functions over S, endowed with the norm

Il =max{sup| feosup LR =IO

Vf e BL(S, d).
Xy d(x,y) } /e BU )

Recall that the bounded Lipschitz distance over A(S, d) is

B(MaM/)=SUP”/fdM—/fdM/

:f € BL(S, d) with || f]lpr, < 1} Vi, u' € ACS, d).

This distance metrizes the topology of weak convergence and it relates to the Prohorov
metric p as3®

(2/3)p> < B <2p.

Now define a uniform metric 87" over hierarchies of beliefs as follows. Let 8° denote
the discrete metric over ® and, recursively, for k > 1, let Bf.‘ denote the bounded Lip-
schitz metricon A(® x 7 fl._l) when ® x 7 fi_l is equipped with the metric max{ B°, B]:.I}.
Then

uw k
B; " =supB;.
k>1

35Note that ¢; ¢ is a finite type.
36See Dudley (2002, pp. 398 and 411).
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For each k > 1, the metric ,85.‘ is equivalent to dl’.‘ , as they both induce the weak topol-
ogy on k-order beliefs. However, as we now show, 8% is nor equivalent to dYV.37 Sup-
pose that ® = {6y, 61} and for each n > 1, consider the type space (7} ,)ics, where

Tin=Auio,uj1,ti,} Viel
and beliefs are

uiolOo, u_iol =1, ui[01,u_;j11=1 Viel

and
ti,n[007 u*l’,o] = 1/”7 ti,n[ol, t_i,n] == 1 - 1/’1 Vl S I

Thus dlk(t,-,n, u;1) = 1/n for all k > 1 and, therefore, dlUW(t,-,,,, ui1) — 0 asn— oco. We
now show that ,B}Jw(t,-,n, u; 1) 7 0. Let f be the indicator function of {61}, i.e., f(0,,) =m
for m € {0, 1}. Then define the k-order iterated expectation of f for each k > 1 and each
player i, denoted fl.k :7;" — R, as

fil(tjl) = /fdtll = tll[el] and flk(tlk) :/ff:l dtlk for k > 2.
Thus, we have
/ff;l duf.flzl and /ff;l dt{fnz(l—l/n)k.

Since it can be shown that f* € BL(Z¥, %) and || f¥|lsr < 1, we have B (t; ,, u;1) > 1 —
(1—1/n)* and hence BYW(#; , u; 1) > 1 for every n > 1.

This example is also relevant for the comparison between our work and Morris
(2002), who shows that the topology of uniform convergence of iterated expectations
is equivalent to the strategic topology associated with a restricted class of games, called
higher-order expectations (HOE) games. By this result and the example above, uniform-
weak convergence is not sufficient for convergence in the strategic topology for HOE
games. This might seem puzzling at first, given that uniform-weak convergence has
been shown to imply convergence in Dekel et al. (2006) strategic topology, which is de-
fined by requiring lower hemicontinuity of the strict ICR correspondence in all games,
not just HOE games. To reconcile these facts, we note that the notion of strict ICR cor-
respondence implicitly used in Morris (2002) is different from the one we use, in that
it does not require the slack in the incentive constraints to hold uniformly in a best-
reply set. Thus, for a given game, continuity of Morris (2002) notion of strict ICR is more
demanding than ours.

37The example below actually shows that the two metrics are not equivalent even around complete in-
formation types. In particular, asymptotic common certainty does not guarantee convergence under S9".
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6. CONCLUSION

Our results shed light on the connection between similarity of beliefs and similarity of
behaviors in games, but leave open a number of interesting questions for future re-
search. One question is whether uniform-weak convergence is also a necessary con-
dition for uniform-strategic convergence. We believe the answer is in the affirmative
and are pursuing this conjecture in ongoing research. This question is of particular
interest because of the tension between Theorem 2 and Theorem 3, which imply that
the uniform-weak and the uniform-strategic topologies are equivalent around types
in a nowhere dense set. Another important avenue of research is to characterize the
(nonuniform) strategic topology in terms of proximity of beliefs; we are also explor-
ing this question in ongoing work. Finally, it would be interesting to examine strategic
topologies for solution concepts that refine ICR, such as Bayesian equilibrium, incom-
plete information versions of correlated equilibrium, or interim independent rational-
izability.

APPENDIX: OMITTED PROOFS

Proor or PropPosITION 1. Fixk > 1,1 € 7;, and a; € A;. Let 2_; denote the set of equiv-
alence classes of measurable functions o_; : ® x 7_; — A(A_;) such that

suppo_;(6,t_;) C R’it_.l(t,,-, G,vy) fort-almostevery (0,t_;) € ® x 7_;,

where we identify pairs of functions that are equal 7;-almost surely. The set %_; can be
viewed as a compact convex subset of the topological vector space L of (equivalence
classes of) R!4-il-valued measurable functions over ® x 7_;.38

Consider the function F: A(A; \ {a;}) x 2_; — R such that

F(a;, o) =/ [gi(ai, o—i(0,1_;), 0) — gi(a, 0—i(6,1_;), 0)]1;(d6 x dt_;).
O x

—i

Thus, F is the restriction of a continuous bilinear functional on R(04i/=D x [, to the Carte-
sian product of compact, convex sets. By a minmax theorem of Fan (1953),

min max F(a;, o0_;) = max min  F(a;, 0_;).
aieA(Ai\{a;}) o_;je3_; o_ied_;ajeA(A;\{a;})

38The space L is equipped with the weak* topology induced by the probability measure #; € A(® x 7T_;).
Under this topology, a sequence (f;)nen in L converges to f € L if and only if for each continuous and
bounded function /:0 x 7_; — Rl4-il,

f(h(f), 1), fu(0,t_))ti(dO x dt_;) — /(h(O, ti), f(0,t-))ti(dO x dt_;) asn— oo,

where (-, ) designates the Euclidean inner product in R“-i|. To see why 3_; is compact, note that the
disintegration property of probability measures yields a natural homeomorphism between ¥,_; and

{veA® xT_;x A_):v({(0,t_i,a_):a_; e RN (1_;, G, y)}) =1, marggy, , . v=1},

which is a closed subset of the compact space A(® x 7_; x A_;).
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Now, a; € Rf.‘(t,-, G, v) if and only if the right-hand side is greater than or equal to —v.
Thus, a; € Rf.‘(ti, G, y) if and only if for every a; € A(A4; \ {a;}), there exists o_; € 3_; such
that F(«;, o_;) > —v, which is the desired result. O

ProoFr oF LEMMA 1. For each i € I, let p; and || - ||; denote the Prohorov distance on
A(® x T_;) and the Euclidean norm on RI®!I7-l  respectively. Also, let f;:® x T_; x
A(® x T_;) — R be the function defined by

fi(O, t_iy ) = 24610, i1 — 19|17

and let F;: A(O x T_;) x A(® x T_;) — R be the function defined by

F( )= Y fil0 i, ¢)pl6, 1),

(0,t_)e®xT_;
Note that F;(, ) — F; (', ) = || — 1[/||12 for all ¢, ' € A(® x T_;), hence
n= %min{Fi(w, W) —F ), e AO X T_p), pi(p, §') > %5} >0,

and also3?

pi, ) <m/2 = Fi, ) —F ) <n Yy, € AO xT_)).

The compact set A(® x T_;) can be covered by a finite union of open balls of radius
n/2. (These balls are taken according to the metric p;.) Choose one point in each of
these balls and let 4; € A(® x T_;) denote the finite set of selected points. Enlarge A;, if
necessary, to ensure A4; 2 7;. (Recall that we identify each #; € T; with u;(#).) Thus, for
every y € A(® x T_;), there exists a; € A; \ T; such that F;(, ) — Fi(a;, ¥) < 7.

Now define the payoff function g;: ® x 4; x A_; > R, as

fi(6,a_j,a;) ifa_;eT;
gi(0,a;,a_;)=1{ —4/6 ifa;eT;anda_; ¢ T_;
-1 ifa,- ¢ Tl and a_; ¢ T,i.

It follows directly from the definition of g; and the fact that #;[® x 7_;,] =1 thateach g, €
Aj; yields an expected payoff of F;(a;, t;) to type t; under the conjecture o_; :® x T_; —
A(A_;) such that o_;(0,t_)[t_;] =1 for all (6,¢_;) € ® x T_;. Since F;(t;, t;) > Fi(a;, t;)
forall a; € A4;, (11) follows.

Fix any 0 < ¢ < min{n(1 — §/2), §/2}. We shall prove (12) now. Fix t; € T; and ¢ €
A(O® x A_;), and assume that there exists D € ® x T_; such that [D] < #;[D] — 8. First

39Letting h:® x T_; — [—1, 1] denote the mapping (0, t_;) — h(0, t_;) = [0, t_;]1 — ¢’[6, t_;], for each
¢ >0, we have

Fi, ) =B, )y =y —¢'IP= Y wl0, k0,00 — Y P10,131h(6, 1) <2

(0,_)e®OxT_; (0,_)e®OxT_;

whenever p; (¢, ¢') < ¢.
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suppose [0 x T_;] <1 — §/2. Pick any a; € A4; \ T;. Since f; maps into [—1, 1],

Do D (&ilti,ai, 0) —gilai, a_i, )10, a_;] < 2(1 - 8/2) +(8/2)(—4/8+ 1)

0€®@a_jeA_;
=—-6/2<—e¢,

which proves (12) for the case #[0® x T_;] < 1 — §/2. Now suppose that [0 x T_;] >
1 — 8/2. Consider the conditional probability s(-) = (-|® x T_;). Then

Y[D]> y[D] = $[DIY[O x T_;]1> y[D] — §/2,
hence
|[D] — ;[D1| > |¢[D] — t;[D]| — [¢[D] — $[D]| > 6 — §/2 = §/2,

which implies F;(i, ) — F;(;, ) > 27 by the definition of 5. Now pick any a; € A4; \ T;
with p;(, a;) < n/2, so that F;(a;, ¢) — Fi(, ) > —n. Then F;(a;, ) — Fi(t;, ) > n and
hence

Z Z (gl(tl’ a—i, 0)_gi(aiaa—i, 0))(1//[07 a—i]

0c®a_jeA_;
= (Fi(tiy ) — Fi(a;, ¢)) [0 x T_]+ (—4/8 + 1)(1 — [0 x T_;])
< (Fi(ti, ) — Fi(ai, Y )P[0 x T_;] < (1 = 8/2)(—7n) < —¢,
which proves (12) also for the case y[® x T_;] > 1 — §/2.40 O

Proor oF LEMMA 2. First we prove by induction that
d?W (Ui, uim) >2/3 Vi=1,2,Vn>0,Ym=>0s.t. m#n. (24)

For all n > 1 we have uio[@()] =1and u%’n[eo] =0, hence d{ (u1,0, u1,,) = 1 > 2/3; more-
over, uio[eo] =2/3 and u%7n[00] =0, hence dl(uz,, u2,,) > 2/3. Assume that we have
proved d! (u; 1, Uim) > 2/3 foralli=1,2, some N >1,all 1 <n <N, and all m > n.
Then, for all m > n, since u; ,[01 x u2 ,—11=2/3 and uy,,[61 x uz 1 =0forall £ <n, we
obtain u;’;][el xuy,_1=2/3and u;’fn:[el x {ug’n71}2/3] =0, hence d™ (w1, u1,m) =
2/3. Since up ,[01 x u1,] =2/3 and up (601 x uy ] =0 for all £ < n, we also get
ugjf[ol xu{ 1=2/3and u;j,}[ﬁ X {u’f,”}zﬂ] =0, hence dg“(uz,n, uz.m) > 2/3. The proof
of (24) is complete.
Now let (T1, T») be a finite type space, and for every i = 1, 2 and every n > 0, define

Tin={tic Ti:d?V(t;, ui,) < 1/3}.

We must show that each T;, is empty. Note that (24) implies T; , N T; , = @ for each
player i, and all # > 0 and m > 0 such that m # n. Thus, it suffices to show thatif 7; , # @

40To ensure that the payoffs are bounded by M, we can multiply g; and ¢ by a factor of M 8/4, if necessary.
This normalization does not affect the validity of (12).
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for some player i and some n > 0, then T; ,, # @ and T ,, # @ for all m > n, as this
contradicts the finiteness of 77 and 7>.
Assume that 77 o # @. Pickany 1 g€ Ty pand 1/3 > 6 > d}IW(tLO, u1,0). Then

1 ol00 x {u5 o"1P > ufk (00 x ub 11— 8=1-8 Vk=>1,
and hence, using the fact that § < 1/3 and 1 g[6y x T2] = t1,0[6p x 72], also
110000 x To,01 = t10[00 x {2 € To:dY "V (12, u20) < 8)] 21— 8> 0,

implying that 75 o # @ as well. Now let n > 0 and assume 75 , # @. Pickany , , € T> ,,
and 1/3> 6 > dgw(tz,n, uy ). Then

té"n[ﬁl X {ulf;lll}s] > ulz‘)n[ﬂl X u]f;lﬂrl] —6=1/3—-6 Vk=>1
and hence, as before,
. JUW
D01 X T1 1] = [ 01 x {6 € Ty dy " (11, U1 py1) < 8}] > 1/3 =8> 0,

s0 T1,,+1 # @. Similarly, we can show that T; ,, # @ implies T, , # @ forall n > 1. O

Proor oF LEMMA 3. For any given N > 1 we construct a game Gy with action sets

AN ={a1,0,a1,1,b1,1,¢1,15---» a1,N, b1, €1 N5 51}
Ay N ={az0,b2,0,¢2,0,...,a3,N-1,b2,N—1, 2 N—1, A2 N, 52}
such that
ain€Rittin, Gy,0) VieLYO<n<N (25)

and, moreover, forevery 6§ >0and0 <k <N,

a1n e RI“TV(0,Gn, 8) = & TV, u ) <28/M Vn<N—k,VneT; (26)

a2, € RN, GN, 8) = & uzn) <28/M VYn<N-kVheTD. (27)

Indeed, this implies the statement of the lemma.
Fix N > 1. For convenience, throughout the proof let a; y41 = s; and 6, = 6; for
every n > 2. The payoffs in G are as follows. Actions s, and s, give constant payoffs

81.N(0,51,a2) =g n(0,a1,50) =0 foreveryfe®,a;¢€ Ay, andaz e Az y.
Actions ay g, ...,a1,y and az 9, ..., az v are weakly dominated by s; and s;, respectively:

0 ifn=0and (6, ay) = (6y, az,9)
g1,N(0,a1,,a2) =10 ifn>0and (6, ay) € {(61,a2,,-1), (01, a2,,)}
—M otherwise

0 if(07a1)e{(onaal,n)a(glaal,n-‘rl)}

0,aq,a = i
g2,n(0, a1, az,) {—M otherwise.
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The payoffs for actions by 1, ¢1,1, ..., b1 N, 1N are

M/4  if(6,a2) = (01,a2,-1)

81,N(0,b1 5, a2) = —g1,N (6, 1, a2) = { —M/J2 i (8, a2) = (61, arp)

g1,N(0,b1 0, a2) = g1,N (0, €10, a2) = —M  otherwise.
Finally, the payoffs for b, o, c20, ..., b2, N—1, 2, N—1 are

M4 if (8, ar) = (0p,a1,n)

0,a1,b =— 0,ai,c = .
82,N(0,a1,b2,,) = —8 n(0, a1, c2pn) {_M/2 i (6, a1) = (61, a1 ns1)

g.N(0,a1,b,) =gy N(0,a1,¢,) =—M otherwise.

It is immediate to verify that (25) holds. To see this, just note that the mappings
s;:U; — 24in such that si(u;n) =a;, for 0 <n <N and s;(u; ,) = s; for n > N have the
best reply property.

It remains to prove that (26) and (27) hold for every 0 < k < N. To do this, we now fix
& > 0 and establish the following three claims. First, we show that (27) holds for k = 0.
Second, we prove that (27) implies (26) for all 0 < £ < N. Third, we show that if (26) holds
for some 0 < k < N, then (27) holds with &£ + 1 substituted for &, thus concluding the
proof. To ease notation, for every player i, type ¢; € 7;, and conjecture o—_;:® x 7_; —
A(A_;n), in what follows we write Pr[-|¢;, o_;] for the probability distribution over
O x A_; y induced by t; and o, i.e,,

Pr[0, a_;|t;, o_;] =/ o_i(0,t_la_;]t;(0 x dt_;) VY(0,a_;)) €O x A_;N.
To prove our first claim, namely that (27) is valid for £ =0, fixany p € T and 0 <n <
N, assume that a, , € R%(tz, Gn, 6), and let 01:0 x T — A(A; n) be a corresponding
0-order é-rationalizable conjecture. Since a; , is a §-best reply to oy, the difference in
expected payoff when choosing s; instead of a; , under oy must be at most 8, hence

Pr(6,, a1 nlt2, o] + Pr[601, a1 py1ltz, 011 >1—6/M. (28)

Similarly, the difference in expected payoff when choosing b, , or ¢, , instead of a3,
under o7 must be at most §, hence

—8 < {M Pr[6,,, ay nlt2, 01] — s M Pr[61, a1 1|62, 0] < 6.
The latter inequalities together with (28) imply
Pr(6,, a1 4lt2, 011> 2/3 —26/M, Pr[61, ai ny1ltr, 011 > 1/3 —26/M, (29)

hence t%[ﬁn] >2/3—-26/M and t;[()l] >1/3 —28/M. Moreover, if n > 0, then (28) implies
15[01] >1-26/M. Thus, d%(tz, uy ) <28/M, as (27) requires for k = 0.

To prove our second claim, namely that (27) implies (26) for all 0 < k < N, fix any
such k, any #; € 71, and any 0 < n < N, assume that a; , € Rf(kH)(tl, Gn, 8), and let
02:0 x T, — A(Az,N) be a corresponding (2k + 1)-order §-rationalizable conjecture.
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First consider the case n = 0. Since a g is a §-best reply to o», it must give an expected
payoff within 6 of the one from s, hence

Pr[6y, arolt1, 02]>1—-86/M >1—-26/M.
Since o, is (2k + 1)-order 8-rationalizable, from (27) we thus obtain
65010y x (13K 12 M ) > 1 - 25/ M,

as required by (26) when n = 0. Next consider the case n > 0. Since a; , is a §-best reply
to o, it must give an expected payoff within é of the one from s1, hence

Pr[01, a n_11t1, 021 + P[0y, az ult1, 021 > 1 - 6/M.
Similarly, comparing a; , to by , and c; ,, we must have
-6 < %MPI[Hl, a p-1lt, o] — %MPI[GL ap nlt, o2] < 0.

The latter three inequalities together imply

Pr[61, az n—1lt1, 02] + P01, az 4lt1, 0] = 1 - 26/M (30)
Pr(61, az n—1lt1, 021 = 2/3 —26/M (31)
Pr[01,a2,,,|t1,02] > 1/3—25/M. (32)

Since oy is (2k + 1)-order é-rationalizable, by (27) we have 02 (01, £)[a2,,—1]1 = 0 for all
ty € T, such that d%kH(tz, U p—1) > 28/M and o2 (01, ©2)[az ,]1 = 0 for all 1, € 7; such that
A2 (1, uy ) > 28/M. By (30), (31), and (32) this implies

2(k+1
19010y x gk kP > 1 - 28/ M

19010y x (u3 12 > 273 — 28/ M
19010y x (WM > 173 - 26/M,

as required by (26) when n > 0.

It remains to prove our third claim. Assuming (26) for some 0 < £ < N, we must
show that (27) remains valid when £ is replaced by k£ + 1. Pickany , € T, and 0 <n <
N — k — 1, assume that a; , € Rg(kﬂ)ﬂ(tz, Gn,0), and let 01:0 x T} — A(A4; n) be a
corresponding 2(k + 1)-order é-rationalizable conjecture. Since a; , is a 6-best reply
to o7, the difference in expected payoff when choosing s, or b, , or ¢, , instead of a; ,
under oy must be at most 8. Thus, as before, (28) and (29) must hold. Moreover, since oy
is 2(k + 1)-order é-rationalizable, by (26) we have o (6,, t1)[a1,,] =0 for all 4; € 7; with
5D (11, uy,) > 28/M and oy (01, t)[a1,,11]1 =0 for all 1 € T with 75 (11, 4y 1) >
26/M. This implies

tg(k+1)+1[0n x {u%f§+1)}28/M] > 2/3 _ 26/M

tg(k+1)+1 [01 % {u%f:ill)}Z(S/M] > 1/3 _ 26/M,
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and, if n > 0, also

2(k+1)+1 2(k+1 2(k+1
B 0y (Y, Wl TP = 1 - 28/ M,

as required by (27) when £ is replaced by k + 1. O

Proor or LEMMA 4. Fix ¢ > 0 and note that (21) and (22) are trivially true for £ = 0.
Now we assume they are true for some k > 0 and prove that they hold for £ + 1. Note
that since (22) holds for k, there exists a mapping ¢:7; x 4y vy — {0, 1} that satisfies

(a2, E(t2, a2)) € R5 (12, Gy, ) Vi € T5,Vay € R5 (12, Gy, 2¢). (33)

Let us prove (21) for k + 1 now. Fixany #; € 77 and a; € R’f”(tl, Gn,2¢), and let
02:0 x T, - A(Ay n) be a corresponding k-order 2¢-rationalizable conjecture. Define
the conjecture o, : @ x T) — A(A), ) for game G/, as

05(0, h)laz, £(tr, ax)] = 02(6, t)[az] VO €O,V € Th,Va € Ay y.

By (33), o} is a k-order e-rationalizable conjecture. Moreover, the difference in expected
payoff for ¢; between any a| € A} ,, and a; under o} in game G is

/@ - (815 (a1, 05(0, 12), 0) — g}y (a1, (0, 1), )]t} T (d6 x dih)

2

=3 fo 813 (@1 0206, 1),0) —g1v (a1, 0206, 1), O] (A0 x diy) < 526 = 5,
oxT;

where the inequality follows from the fact that a; € R’f“ (t1, Gn,2¢€). This proves that
a € leH(tl, G'y, €), and we have thus shown that R’f“(ll, Gn,2¢e) C R’f“(tl, Gy, 2e).
Conversely, pick any a; € Rll"L1 (t1,Gly,¢e)andlet o) :0 x T) — A(A/Z’N) be a correspond-
ing k-order e-rationalizable conjecture. Define 02:0 x 7, — A(A2 y) as

02(0, 1) =marg 4, d5(0,1n) Y0eO,Vh e Th.

Since (22) holds for £, this is a k-order 2¢-rationalizable conjecture in G . Moreover,
the difference in expected payoff for #; between any 4| € 4; y and a; under o, in game
GN is

/@ [813(@1, 020.12), 0) = g1n(ar, 0260, 12), )] (d0 x diy)
X

2

=2/® L8181, 028, 12), 0) = & (a1, 7306, 2), 0]t (do x dif) < 2e,
X

hence a; le+1(11, Gy, 2¢). This shows that Rll‘H(tl, Gy, 2e) < le+1(11, Gy, 2¢), so the
proof of (21) for k + 1 is complete.
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Now we show that (22) also remains true for k + 1, thus concluding the proof. Fix
e, leta e R’Z‘“(tz, GnN,2¢), and let 07:0 x 7} — A(A; n) be a corresponding k-
order 2¢-rationalizable conjecture. Choose any

x* € argmax g n(a1(0,11), az, x, )51 (d6 x dif).
xef0,1} JOxTK 7

Then the difference in expected payoff for #, between any (a}, x) € 4} 5, and (az, x¥)
under o in game Gy, is

f@ - (85 5 (1(0, 11), ), x, 0) — gh \ (01(0, 1), a2, x*, 0)] 57 (d6 x dif)
X

1

5/@ Tk[g;,Nun(e, 1), dy, x, 0) — g y(a1(0, 11), az, x, )] (d0 x dif)

1

= %/O  L823(@1(0, 1), 45,0) = g2.3(1(0, 1), a2, 0)] 131 (0 x dif) < 328 =,
OxT,

hence (a2, x*) € R (12, Gy, €). This proves R (1, Gy, 2¢) C proj 4, , Rk, Gy, ©).

Conversely, let (a3, x) € R]2‘+1(t2, G)y,¢) andlet 0]:0 x T; — A(A] ) be a correspond-
ing k-order e-rationalizable conjecture. Then the difference in expected payoff for 1,
between any a, € A, y and a; under oy in game Gy is

/@ _ [823(01(0: 1), 45, 0) = g2.3(07(0, 1), a2, 0)]13™ (0 x i)
X

1

= 2/ 185N (01(0,11), a3, %, 0) = g) y(0(0, 11), a2, x, 0)]157! (d0 x dif) < 2,
Ox T ’ ?

1

hence a, R’zc“(tz, Gn,2¢). This proves proj,, Ri(6, Gy, e) € R]2‘+1(tz, Gy, 2¢), O
the proof of (22) for k + 1 is complete. ’ O
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