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A search-theoretic model of the term premium
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A consistent empirical feature of bond yields is that term premia are, on average,
positive. The majority of theoretical explanations for this observation have viewed
the term premia through the lens of the consumption based capital asset pricing
model. In contrast, we harken to an older empirical literature that attributes the
term premium to the idea that short maturity bonds are inherently more liquid.
The goal of this paper is to provide a theoretical justification of this concept. To
that end, we employ a monetary-search model extended to include assets of dif-
ferent maturities. Short term assets mature in time to take advantage of random
consumption opportunities. Long term assets cannot be used directly to purchase
consumption, but agents may liquidate them in a secondary asset market charac-
terized by search and bargaining frictions. Our model delivers three results that
are consistent with empirical facts. First, long term assets have higher rates of
return in steady state to compensate agents for their relative lack of liquidity. Sec-
ond, since the difference in the yield of short and long term assets reflects asset
market frictions, our model predicts a steeper yield curve for assets that trade in
less liquid secondary markets. Third, our model predicts that freshly issued (“on-
the-run”) assets will sell at higher prices than previously issued (“off-the-run”) as-
sets that mature in nearby dates, because sellers of the latter have a more urgent
need for liquidity.
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1. INTRODUCTION

An established feature of bond yields is that, on average, investors in long term bonds re-
ceive a higher return than investors in similar (e.g., same default risk and tax treatments)
short term bonds over a given holding period. As is well known, this observation, which
implies the presence of positive term premia, is inconsistent with the expectations hy-
pothesis of the term structure of interest rates. A traditional explanation of such term
premia, popular in the empirical finance literature, is based on the idea that short term
bonds are inherently more liquid. For instance, Cochrane (1999) compares average re-
turns on bonds of different maturities and states that the “increase in returns for long
term bonds, equivalent to [an] upward slope in the yield curve, is usually excused as a
small ‘liquidity premium.”” The same idea is also presented as one of the main expla-
nations for an upward sloping yield curve in most undergraduate textbook discussions
of the term structure (e.g., Mishkin 2009). The goal of this paper is to develop a frame-
work that formalizes the notion of asset liquidity, and to use this framework to provide
arigorous foundation for the idea that term premia can, at least in part, be attributed to
market frictions and liquidity differentials.

Our explanation is quite intuitive: in a world with uncertain consumption expendi-
tures (e.g., health costs, home repairs, etc.), there may be times when some of the illiq-
uid assets held by households must be converted to liquid assets to finance unexpected
consumption expenditures. However, in our model, the asset market in which this con-
version takes place is not a perfectly competitive Walrasian market but, instead, has the
features of an over-the-counter (OTC) market characterized by search and bargaining,
such as that described in Duffie et al. (2005). Moreover, to provide a precise definition of
asset liquidity, we employ the search-theoretic framework of Lagos and Wright (2005),
in which a subset of goods markets are decentralized and anonymous, so that a medium
of exchange emerges naturally. In this environment, an asset’s value is determined both
by fundamentals (as in a standard asset pricing model) and by the ease with which the
asset can be used for consumption purchases; i.e., its liquidity properties.

In our model, all assets mature before the decentralized goods market opens (on
their respective maturity date). Consequently, short term assets are endogenously closer
substitutes to money simply because these assets mature in time to take advantage of
random consumption opportunities. This, in turn, implies that, in equilibrium, short
term assets are priced above their fundamental value: they carry a liquidity premium.
Longer term assets, i.e., those that have not matured, cannot serve as a means of pay-
ment. However, agents who carry these assets but have a demand for liquidity can visit
an OTC financial market where they can exchange them for liquid assets with agents
who do not wish to consume in the current period. We show that, although long term as-
sets cannot be used directly to purchase goods, in equilibrium, they can carry an indirect
liquidity premium, which reflects their ability to help agents avoid the cost of carrying
liquid assets, a cost that is strictly positive in all monetary equilibria.

The main result of the paper is that if asset supply is not too large, long maturity
assets will sell at a discount (i.e., “haircut”) relative to short maturity assets; that is, in-
vestors must be compensated for holding the relatively illiquid long maturity assets so
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that a positive term premium emerges in equilibrium. We illustrate that this term pre-
mium is closely linked to the search and bargaining frictions characterizing the OTC
asset market. In particular, we demonstrate that the only way to obtain a zero term pre-
mium is if the agents who have an opportunity to consume are guaranteed to trade in
the OTC market, and if they can extract the whole surplus generated from OTC trade. It
is important to highlight that relative asset scarcity is a necessary condition for the exis-
tence of a term premium: if asset supply is so large that maturing assets (together with
real money balances) can cover the total liquidity needs of the economy, then assets will
be priced at their fundamental value, implying a flat yield curve.!

The model also allows us to study the effect of inflation on asset prices. When (an-
ticipated) inflation increases, the price of short term assets, which are effectively substi-
tutes to money, also rises. Since both money and short term assets are now more costly
to hold, agents also value longer term assets more, since, as explained earlier, the lat-
ter can help agents avoid the inflation tax. Hence, a higher inflation tends to increase
(decrease) the equilibrium price (yield) of assets of all maturities. However, since short
term assets are closer substitutes to money, the term premium, i.e., the slope of the yield
curve, is typically increasing in inflation.

One of the key insights of our model is that the issue price of long maturity assets
is crucially (and positively) affected by the liquidity of the secondary asset market, i.e.,
how easy it is for agents to liquidate these assets in the OTC market. To highlight the
importance of this channel, we extend the baseline model to include a second set of as-
sets that only differ from the original ones in that they cannot be traded in secondary
markets (i.e., agents have to hold them to maturity). We show that the issue price of long
maturities will be higher for the assets that can be traded in secondary financial mar-
kets, thus reflecting a liquidity premium. Krishnamurthy and Vissing-Jorgensen (2012)
compare the yields on 6-month (Federal Deposit Insurance Corporation) FDIC-insured
certificates of deposit (CDs) and 6-month treasury bills (T-bills) over the 1984-2008 pe-
riod and provide direct evidence in support of our finding.?> In particular, they report
that the spread was 2.3 percentage points on average which they attribute to the higher
liquidity of T-bills. Moreover, the authors report that the spread between the yields of
the two assets is negatively related to the supply of T-bills, a result that we also obtain
in our theoretical analysis. The prediction that bond yields are influenced by the liquid-
ity of secondary markets is also consistent with Giirkaynak et al.’s (2010) analysis of the
yield curve for inflation-indexed Treasury debt (i.e., Treasury inflation protected secu-
rities (TIPS)). In particular, they demonstrate that TIPS yields have, in general, fallen as
market liquidity (measured by trading volume) in the TIPS market has increased.

Our framework also allows us to compare the price of freshly issued (on-the-run)
short term assets with the price of older assets (off-the-run) that mature on the same

1More formally, let ¢; and r; be the price and the interest rate of a pure discount bond that yields one unit
of consumption in i periods. As of period ¢, the “fundamental value” of the bond with maturity i is 87, where
B € (0, 1) is the discount rate. Furthermore, from the undergraduate textbook, the formula that links the
price and interest rate of such bonds is ¢; = (1 4+ 7;)~/, implying that if assets are priced at “fundamental,”
then r; =1/B — 1, for all i, or, equivalently, the yield curve is flat.

2Notice that the assets under consideration have the same maturity and the same default risk (they are
default-free). However, unlike T-bills, CDs have to be held to maturity.
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date. Conventional wisdom suggests that the yields on assets with identical streams of
dividends should be equal. However, Warga (1992) documents that the return of an off-
the-run portfolio exceeds, on average, the return of an on-the-run portfolio with similar
duration. Our model is consistent with this observation. Intuitively, in our analysis, the
sellers of off-the-run assets are agents who received an opportunity to consume, and
who are desperate for liquidity and, thus, more willing to sell assets at a lower price.
Vayanos and Weill (2008) also provide a theoretical explanation of the “on-the-run phe-
nomenon,” by building a model where on the on-the-run bonds are more liquid (i.e.,
easier to sell) because they constitute better collateral for borrowing in the reposses-
sion (repo) market. Although the two models are quite different, they share a common
feature that is essential for their ability to capture the on-the-run phenomenon: the as-
sumption that asset trade takes place in OTC markets.

1.1 Related literature

The literature on the term structure is vast but the profession is fortunate to have sev-
eral excellent survey articles. In particular, Giirkaynak and Wright (2012) provide a nice
overview of the testable implications of the expectations hypothesis and the lack of em-
pirical support for them. Their review is from a macroeconomic perspective, as is our
analysis. For a discussion of analyses of the term structure from a finance tradition, the
reader is referred to Singleton (2006) and Piazzesi (2010).

Given the failure of the expectations hypothesis, the challenge to economists is to
define and quantify the nature of risks and market frictions associated with the purchase
of long term bonds. The majority of responses to this challenge have identified the term
premium as a risk premium and employed the consumption based capital asset pricing
model (CAPM) in their analyses. In such models, the qualitative nature of asset risk is
characterized by the covariance between investors’ stochastic discount factors and as-
set returns. Early papers (Backus et al. (1989) and Salyer (1990)) demonstrated, however,
that due to the autocorrelation properties of inflation, a standard intertemporal asset
pricing model would produce counterfactual negative term premia for nominally de-
nominated bonds. More recently, Piazzesi and Schneider (2007) combined Epstein-Zin
preferences with a richer stochastic model of inflation and consumption growth and
demonstrated that these features can indeed produce positive, time-varying nominal
term premia consistent with observation.

While certainly insightful, we do not view the above explanation as wholly satisfac-
tory. For one, positive term premia over holding horizons as short as one quarter are
routinely observed (Backus et al. 1989). It is difficult to see this as a response to changes
inlong run risk as explained by Piazzesi and Schneider (2007). As an alternative explana-
tion, one that we view as complementary rather than competing, we present a model of
the term premium that is based upon the inherent liquidity differentials between bonds
of different maturities.

Our paper is related to the recent work by Williamson (2015), who also studies the
term premium within a monetary-search model in which assets help agents carry out
transactions in markets with imperfect credit (by serving as collateral). The author as-
sumes that short term assets are more “pledgeable,” i.e., they are better facilitators of
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trade in the decentralized goods market. This assumption is crucial for the existence of
an upward sloping yield curve, which, in turn, is crucial for the unconventional mone-
tary policy considered in the paper (i.e., quantitative easing) to be effective. Our paper
shows that an upward sloping yield curve arises even if short term assets are not given
an exogenous liquidity advantage over long term assets, other than the fact that they
mature earlier.

Our work is also related to a number of papers where the existence of uninsured id-
iosyncratic risks and borrowing constraints can generate a preference for short over long
assets; e.g., Heaton and Lucas (1992) and Challe et al. (2013). In these papers, a bad in-
come shock may force agents to sell assets before maturity, and the payoff of selling is
uncertain due to aggregate risk.> While the fact that agents may find themselves in need
of selling long assets before maturity is a feature that we share with these papers, there
are also important differences. First, in our model there is no aggregate uncertainty,
which may make our story more relevant to (the yield curve for) assets such as govern-
ment bonds and to short horizons. Moreover, in our model, purchasing long term bonds
is associated with certain costs that are directly linked to the degree of (i)liquidity of
secondary asset markets (sometimes referred to as market microstructure). As a result,
our paper has a number of empirically supported results other than the upward sloping
yield curve. For instance, our model predicts that the yield on long term assets will be
higher for assets that trade in less liquid secondary markets, and it provides an intuitive
explanation for the on- versus off-the-run phenomenon.

This paper is also related to a growing literature that studies the liquidity properties
of assets other than money. Examples include Geromichalos et al. (2007), Lagos and Ro-
cheteau (2008), Lagos (2011), Lester et al. (2012), Nosal and Rocheteau (2013), Jacquet
and Tan (2012), Andolfatto and Martin (2013), Williamson (2012), and Andolfatto et al.
(2014). Some recent papers exploit the idea that asset prices can carry liquidity pre-
mia to offer a new perspective for looking at longstanding asset pricing-related puz-
zles. Examples include Lagos (2010) (equity premium and risk-free rate puzzles) and
Geromichalos and Simonovska (2014) (asset home bias puzzle). Our paper is concep-
tually related to this literature, since it demonstrates how asset liquidity can help ratio-
nalize the term premium puzzle. Finally, a number of papers, such as Boel and Camera
(2006) and Berentsen et al. (2007, 2014) explore the idea that assets may carry liquidity
premia because they allow agents to rebalance their money holdings after a consump-
tion opportunity arises. The present paper is uniquely identified from these papers, in
that we model explicitly the frictions present in the secondary asset market, and in that
we consider assets of different maturities in order to focus on the term premium.

The rest of the paper is organized as follows. In Section 2, we describe the physical
environment. In Section 3, we characterize equilibrium in a simple version of the model
with two maturities and without money. Section 4 shows how the main results of Sec-
tion 3 can be generalized in an environment with money and with assets of any number
of maturities. Section 5 offers some concluding comments.

3In that sense, these papers are conceptually related to the aforementioned literature (e.g., Backus et al.
1989, in which agents command higher returns on long term assets because they dislike future interest rate
risk).
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2. THE MODEL

Before presenting a detailed description of the economy, we first describe the basic
setup in order to highlight the critical features of the model. Our framework generalizes
that of Geromichalos and Herrenbrueck (2016a) to include assets with different maturi-
ties. Specifically, we employ an infinite horizon, discrete-time economy in which each
period is divided into three subperiods. The subperiods are identified by their markets.
At the beginning of the period, a financial market opens in which assets with different
maturities can be traded. This market resembles the over-the-counter market of Duffie
et al. (2005), and we refer to it as the OTC market. In the second subperiod, agents meet
in decentralized markets characterized by anonymous, bilateral trades, as in Lagos and
Wright (2005); we refer to it as the LW market. In the final subperiod, trade of newly
available assets and goods takes place in a centralized (i.e., Walrasian) market, which we
refer to as the CM. More details of these markets are given below.

The economy contains two types of infinitely lived agents, buyers and sellers, de-
fined by their actions in the LW market. The measure of buyers is normalized to 1. At
the beginning of each period, a fraction ¢ < 1 of buyers learn that they have an opportu-
nity to purchase the good sold in the LW market; we refer to them as the C-type buyers.
The remaining measure of buyers, 1 — ¢, denoted N -types, do not purchase goods in the
LW market of the current period (i.e., they will be inactive buyers in the current period).
To keep the analysis simple, we assume that all C-types match with a seller in the LW
market, and we accordingly set the measure of sellers to equal ¢.

The role of the markets is as follows. Buyers, who are the agents that make all the
interesting decisions in our model, leave the CM in the previous period and then find
out whether they will be consuming in the LW market. Since trade is anonymous in
that market, C-type buyers need a medium of exchange to finance their purchases. The
OTC market is strategically placed before the LW market opens, but after the uncertainty
regarding consumption in the LW market has been resolved, in order to allow agents who
might be short of “liquidity” (defined below) to exchange illiquid assets for liquid assets.

Returning to the structure of the model, all agents discount the future between pe-
riods (but not subperiods) at rate 8 € (0, 1). Buyers consume in the second and third
subperiods and supply labor in the third subperiod. Their preferences for consump-
tion and labor within a period are given by U/(X, H, q), where X and H represent con-
sumption and labor in the CM, respectively, and g represents consumption in the LW
market. Sellers consume only in the CM and produce in both the CM and the LW
market. Their preferences are given by V(X, H, h), where X and H are as above, and
h stands for hours worked in the LW market. The sellers’ production technology of
LW good is given by ¢ = h. Following Lagos and Wright (2005), we adopt the func-
tional forms U(X,H,q) =U(X) — H + u(q) and V(X,H,h) =U(X) — H — c(h). As-
sume that z and U are twice continuously differentiable with u(0) =0, v’ > 0, ©/(0) = oo,
w(c0)=0,U >0, u" <0, and U” < 0. For simplicity, we set c(h) = h, but this is not
crucial for any results. Let ¢g* denote the optimal level of output in any LW market meet-
ing, i.e., ¢* = {q : u/(¢*) = 1}. Also, there exists X* € (0, c0) such that U’'(X*) =1, with
UX*) > X*.
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In the third subperiod, all agents consume and produce a general good, which we
refer to as fruit. The supply of this good comes from two sources: labor supplied by
agents and the output (i.e., dividend) of assets maturing that period. Agents have access
to a technology that transforms 1 unit of labor into 1 unit of the fruit. Each period, the
economy is endowed with a set of trees, as in Lucas (1978), that deliver a real dividend
(i.e., fruit) at different dates (maturities). Each share of a tree of maturity i € {1, ..., N}
purchased in period ¢, delivers 1 unit of fruit in period ¢ + i. For reasons that will become
clear later, we assume that the fruit is delivered before the LW market opens. Agents
can store the fruit at no cost between the second and the third subperiod (when they
consume it), but the fruit is perishable between time periods. Agents can purchase any
amount of shares of a tree of maturity i at the ongoing real market price ¢; ;. The supply
of trees that mature in i periods is denoted by A; > 0, and it is fixed over time. Impor-
tantly, by this definition the supply includes newly issued i-period trees and older trees
that mature at the same date.

In addition to the trees, there also exists an asset called money in this economy.
Money has no intrinsic value, but it is infinitely lived, storable, divisible, and recogniz-
able by all agents. Hence, it can serve as a medium of exchange in the LW market and
help bypass the frictions created by anonymity and the lack of a double coincidence
of wants. The market price of money in terms of fruit is denoted by ¢,. Its supply is
controlled by a monetary authority, and it evolves according to M, 1 = (1 4+ w)M;, with
© > B — 1. New money is introduced, or withdrawn if u < 0, via lump-sum transfers to
buyers in the CM.

The anonymous, bilateral exchanges in the LW market are characterized by take-it-
or-leave-it offers made by the buyer to the seller. Due to the anonymity in that market,
exchange has to be quid pro quo, and the only objects that can serve as means of pay-
ment are money and the yield of assets that have already matured; critically, claims to
trees that mature in future periods cannot be used for payment. These assumptions are
discussed in detail in Section 2.1 below.

If a C-type agent finds herself in need of additional liquidity, she can visit the OTC
market and search for a trading partner (an N-type) who might hold some liquid as-
sets (i.e., money and trees that pay out in the current period) that she will not use in
this period’s LW market. Hence, gains from trade can be generated by C-types selling
a portfolio of long term assets (i.e., assets that do not mature in the current period) in
exchange for assets that mature in the current period. We assume that a matching func-
tion, f(¢,1 —¢) <min{¢, 1 — ¢}, brings together C-types and N-types. The function f is
homogeneous of degree 1 and increasing in both arguments. Within each match, the
terms of trade are determined through proportional bargaining, following Kalai (1977),
and the C-type’s bargaining power is given by A € (0, 1).

Figure 1 summarizes the timing of events in the model, for the case with N = 2. For
instance, consider a buyer who has just left the CM of period ¢ — 1 (denoted by CM,_1)
and has found out that in period ¢ she is a C-type. This agent possesses liquidity that
comes from three potential sources: (a) assets of maturity 1 purchased in ¢ — 1 (indi-
cated by the arrow between CM;_; and the beginning of IW,), (b) assets of maturity 2
purchased in ¢ — 2 (indicated by the dashed arrow that points to the beginning of LW,),
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F1GURE 1. Timing of events in a model with N =2.

and (c) money purchased in ¢ — 1 (not indicated in the figure, for simplicity). The agent
might also hold some assets of maturity 2, purchased in ¢ — 1 (indicated by the arrow
between CM;,_; and the beginning of LW, ). These assets will only mature in ¢ + 1, but
if the agent finds herself in need of additional liquidity in period ¢, she can visit the OTC
market, search for a trading partner (i.e., an N-type), and exchange these assets for a
portfolio of money and assets that are about to mature.

It should be pointed out that our analysis treats the assets of various maturities sym-
metrically: all assets deliver 1 unit of the numéraire at the beginning of the LW market,
but some do so in earlier periods than others. Hence, any differential in the yield of
alternative assets is solely due to differences in the date of their maturity.

Throughout the paper we focus on steady-state equilibria, and most of the equilib-
rium analysis is carried out with respect to the asset prices #;, i =1,..., N. When we
wish to make statements regarding the interest rate of the various assets, we use the
standard (textbook) formula that links the price and interest rate of an asset. In particu-
lar, we have

pi=0+r)"", forali=1,...,N. 1)

2.1 Discussion of the physical environment

The assumption that the yield of assets can serve as a means of payment aims to
capture the simple idea that assets that have matured are as good (liquid) as money,
while allowing us to work with real rather than nominal assets, as is standard in the
monetary-search and theoretical finance literatures. Employing real assets also clari-
fies that an upward sloping yield curve is not (only) a nominal or inflation-risk phe-
nomenon.* An alternative interpretation of this assumption is that maturing assets

4This paper aims to study how the various assets’ prices are shaped by their respective maturities and
the financial market frictions, and adopting real assets with an exogenous supply is the neatest way to carry
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deliver inflation-indexed money rather than actual fruit. In the accompanying Supple-
ment, available in a supplementary file on the journal website, http://econtheory.org/
supp/1945/supplement.pdf, we present a version of the model with nominal assets and
demonstrate that the main results of the paper remain unaltered. Another crucial as-
sumption is that assets deliver their yield (dividend in the main body of the paper or
cash in the Supplement) before the LW market opens. This assumption aims to capture
the simple and intuitive idea that short term assets become liquid just when the agent
needs them.

In this paper, we take as given that assets (that mature in future periods) them-
selves cannot be used as media of exchange and we study asset prices subject to this
restriction on the physical environment. However, there might be deeper reasons why
agents choose to not use financial assets to purchase consumption goods. For exam-
ple, Rocheteau (2011) and Lester et al. (2012) both consider environments that do not
place any restrictions on which objects can serve as media of exchange. They show that
if there is asymmetric information regarding the future returns of financial assets, fiat
money (or, in our case, the physical yield of assets that have already matured) will arise
endogenously as a superior medium of exchange in bilateral meetings. A general rea-
son that might give money or physical goods an advantage over assets as a medium of
exchange is recognizability. A seller might be reluctant to accept an asset (i.e., a claim
to future dividends) as a medium of exchange, because this asset might not even be a
tangible object (e.g., it could be an entry in a computer).®

In our model, all real assets are first traded (issued) in Walrasian markets. This is a
methodological innovation, due to Lagos and Wright (2005), that (together with quasi-
linearity of preferences) gives rise to degenerate asset holding distributions and ensures
tractability. This setup is convenient and, to some extent realistic. Many assets that are
eventually traded in OTC secondary markets are indeed issued in primary markets with
more competitive characteristics. For instance, U.S. Treasury bills are issued through
single-price auctions, so as “to minimize the government’s costs [...] by promoting
broad, competitive bidding” (Garbade and Ingber 2005). It should be pointed out that
only newly issued assets are traded in the CM. Agents who wish to sell assets that mature
in future periods can only do so in the OTC market. In other words, all secondary asset
trade is OTC.5

out this exercise. But let us note two things. First, while our paper does not provide a theory of endogenous
determination of 4;, i =1, ..., N (because this is not the question we are after), it also does not place any
strong restrictions on the value of asset supplies necessary for the main results. In fact, the main results
(i.e., Results 1-3 in Section 3) are valid as long as the supply of maturing assets, A1, is not sufficient to cover
all the liquidity needs of the economy (see Section 3.6 for details). Second, there is evidence indicating
that a fixed asset supply assumption might actually be empirically plausible. For instance, Garbade (2007)
reports that the Treasury abandoned “tactical” debt management and, instead, adopted a policy of issuing
notes and bonds on a “regular and predictable” schedule, because the latter approach was credited with
“reducing market uncertainty, facilitating investor planning, and lowering the Treasury’s borrowing costs.”

5Another justification for the coexistence of money and higher return assets is provided by Hu and Ro-
cheteau (2013), who show that this coexistence is a feature of an optimal mechanism.

6We think of the CM as the market where assets are first issued/auctioned. Hence, allowing agents to
sell assets off-the-run in the CM would be like allowing them to show up at the auction of new assets and


http://econtheory.org/supp/1945/supplement.pdf
http://econtheory.org/supp/1945/supplement.pdf

906 Geromichalos, Herrenbrueck, and Salyer Theoretical Economics 11 (2016)

The assumption that asset liquidation takes place in a frictional OTC market is not
only crucial for our theory but also empirically relevant. For instance, Green (1993)
reports that the secondary market for municipal bonds is characterized by significant
trading delays. OTC markets for Treasuries are considered more liquid because they are
characterized by small trading delays and bid—ask spreads; however, one needs to note
that trading delays are small because trade is intermediated by market-makers or deal-
ers. In fact, the very existence of dealers in these markets serves as evidence that they
are not competitive. Dealers arise naturally in these markets because of their ability to
bypass the frictions that make direct trade among investors difficult. The bid-ask spread
for U.S. bonds ranges from roughly 0.8 basis points for 2-year notes to 1.5 basis points
for 10-year bonds (Engle et al. 2012); these are small compared to other markets, but
when multiplied by the enormous volume of trade (in the range of hundreds of billions
per day), they represent significant absolute trading costs. Even for the next most lig-
uid asset class—high-quality corporate bond—bid-ask spreads are much larger: on the
order of 8 basis points in 2007 and almost twice as high in recent years.”

3. EQUILIBRIUM IN THE MODEL WITH N =2 AND NO MONEY

In this section, we focus on the case of two maturities in an economy without money.
This version of the model conveys all the economic insights that we wish to highlight and
delivers the most important results of the paper. The full model with money is solved in
the Supplement, but we will summarize the additional results concerning the effect of
money on asset prices and the term premium in Section 4.1.

3.1 Value functions

We begin with the description of the value functions in the CM. For a typical buyer, the
state variables are the following. First is the dividend, z, that she received earlier in the
period, i.e., before the LW market opened, and she did not spend in that market. The
amount of real balances z could have been delivered either from long term assets issued
two periods ago or from short term assets issued in the last period. Second is the units of
assets of maturity N = 2, a,, that she bought in the previous period and that will mature
in the forthcoming period. The Bellman equation is given by

W(z,a)= max {U(X)—H + BE{Q' (a1, a2)}}

X,H,ay,a

subjectto X + 1(a@y —ax) +yoay=H +z

try to sell their own assets alongside the issuer (e.g., the Treasury or a municipal government), which we
think would be unreasonable. That said, it should also be clarified that the assumption in question does
not affect the analysis in any major way. The only consequence is that we have to rule out a (small) subset
of parameter values where it is impossible to characterize equilibrium. For more details, see the discussion
in Section 3.4.

"This evidence is based on a Barclays 2015 report on financial liquidity, titled “The decline in financial
market liquidity.” The report is available upon request.
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and subject to a; — a; > 0. In the last expression, variables with carets (hats) denote next
period’s choices, and the term E denotes the expectations operator. The function Q) rep-
resents the value function in the OTC market for a buyer of type i = {C, N}, described in
more detail below. It is important to highlight that we have defined @, as the amount of
all assets that mature in the next period (which is analogous to our definition of the sup-
ply of assets that mature in the next period). Hence, the amount of newly issued short
term assets purchased by the agent is a; — a,, and we require @, — a; > 0. This constraint
simply enforces the assumption that agents cannot sell off-the-run short term assets in
the CM (see the discussion in footnote 6 and Section 3.4), and for the rest of the paper,
we will focus only on equilibria where this constraint does not bind.

Some observations are in order. First, it can be easily verified that, at the optimum,
X = X*. Using this fact and replacing H from the budget constraint into I yields

W(z @) =UX") = X* + 24 gnay + max{—y1a1 — 2o + BE(Q (a1, &2)}}. - (2)
1,42

A standard feature of models that build on Lagos and Wright (2005) is that the optimal
choice of the agent does not depend on the current state (due to the quasilinearity of /).
This is also true here, with the exception that the range of admissible choices for a; is
restricted by the state variable a,. Moreover, as is standard in this type of models, the
CM value function is linear in z (again, as long as the constraint 4; — a; > 0 does not
bind for any agent, which will be the case in all the equilibria we consider in this paper).
We collect all the terms in (2) that do not depend on the state variables, and we write

W(z,a) =A+z+ 1ay, 3)

where the definition of A is obvious.

Next, consider a seller’s value function in the CM. It is well known that in monetary
models where the identity of agents (as buyers or sellers) is fixed over time, sellers will
typically not leave the CM with a positive amount of asset holdings.® When a seller en-
ters the CM, she will typically hold some real balances, z, that she received as payment
during trade in the preceding LW market. Also, the seller does not visit the OTC market.
Therefore, it can be easily shown that her CM value function is given by

WS(z)=AS + z, 4)

where AS = U(X*) — X* + BVS and VS denotes the seller’s value function in the next
period’s LW market, to be discussed below.

Consider now the value functions in the LW market. Let ¢ denote the quantity of
special good produced, and let = denote the real balances that change hands during

8The intuition behind this result is simple. In monetary models, assets will, in general, be priced above
the “fundamental value,” reflecting liquidity premia. Agents who know with certainty that they will not
have an opportunity to consume in the forthcoming IW market (just like our sellers here) will not be willing
to pay such premia. Here we take this result as given (for a detailed discussion, see Rocheteau and Wright
2005).
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trade in the LW market. These terms will be determined in Section 3.2. The LW value
function for a buyer who enters that market with portfolio (z, a;) is given by

V(Z, 1,12) = ”(Q) + W(Z -, a2)7 (5)
and the IW value function for a seller (who enters with no assets) is given by
VS =—q+WSm).

Finally, consider the value functions in the OTC market. After leaving the CM, and
before the OTC market opens, buyers learn whether they will have a chance to access
this period’s LW market (C-types) or not (N-types). This chance will occur with prob-
ability ¢ € (0,1). The expected value for the typical buyer, before she enters the OTC
market, is given by

E{Q/(m, a1, a2)} = LQC (m, a1, a) + (1 — ©)QN (m, ay, a3). (6)

In the OTC market, C-type buyers, who may want additional liquid assets, are
matched with N-type buyers, who may hold liquid assets that they will not use in the
current period. Hence, trade in the OTC involves C-types giving up long term assets for
short term assets. Given the matching function f(¢, 1 — ¢), define the matching proba-
bilities for C-typesand N-typesasac = f(¢,1—¢)/¢and ay = f(£,1—¢)/(1—{), respec-
tively. Let y denote the units of long term assets that the C-type transfers to the N-type,
and let ¢ denote the units of liquid assets that the C-type receives in return. These terms
will be determined in Section 3.2. Then

Q€ (m, a1, a2) = acV(z+ ay — x) + (1 —ac)V (2, a) 7)
QV(m, a1, a0) =anW(z— ¢ ar+ x) + (1 — an)W(z, az). (8)

Notice that N-type buyers proceed directly to the CM.
We now proceed to the description of the terms of trade in the LW and OTC markets.

3.2 Bargaining in the LW and OTC markets

Consider a meeting between a C-type buyer with real balances z and long term assets a,,
and a seller who, as we have argued, holds no real balances or assets as she enters the LW
subperiod. The two parties bargain over a quantity ¢, to be produced by the seller, and
a real payment 7, to be made to the seller. The buyer makes a take-it-or-leave-it offer,
maximizing her surplus subject to the seller’s participation constraint. The bargaining
problem can be described by

mwa}]x{u(q) +W(z—m,ay)—W(z,az)}

subject to —q + WS () — W5(0) = 0 and the constraint 7 < z. Taking advantage of the
linearity of W and WS ((3) and (4)) allows us to simplify the bargaining problem to

max{u(q) — 7}
mq

subject to ¢ = 7 and 7 < z. The solution to this problem is as follows.
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Lemwma 1. The solution to the bargaining problem is given by q(z) = w(z) = min{g*, z}.

This result is very standard in the literature; hence, the proof is omitted. For a de-
tailed proof, see Geromichalos et al. (2007) or Lester et al. (2012).

The solution to the bargaining problem is very intuitive. The only variable that af-
fects the solution is the buyer’s real balances. As long as the buyer carries g* or more, the
first-best quantity ¢* will always be exchanged. Alternatively, if z < ¢*, the buyer does
not have enough liquidity to induce the seller to produce ¢*. In this case, the buyer will
give up all her real balances, 7(z) = z, and the seller will produce the quantity of good
that satisfies her participation constraint, that is, g = 7 (z) = z.

Turning to the OTC market, consider a meeting between a C-type with portfolio
(z,ay), and an N-type with portfolio (z, a;), where we again identify a; with z to rec-
ognize that 1 unit of short term assets delivers 1 unit of the dividend. Let y denote the
long term assets that the C-type transfers to the N-type, and let { represent the liquid
assets received by the C-type. Also, let S, i = {C, N}, denote the surplus of type i, and
let A € [0, 1] denote the bargaining power of the C-type. With proportional bargaining,
the objective is to choose y, { to maximize S ¢ subject to (a) the constraint that the ratio
NS /SN should be equal to the ratio A/(1 — A), and (b) the feasibility constraints y < a,
and ¢ < z. The terms S’ are given by®

SC=V(z+ ¢ a3 —x) —V(z, a)
SN=WGE - ap+x) - W, a).

Substituting for W, IV from (3) and (5) in the expression above, and exploiting Lemma 1
(the LW bargaining solution) allows us to write!°

SC=u(z+ ) —u(z) — yx
SV =yix - ¢
Therefore, the OTC bargaining problem can be written as

n;agx{u(z + ) —u(z) — 1 x} )

A
subjectto u(z+¢) —u(z) —¢1x= T Wix =0, (10)

and y < ay, { < z.1! The solution to this problem is described in the following lemma.

9Since the C-type has a consumption opportunity, she will proceed to the LW market with an additional
{ units of real balances, but also with her long term asset holdings reduced by the amount y. The N-type
will proceed directly to the CM with less money and short term assets, but with more long term assets.

10We focus on the case where z < ¢*, since, if the opposite is true, the C-type is carrying the maximum
possible liquidity, and no trade in the OTC can generate a positive surplus. Moreover, we restrict attention
to OTC trades that involve a transfer of real balances ¢ < ¢* — z, i.e., we assume that the C-type will never
acquire more real balances than she needs to attain the first-best quantity g*.

" Notice that one can rearrange (10) to obtain 1y = ¢ + (1 — M)[u(z + ¢) — u(z) — ¢]. This expression
states that the real value of assets that the N-type receives as payment equals the value of real balances she



910 Geromichalos, Herrenbrueck, and Salyer Theoretical Economics 11 (2016)

LeMmwMmA 2. Consider a meeting in the OTC market between a C-type and an N -type with
portfolios (z, ap) and (z, ay), respectively, and define the cutoff level of long term asset
holdings
1
a(z,z) = lp—{(l — M[u(min{z + z, ¢*}) — u(2)] + Amin{g* — z, z}}. (11)
1

Then the solution to the bargaining problem is given by

- _Ja(z,2) ifax=a(z,z2)
x(z,z,az) = {az ifay <a(z, 3) (12)
= _ min{q*_za Z} ifaZZa(Za 2)
(550 = { (e ifay<a(z, ), (13)
where we have defined
{(z,a2) = {Z (1 =MDu(z+ ) —u()]+ A= lﬂlaz}- (14)

The proof is straightforward and it is, therefore, omitted. For a detailed proof of
a similar bargaining problem, see Geromichalos and Herrenbrueck (2016a). Below we
provide an intuitive explanation of the bargaining solution.

If z + z > g*, the C-type should receive exactly as many real balances as she lacks
in order to purchase ¢* in the forthcoming IW market, i.e., { = ¢* — z. In contrast, if
z+ z < q*, even if the two types pull together all their real balances, these will not allow
the C-type to attain g*. The second-best requires the N -type to give all her real balances
to the C-type, { = z. However, one should also ask whether the C-type has sufficient
amounts of a, to compensate the N-type for the transfer of liquidity. This critical level
of assets is defined in (11), and it depends on whether z + Z exceeds g*. If a; > a(z, 2),
the C-type is not constrained and { = min{g* — z, Z}, as described above. In this case, the
C-type gives up exactly a(z, z) units of long term assets. When a; < a(z, z), the C-type
will not be able to purchase the desired amount of liquid assets, given by min{g* — z, z}.
In that case, she will give away all her long maturity assets, y = a;, and the transfer of
real balances will be determined such that the sharing rule of the surplus between the
two parties (10) is satisfied. Notice that the N-type’s long term asset holdings do not
affect the bargaining solution.

Having established the bargaining solutions in the OTC and LW markets, we now
proceed to the derivation of the buyer’s objective function and the description of her
optimal behavior.

is giving up, ¢, plus a fraction 1 — A (her bargaining power) of the surplus generated by the OTC transac-
tion, i.e., the term u(z + {) — u(z) — {. Substituting for ¢ y from the last expression into (9) simplifies the
bargaining problem to

max Mu(z + {) —u(z) — ¢}
x-¢

subject to (10) and the feasibility constraints y < a,, { < z. As is standard in proportional bargaining, the
C-type’s surplus equals a fraction A of the total surplus generated by OTC trade.
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3.3 Objective function and optimal behavior

In this subsection, we characterize the optimal portfolio choice of the representative
buyer. We will do so by deriving the buyer’s objective function, i.e., a function that sum-
marizes the buyer’s cost and benefit from choosing any particular portfolio (a;, a;). Sub-
stitute (7) and (8) into (6), and lead the resulting expression by one period to obtain

E{Q (dy, @)} = fV (a1 + ¢, ay — x) + (€ — )V (a1, 42)

- (15)
+ W@ -, a+x)+ A —L—HW(ay, az),

where f is a shortcut for f(¢,1— ¢).

The four terms in (15) represent the benefit for a buyer who holds a portfolio (47, d3)
and turns out to be a matched C-type (with probability f), an unmatched C-type (with
probability £ — f), amatched N -type (with probability f), or an unmatched N-type (with
probability 1 — ¢ — f), respectively. The expressions y, ¢, ¥, and ¢ are implicitly described
by the solution to the OTC bargaining problem. In particular, we abuse notation slightly
and define

x = x(ay, ay, az), {={(ay, a1, az), X = x(ay, ay, az), { = (@, a1, a).

In these expressions, the first argument represents the C-type’s real balances, the sec-
ond argument represents the N-type’s real balances, and the third argument stands for
the C-type’s long term asset holdings (recall from Lemma 2 that the N-type’s long term
asset holdings do not affect the bargaining solution). Terms with tildes stand for the
representative buyer’s beliefs about her potential counterparty’s real balances and long
term asset holdings in the OTC.'? Since each unit of asset that matures in the next period
pays 1 unit of fruit before the LW market opens, it is understood that z = a1, and from
here on we describe optimal behavior in terms of the choice (z, a;) rather than (a1, a,).

Next, we substitute W and V' from (3) and (5), respectively, into (15). We insert the
term E{Q(2, a,)} into (2), and we focus on the terms inside the maximum operator of
(2). We define the resulting expression as J(z, a,), and we refer to it as the buyer’s objec-
tive function. After some manipulations, one can verify that

J(2,80) = =12 — dpdn + BFIuZ + &) + d1(az — )1+ B — FHu(2) + i az]

A . (16)
+Bflz = {+di(ax+ )1+ B — L= )z + ¢nay).

The two negative terms in the definition of J represent the cost of purchasing various
amounts of the assets available in the economy.!3 The four positive terms in the defini-
tion of J admit similar interpretations as their counterparts in equation (15).

12For instance, { = £(Z, 2, a,) stands for the amount of real balances that the agent will give away if she is
amatched N-type. This term depends on her own real balances (2), and the real balances (z) and long term
asset holdings (a;) of her trading partner (a C-type). The terms y, ¢, and ¥ admit similar interpretations.

131n the objective function, the term —i{ 2 appears as the cost of purchasing assets that mature in the
next period. However, we know that the term ¢4 is also present in the agent’s value function (see (2)),
so that, practically, the cost of leaving the CM with Z units of assets that mature tomorrow is —i;(Z — a).
However, the term ¢1a; only has a level effect, and it does not change the optimal choice of z, with the
exception that any choice of the agent should respect the restriction z — a; > 0.
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F1GURE 2. Regions of the individual choice problem.

We can now proceed with the examination of the buyer’s optimal choice of (z, a,).
We will do so for any possible money and asset prices, and for any given beliefs about
other agents’ money and asset holdings. We know that the asset prices have to satisfy
1 > B and ¢, > B, since violation of these conditions would generate an infinite de-
mand for the assets. The optimal behavior of the buyer is described formally in Lemma 3
below. Here, we provide an intuitive explanation of the buyer’s optimal portfolio choice.

The objective function of the buyer depends on the terms y, ¢, x, and Z , which,
in turn, depend on the bargaining protocol in the OTC market. Given the buyer’s be-
liefs (z, a;), she can end up in different branches of the bargaining solution, depending
on her own choices of (z, a;). In general, the domain of the objective function can be
divided into five regions in (z, a;) space, arising from three questions: (i) When the C-
type and the N-type pool their real balances in the OTC market, can they achieve the
first-best in the LW market? (ii) If I am a C-type, do I carry enough long term assets to
compensate the N-type? (iii) If I am an N-type, do I expect a C-type to carry enough
long term assets to compensate me? These regions are illustrated in Figure 2, and are
described in detail as follows (for this discussion it is important to recall the definition
of the asset cutoff term a(-, -) from Lemma 2).

Region 1. z € (¢* — z,¢*) and a; > a(z, z). In this region, the real balance holdings
of the C-type and the N-type together allow the C-type to purchase g* in the LW
market. If the agent is a C-type, her long term asset holdings are enough to com-
pensate an N-type for her real balances. If the agent is an N-type, the potential
counterparty may or may not carry enough long term assets to purchase the first-
best level of real balances, g* — Z, but that is a level effect on G(z, a;) and does not
affect the optimal choice.

l4gince here the objective is to describe the buyer’s optimal behavior, we focus on how different choices
of (z, ay) lead to different branches of the OTC bargaining protocol. In Region 1, the buyer is not certain
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Region 2. z < ¢* — z and a; > a(z, z), but a; < a(z, z). Here there are not enough real
balances in an OTC match to allow the C-type to purchase ¢* in the LW market. If
a C-type, the agent carries enough long term assets to buy all the real balances of
the N-type, but if an N-type, the agent does not expect the C-type counterparty to
carry enough long term assets to buy all of the agent’s real balances.

Region 3. z < ¢* -z, ap > a(z, z),and a; > a(z, z). There are not enough real balances
in an OTC match to allow the C-type to purchase ¢* in the LW market. In an OTC
match, the agent expects all of the real balances of the N-type to be traded for less
than all of the long term assets of the C-type (regardless of whether the buyer in
question is the C- or the N-type).

Region 4. z < ¢* —Z and a; < a(z, z), but a, > a(z, z). There are not enough real bal-
ances in an OTC match to allow the C-type to purchase ¢* in the IW market. If a
C-type, the agent does not carry enough long term assets to buy all the real bal-
ances of the N-type, but if an N-type, the agent expects the C-type counterparty to
carry enough long term assets to buy all of her real balances.

Region 5. a, < a(z, z) and either a; < a(z, 2) or z € (¢* — z, g*). If a C-type, the agent
does not carry enough long term assets to buy all the real balances of the N -type. If
an N -type, the agent expects not to give away all of her real balances, either because
the C-type counterparty does not carry enough long term assets to afford it, or
because she does not need all of those real balances. This distinction does not
affect the buyer’s optimal choice.

We can now state the most important facts about the optimal choice of the representa-
tive buyer:

Lemwma 3. Taking prices, (1, 4211, Jn), and beliefs, (z, a), as given, and assuming that
W1, U1 > B and > iy, then the optimal choice of the representative agent, (3, i), satis-
fies the following scenarios:

(a) If the optimal choice (z, ay) is strictly within any region or on the boundary of Re-
gion 1 with any other region, it satisfies the first-order condition VJ = 0.

() If 1 > B and > = Bir, the optimal % is unique, and any a, is optimal as long as
(2, a) isin Regions 1, 2, or 3 (or on their boundaries).

(© If 1> Band ) > B, the optimal choice is unique, and it lies in Regions 4 or 5 or
on their boundaries with Regions 2 and 3.

Moreover, let J'(2,a,), i =1,...,5, denote the objective function in region i, and let
J1(Z, ap), k = 1,2, denote its derivative with respect to the k th argument. Then we have

Bz, ay) = —% +14+ =AW (2) - 1] 17)

whether her C-type counterparty is asset constrained, but she also does not care. What determines Region 1
is that, conditional on being an N -type, the buyer’s real balances never affect the terms of trade.
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B33, ay) = —% +14+ U= AO)WE) =1+ MW (E+2)—1] (18)
B33, a0) = —% +14+@ =AW ) -1+ flu'(G+2)—1] (19)
B2, ay) = —% +14+/ ) -N+A =Nl G+2) 1]+
. . . (20)
A u'lz+ %z, a2)] —u'(2)
(1= MWz + 45, a)]+ A
s a0 sy WIE+ {92, )] — W (2)
BTG a) = =+ L+t O — N+ N T T G a 21)
I3, 00) =T3(2,02) = T3(2, 2) = — i + By (22)
don AN 750 AN 0 . ulz+ %z, ap)]
J5(z,a2) =J5(z,a7) = ¢2+Blﬂ1{1 f+f(1 WG+ G, &2)]+)\}, (23)

where {°(-, -) was defined in (14).

See Appendix A for proofs of lemmas and propositions.

Lemma 3 formally describes the optimal behavior of the representative buyer. Given
the results stated in the lemma, one can describe in detail the demand functions for the
various assets. Although interesting, this analysis is not essential for understanding the
main results of the paper; hence, it is relegated to the Supplement. We are now ready to
discuss equilibrium.

3.4 Definition of equilibrium and preliminary results

We restrict attention to symmetric steady-state equilibria, where all agents choose the
same portfolios, and the real variables of the model remain constant over time. Before
stating the definition of a steady-state equilibrium, we will examine which regions of
the individual choice problem (in Figure 2) can be reached in such an equilibrium. Ag-
gregate real balances Z are equal to the aggregate supply of maturing short term assets
(A1), and the aggregate supply of long term assets is exogenously given (A4>).

First, symmetry rules out Regions 2 and 4, since a C-type and an N-type buyer are ex
ante identical. Second, recall that by definition, 4; refers to the total stock of assets that
mature one period from now, including both newly issued short term assets and previ-
ously issued long term assets. So the mere assumption of a steady state constrains A4 to
be at least as large as A,. This is sometimes called the cascade effect, and combinations
of A; < A, are shaded gray in the right panel of Figure 3. Third, recall our constraint
that buyers cannot sell off-the-run short term assets in the CM; at most, they can refrain
from buying newly issued short term assets. If this constraint binds on anyone, her value
function is no longer linear and the model will become intractable. We therefore restrict
attention to equilibria in which the post-CM holdings of short term assets (a; for an in-
dividual, equal to 4; in symmetric equilibrium) exceed the pre-CM holdings (a, for an
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F1GURE 3. Aggregate regions of equilibrium.

individual) for everyone. In symmetric equilibrium, buyers who were C-types (asset sell-
ers) in the preceding OTC market enter the CM with a; = 4, — x (A1, A1, A2), and buyers
who were N -types (asset buyers) in the preceding OTC market hold A4, + x (A1, A1, A3).
Combinations of (Aq, A,) that violate the 4; > A, + (A1, A1, A) constraint are
shaded in the right panel of Figure 3 and labeled “inadmissible.”

It is important to emphasize that all we do here is rule out a subset of parame-
ter values where we cannot both characterize equilibria and also keep the constraint
a1 — ap > 0 in the buyer’s CM problem. In those equilibria that we do characterize, the
constraint never binds. Alternatively, we could eliminate the constraint and allow buyers
to sell off-the-run short term assets in the CM. But if we did, none of the technicalities
of the paper (demand functions with kinks, rich asset prices, etc.) would change; the
only change is that we would not have to rule out the inadmissible parameter region, a
benefit that we think is relatively small.

The surviving regions of aggregate equilibrium are depicted in the left panel of Fig-
ure 3, and we will refer to them as the aggregate regions, as opposed to the individual
regions depicted in Figure 2. The aforementioned constraints rule out combinations
of low A; and high A4,. Therefore, they imply that equilibrium will never be in Re-
gion 3, where the real balances of the N-type restrict OTC trade and equilibrium be-
comes harder to analyze, as long as the following restriction on structural parameters is
satisfied:!®

1 (1= [ MEHE/2) ]
1+ (€= A)lw'(q*/2) — 1]

15This restriction is derived from the condition that the line 4; = 2.4, should pass below the meeting
point of Regions 1, 3, and 5 in Figure 3. While it is possible to construct a counterexample, the restriction is
satisfied for a wide range of utility functions if f is close to ¢ (C-types have a high probability of matching).
Let us also point out that this restriction simplifies the analysis significantly without ruling out any inter-
esting results. In particular, Results 1-3 stated in Section 3.5 would still go through without this additional
assumption. See Geromichalos and Herrenbrueck (2016a) for an analysis of Region 3 equilibria in a model
with money and a single real asset.

- g. (24)
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Henceforth, we assume that the parameters of the model satisfy the inequality stated in
(24).

With the above constraints satisfied, and ignoring for now the trivial case 4; > g%,
only two cases remain on aggregate regions (depicted in the right panel of Figure 3):

Case 1. Agents carry enough real balances and long term assets so that, when
matched in the OTC market, the C-type can acquire sufficient liquidity to achieve
the first-best in the LW market.

Case 2. Agents carry so few long term assets that, when matched in the OTC, the C-
type will sell all of her long term assets but not obtain enough of the N-type’s real
balances to achieve the first-best in the LW market.

Case 1 represents the admissible part of Region 1, the region of abundance of the
long maturity asset, and Case 2 represents the admissible part of Region 5, the region
where this asset is scarce in OTC trade.

DEeFINITION 1. A symmetric steady-state equilibrium is alist {1, 2, x, ¢, g1, g2}, where
g1 denotes the amount of goods exchanged in the IW market when the buyer was not
matched in the preceding OTC market, and the term ¢, is the amount of goods ex-
changed in the LW market when the buyer was matched. The equilibrium objects satisfy
the following statements:

(i) The representative buyer behaves optimally under the equilibrium prices 1, 5.

(i) We have g; = A; and either g, = ¢* (if equilibrium lies in Region 1) or ¢, =
q(Aq, Ay) (if equilibrium lies in Region 5), where g solves (1 — A)[u(g) — u(A1)] +
MG — Ar) =1 A4z,

(iii) The terms (y, ¢) satisfy (12) and (13) evaluated at the aggregate quantities 4; and
A».

(iv) Markets clear at symmetric choices, and expectations are rational: z =z = A4;
and &2 = le = Az.

LEMMA 4. If Ay + x[A1, A1, A2] < A1 < g* are satisfied, then a symmetric steady-state
equilibrium exists and is unique.

Having formally described the definition of a steady-state equilibrium and guaran-
teed its existence and uniqueness, the next task is to characterize such equilibria, and
to describe the equilibrium variables as functions of the exogenous supply parameters
Ajp and A;. But before we begin, we define the cutoff levels of short term and long term
asset supply that will separate the classes of equilibria. If A; is small, then long term
assets must be scarce in OTC trade because any admissible level of A4, will be small, too.
If A is large, long term assets may either be abundant or scarce. The relevant cutoff for
A1, indicated in Figure 3, is given by
1 A=Mu@) —u(A)]+Ag* — A1) }

Ai=1A4.:-4
! { bt B+ B — M)W (Ay) —1]
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Condition (24) is equivalent to A; > ¢*/2. Next, we define the cutoff level of long term
asset supply as a function of short term asset supply that describes the upper boundary
of the region of admissible equilibria where long term assets are scarce:

Ay(Ay) = min{lAl, (1 = Mlu(g™) — u(ADI+ Ag" — A1) }

2 B+ B — AN (Ay) —1]

3.5 Characterization of equilibrium

We begin this section with an intuitive description of the results presented in Proposi-
tions 1 and 2. If the supply of maturing assets (A1) is plentiful, short term assets alone
are enough to satisfy the liquidity needs of the economy (for trade in the IW market),
and there is no role for OTC trade. Alternatively, if 4; is insufficient to satisfy the liquid-
ity needs of the economy (which we consider the interesting case), this has two impor-
tant implications for asset prices. First, 1 will carry a liquidity premium (i.e., {1 > B),
because the marginal unit of short term assets is not only a good store of value, but it can
also increase consumption in the LW market. Second, trade in the OTC market becomes
valuable as it helps agents to efficiently reallocate real balances after the need for lig-
uidity has been revealed. Consequently, the long term assets can potentially also carry
a liquidity premium, not because they can facilitate trade in the LW market directly, but
because they can be used in the OTC market to purchase liquid assets. In particular, ¢,
will include a liquidity premium if the supply A; is relatively scarce.
We now describe these results in a formal way.

ProrosiTION 1. If A1 > g%, no trade occurs in the OTC market, and asset prices always
equal their fundamentals: ; = B' fori=1,2.

When A4, > g*, the supply of maturing short term assets suffices to cover the liquid-
ity needs of the economy (i.e., the need for trade in the anonymous LW market). This
has the following consequences. First, since agents already bring with them sufficient
liquidity to purchase g*, there is no role for trade in the OTC market. Second, since assets
are issued in a competitive market, ¢; will reflect the benefit of holding one additional
unit of short term assets. But since here 4; > ¢*, the marginal unit of short term assets
is only good as a store of value, and not as a facilitator of trade in the LW market (a role
which this asset now serves inframarginally). Thus, the unique equilibrium price must
be 1 = B. Finally, with no trade in the OTC market, long term assets cannot be valued
for any (direct or indirect) liquidity properties either, which means that ¢, = 82.

Henceforth, we maintain the assumption 4; < ¢*, which we consider the interesting
case (since 4 > ¢* implies no trade in the OTC market). Since the focus of the paper is
on asset prices (and, consequently, asset yields), we relegate the analysis of equilibrium
production in the LW market to Appendix B.

ProrosiTION 2. The equilibrium prices of assets depend on the values of A1 and A,. We
have two cases:
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Case 1: If Ay > A»(Ay), which is only admissible if also A, > Ay, then equilibrium is
in Region 1 and

Y1=pB(1+0)
2= B*(1+6).
Case?2: If Ay < Ay(Ay), then equilibrium is in Region 5 and

Y1 =B0+6+p)
Yo =B*(1+p)(1+6+p).

The terms 6 > 0 and p > 0 denote liquidity premia and are explained below.

The price of short term assets will include a direct liquidity premium because these
assets play a monetary role in this economy: they represent claims to the only possi-
ble medium of exchange (dividend) in the LW market, and the claims always pay off in
time to take advantage of an opportunity to trade in the LW market. The term 6 mea-
sures this direct liquidity premium. In terms of the equilibrium objects ¢; and g, (from
Definition 1), it is defined by

A
’= [e_ (1—A>u/f<qz>+A}[”/(q”_”' 2
The price of long term assets can include a liquidity premium for two reasons. First,
because long term assets will become short term assets in the next period; hence, the
term 6 appears in the equation for ¢, but only through agents’ expectations of /1. Sec-
ond, because long term assets can be used in the OTC market to purchase liquid assets;
the assets that do not mature today have indirect liquidity properties because they help
agents bypass the cost of holding liquid assets, 6 (which is positive when 4; < ¢*). The
term p measures this indirect liquidity premium, and it is defined by

_ Mg 1]
(= V(@) + A

(26)

The reason the terms g, (through 60) and p also appear in the price of the short term
asset in Case 2 is that OTC rebalancing is costly for the C-type when A < 1, and carrying
more short term assets helps C-types avoid this cost.!®

The results reported in Proposition 2 are illustrated in Figure 4. The left panel re-
produces the regions of equilibrium and fixes two particular levels A4} > Ay and A4, =
A>(A)). The middle panel depicts both asset prices as a function of 4, for A, = 4, and
the right panel does the same as a function of A for 4; = A4}. Both prices are (weakly)
decreasing as a function of the supply of either asset, indicating that the opportunity of

16Note that the equations in Case 1 are a special case of those in Case 2 because ¢, = ¢* in Case 1.
Since u/(¢*) = 1 we then have p = 0, and while 6 is still positive, its definition becomes simpler: 6 =
(€ — M)/ (q1) — 11. In Case 2, we have g, = §(A1, Ay) (see Definition 1), which is increasing at a rate
less than 1 in both A4; and A;, and converges to g* as A, — Ayr(Ay).
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FIGURE 4. Left panel: location of a fixed A4 € (A1, ¢*). Middle panel: equilibrium asset prices
as functions of A4; for A, = /_12(A’1). Right panel: equilibrium asset prices as functions of A, for
fixed A] = A/1 .

OTC rebalancing makes assets of different maturities imperfect substitutes. The math-
ematical reason for this effect is the following. As long as 4; < g* (so that liquidity is
valued), the direct liquidity premium 6 is positive. In Case 1, the indirect liquidity pre-
mium p is zero and 0 is decreasing in 4, but independent of A4,. In Case 2, both liquidity
premia are positive and strictly decreasing in 4; and A4,.

3.6 Empirically supported predictions of the model

3.6.1 The term premium of long term assets So as to discuss the model’s predictions for
the term structure of interest rates, we first define the term premium between long and
short term assets in terms of the return differential

TI2=E1—T11,

where r;, i = 1, 2, was defined by (1). Note that, given the restriction to steady-state equi-
libria (so that r; is constant), in the absence of any liquidity considerations, the expec-
tations hypothesis would imply a flat yield curve. However, the model predicts the ex-
istence of a positively sloped yield curve, which is a well established feature of bond
yields.

REesuLr 1. Assume that A1 < q* and that the conditions for existence of equilibrium
(Lemma 4) are satisfied. Then the term premium is strictly positive; formally, t1 2 > 0.

Result 1 reveals that our model delivers a positive term premium, as long as the sup-
ply of long term maturities is relatively scarce.!” To see why this result is true, consider
first Case 1 in which long term assets are relatively plentiful. Here, we have

1
Ti2= E[” +60)7% —a+0)7,

171f A1 > q*, we know from Proposition 1 that assets will always be priced at their fundamental value,
i.e., yy; = B! for i = 1,2. This, in turn, implies (by (1)) thatr; =1/8 —1fori=1,2,so that 7 , =0.
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which is positive since 4; < g* implies a positive direct liquidity premium 6 > 0 (Propo-
sition 2). If equilibrium lies in the regions of scarcity of long term assets (Case 2), we
have positive direct and indirect liquidity premia (6 > 0 and p > 0). In this case,

1
ma=g(A+p)1+0+ P17 —(d+6+p)7").

Again, given that in Case 2 we have 4; < A>(A1), we conclude that 6 > 0 and 71,2 > 0.

The analysis above indicates that the positive term premium is crucially linked to
the existence of liquidity premia in asset prices. Short term assets are a way to obtain
a medium of exchange at exactly the moment when needed and, under the assump-
tion that 4; < g%, they always carry a liquidity premium that reflects the ability of the
marginal unit to increase LW consumption. Alternatively, long term assets do not have
this property, so that agents who hold long maturities must be compensated for their
relative illiquidity in the form of a positive term premium.

The term premium 7 ; is positive even if the long term assets carry indirect liquidity
properties (Case 2) due to their ability to help agents acquire liquid assets in the OTC
market. But say we want to examine which parameters would drive the term premium
close to zero. Clearly, this requires 0, which measures the liquidity advantage of short
term over long term assets, to go to zero. Using its definition in (25), we see that there
are three ways this can happen: (a) if £ = 0, so that there is no demand for liquidity, (b) if
A1 > g%, so that the demand for liquidity is fully satisfied, or (c) if the multiplier of the
term u'( A1) — 1 equals zero. This multiplier is given by ¢ — Af[(1 — M)/ (g2) + A7L and
it will be equal to zero only if ¢ = f (C-types match with probability 1) and also A =1 (C-
types have all the bargaining power). This result is very intuitive. A buyer will be willing
to hold long term assets at yield r, = r; only if they are as liquid as short term assets, and
this will be true only if the C-type (the type of agent who needs liquidity) is guaranteed
to match in the OTC market and is able to extract the whole surplus of that match.

The effect of asset supply on the term premium is complicated to fully describe
using the definition 7. But the ultimate source of a positive term premium in our
model is the parameter 6, which is strictly decreasing in A; (both directly through ¢,
and indirectly through ¢,), strictly decreasing in A4, in Case 2, and unaffected by A, in
Case 1. Furthermore, if # and p are small, we can approximate the term premium with
71,2 ~ 6/(2B), which will then also decrease in the supply of either asset.

At this point, two observations are in order. First, the existence of the OTC market
is not a necessary condition for Result 1. In fact, if one shuts down the OTC market, not
only will a positive term premium survive, but it will actually attain its maximum value.
This is simply true because shutting down the OTC is a special case of our model where
f =0, which is equivalent to maximizing the OTC market frictions. Second, in our model
short term assets mature just in time to take advantage of consumption opportunities,
i.e., right before the IW market opens. This feature is an artifact of our discrete time
model and our timing specification, and it is also not a necessary condition for Result 1.
What is essential for Result 1 is that short term assets allow agents to bypass the costs
associated with liquidating long term assets in the frictional OTC market. Therefore,
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Result 1 will hold true in any extension of the model where short term assets mature
closer to (rather than right before) possible liquidity needs of the agent.'®

3.6.2 The effect of secondary market liquidity on asset returns One of the key insights of
our model is that the issue price of long maturity assets is crucially affected by the lig-
uidity of the secondary asset market, i.e., how easy it is for agents to liquidate these long
maturity assets. To highlight the importance of this liquidity mechanism for equilibrium
asset returns, we conduct the following experiment: we extend the baseline model (with
N =2) to include a second set of assets whose only difference from the original assets
studied in previous sections is that they cannot be traded in secondary markets (the new
assets are present only in Section 3.6.2). In any other aspect, the new assets are identi-
cal to the original ones. The new assets come in fixed supplies denoted by B;, i =1, 2.
Agents can purchase assets of maturity i = 1, 2 at the ongoing market price p; (in the
CM), and each unit of asset of maturity i = 1, 2 purchased in period ¢ delivers 1 unit of
(the same) fruit before the IW market of period ¢ + i opens. We will refer to the new as-
sets as CDs (i.e., certificates of deposit), since a unique characteristic of these assets is
that they have to be held to maturity.

Aslong as the supply of short term assets is not so large as to fully satisfy the liquidity
needs of the economy, the issue price of long maturities will be higher for the assets that
can be traded in secondary markets, reflecting the indirect liquidity premium.

REsuLT 2. Suppose that Ay + By < q*, and the parameters are such that equilibrium lies
in Region 5. Then 1 = p1 = (14 0+ p), Y2 =B + p)1, p2 = Bp1, and p > 0, so that
Wy > pp. Moreover, the indirect liquidity premium p is decreasing in A;.

Result 2 is a straightforward generalization of Proposition 2. Short term assets of
both types are perfect substitutes (as both pay off in time to use the fruit as medium
of exchange), so the existence of “interesting equilibria” (i.e., equilibria with liquidity
premia) requires A, + By < ¢*. If this condition is satisfied, ¢; and p; will include the
usual liquidity premium, and they will be equal. The price p, will include a liquidity
premium only because long term CDs will become short term CDs in the next period,
i.e., p» = Bp1. In contrast, i, can include an additional indirect liquidity premium, in-
dicated by p, which reflects the assets’ property to help agents avoid the cost of holding
liquid assets. Thus, if A4 is relatively scarce, we have ¢, > p,.19

18For instance, one can envision a continuous time version of the model, where consumption opportu-
nities arrive randomly, and they can wait for a period equal to 7 > 0. An agent who has an opportunity at
time ¢ to purchase assets that pay 1 dollar either in ¢ + 3 or in ¢ + 6 (say, months) can use the short term
assets (and only these) to fund any consumption opportunity that may arise in the interval [# +3 — 7, £ 4 3].
If, however, these assets are not enough, the agent will need to liquidate long term assets in the frictional
OTC market. In this environment, the agent will still demand a premium in order to purchase the relatively
more illiquid long term assets.

191n fact, as long term CDs cannot be traded before maturity at all, their term premium is as large as it
can be given the other parameters of the economy, and always at least as large as the term premium for the
A assets.
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In terms of asset yields (rather than prices), letting rZCD denote the interest rate on
long term CDs, Result 2 indicates that r{” — 5! > 0. Moreover,

CD _ A 1 —057 _P
ry —rz_ﬁ[l—(l—i-p) ]NW.
Within the region of relative scarcity of A4, (the analogue of Case 2 in the baseline model),
this expression is decreasing in A;, because the indirect liquidity premium p is decreas-
ing in A,: a scarce A, makes the service that long term assets provide (helping agents
avoid the holding cost of liquid assets) more valuable (Proposition 2).

Krishnamurthy and Vissing-Jorgensen (2012) provide direct evidence in support of
these findings. The authors compare the yields on 6-month FDIC-insured CDs and 6-
month treasury bills over the 1984-2008 period. Both assets are default-free, but, as
we already mentioned, CDs have to be held to maturity, which is not the case for T-
bills. Consequently, the authors suggest, any spread reflects the higher liquidity of T-
bills. They report that, over the sample period, the spread was 2.3 percentage points on
average, and was negatively related to the supply of T-bills. As Result 2 reveals, the model
is consistent with both of these findings.

More generally, our model predicts that, ceteris paribus, equilibrium prices (yields)
are increasing (decreasing) in the ease with which agents can trade assets in the sec-
ondary OTC market (or, more formally, Jiys»/df > 0 or dry/df < 0, either of which fol-
lows immediately from Proposition 2). This finding is consistent with Giirkaynak et al.’s
(2010) analysis of the yield curve for inflation-indexed Treasury debt (i.e., TIPS). In par-
ticular, the authors demonstrate that, over the period from 1999 to 2005, the TIPS yields
have, in general, fallen as market liquidity (measured by trading volume) in the TIPS
market has increased.

A direct consequence of Result 2 is that the yield curve is steeper for assets that trade
in less liquid secondary markets: we expect long term yields to reflect a liquidity dif-
ferential, as above, but short term yields less so because these assets can be held to
maturity. This finding is also empirically supported. For example, the yield curve for
municipal bonds, which are known for trading in fairly illiquid secondary markets, is
especially steep; see Green (1993).

3.6.3 Theon-the-run phenomenon One interesting feature of our model is that N -type
agents who, in the OTC market of period ¢, purchase assets issued at ¢ — 1 and matur-
ing at ¢ + 1, could also obtain identical assets (maturing at ¢ + 1) in the forthcoming CM
(of period #). Therefore, our model provides a framework in which one can compare the
price of on-the-run short term assets with the price of older assets (off-the-run) that ma-
ture on the same date. Warga (1992) documents that the return of an off-the-run portfo-
lio exceeds, on average, the return of an on-the-run portfolio with similar duration. Our
model is consistent with this observation.

REesuLT 3. Assume that Ay < q* and that the conditions for existence of equilibrium
(Lemma 4) are satisfied. Define the (real) price of two-period assets (issued in the pre-
vious period and maturing in the next one) in the OTC market, y, = {/x, where { and x
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represent equilibrium objects (Definition 1). Comparing s, with the issue price of assets
that mature in the next period, {1, we obtain

(27)

Y11= wo[(l _ e uay) | )\]

q2 — q1
In any equilibrium, ¥, < 1.
The term [u(qg2) — u(q1)1/[q2 — q1] represents the average surplus created by 1 unit of

real balances traded in the OTC market. Since u is strictly concave, this average surplus
must exceed the marginal surplus created by the last unit of real balances. Therefore,

u(qz) — u(q)
D —q1

>u'(q) zu'(g") =1,

which establishes ¢, < 1.

The assets that are sold by N-types in period #’s OTC market (issued at t — 1 and
maturing at ¢ + 1) have the same maturity structure as the short term assets issued in
period #’'s CM. Hence, one might expect that their prices should be equal. This argument
fails to recognize two important facts. First, the seller of off-the-run assets is not the
same agent as the seller (issuer) of on-the-run assets.?’ Second, the very structure of the
markets in which these two types of assets are traded is different. With respect to the first
point, a seller of off-the-run assets is an agent who received a consumption opportunity
(a C-type) and who, typically, is short of liquidity. This agent will be desperate for the N-
type’s liquidity and more willing to sell assets at a low price. Moreover, ¢, is determined
in an OTC market characterized by search and bargaining. Hence, while i reflects the
fundamental properties of short term assets (the marginal benefit of holding one extra
unit), ¢, represents the terms of trade that implement the “correct” sharing rule of the
surplus generated during OTC trade. As long as the N-type has some bargaining power
(A < 1), she will always extract a fraction of the surplus and purchase assets at price
o < 1. This point becomes clear by noticing that ¢, = 1 only if A =1 ((27)).

Vayanos and Weill (2008) also provide a theoretical explanation of the on-the-run
phenomenon. They build a model where on-the-run bonds are more valuable because
they are more liquid than their off-the-run counterparts and because they constitute
better collateral for borrowing in the repo market (a phenomenon known as special-
ness).21 Importantly, in their model, both of these advantages of on-the-run assets arise
endogenously and simultaneously.

20In fact, here we remain agnostic as to who is the issuer of these assets by treating them as “Lucas
trees.” Geromichalos and Herrenbrueck (2016b) study the problem of an issuer of liquid assets in a related
framework.

211t is important to highlight that Vayanos and Weill (2008) define liquidity in a slightly different way
than we do. In that paper, liquidity is defined as the ease with which agents can find buyers for their assets.
Here, assets are liquid primarily because they can help agents facilitate trade in the anonymous LW market
(money and short term assets). However, long term assets also have indirect liquidity properties, since they
can help agents acquire liquid assets in the OTC market. In fact, the latter notion of liquidity (that of long
term assets) is quite close to the one employed by Vayanos and Weill: the liquidity of long term assets is
directly determined by the ease with which they can be traded (for money and maturing assets) in the OTC
market.
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It should be pointed out that, in the data, on-the-run bonds command a premium
even in secondary (i.e., OTC) trading. The model of Vayanos and Weill (2008) is able
to capture this regularity, while our paper cannot, since, by construction, on-the-run
bonds are only traded in the Walrasian market. In general, the model presented here was
not built with the intention to capture the on-the-run phenomenon. However, we think
that our model highlights a new, interesting, and extremely intuitive channel through
which the on-the-run phenomenon could be explained. In particular, our model sug-
gests that sellers of off-the-run bonds are agents who are in greater need of liquidity and,
hence, more eager to sell assets at a lower price.

4. EXTENSIONS OF THE BASELINE MODEL
4.1 Equilibrium in the model with money

Here, we present a brief version of the model with money; the in-depth version with
formal statements and proofs is provided in the Supplement.

Because money and the yield of recently matured assets are equally good as media of
exchange, money and short term assets will be perfect substitutes in the CM and in the
OTC. We can combine their quantities into a measure of real balances, so that the de-
scription of trade in Section 3.2 is unchanged; we only have to define z = ¢m + a;, where
m denotes a buyer’s individual money holdings, and analogously for z. The description
of optimal choices in Section 3.3 is almost identical, too, with the caveat that people will
only demand positive amounts of both money and short term assets if ¢/¢ = 1. If that
is the case, z = ¢m + ay.

The equilibrium level of real balances is given by Z = ¢ M + A; satisfying the money
demand equation in either Region 1 or 5. As long as ¢ > 0 we have a monetary equi-
librium. In the steady state of a monetary equilibrium, expected inflation ¢/¢ must
equal the growth rate of the money supply 1 + w«, and consequently we must have
1 =1+ u for the price of short term assets. The price of long term assets is now given
by ¥2 = B(1 + p)y; as before, with the same formula for p as in (26), but with g, now
defined in terms of (Z, A,) instead of (A4, A5).

Ifinflation is too high, however, money will not be valued, as short term assets would
be superior both as a store of value and as a medium of exchange. This situation will ob-
tain if Z = A, in which case we would be back in the analysis of Section 3. We can
formally express this upper bound on inflation as (A1, Ay) = y¥” — 1, where ¢V de-
notes the price of short term assets in the nonmonetary equilibrium of Section 3. Clearly,
if A > ¢* so that ¢ = B, no monetary equilibrium can exist.

The effect of monetary policy on equilibrium asset prices is easy to describe. Money
and short term assets are perfect substitutes, so the price of short term assets increases
in inflation as long as equilibrium remains monetary. The price of long term assets also
increases in inflation; first, indirectly through the price of short term assets, and, sec-
ond, directly in Region 5 equilibria because inflation increases p (through decreasing
q»). Long term assets are imperfect substitutes to money. These results are depicted in
Figure 5.
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B-1 f "

FicuRre 5. Equilibrium asset prices as functions of inflation. The label & denotes the threshold
beyond which long term assets are scarce in OTC trade, and u is the upper bound on inflation
beyond which money is not valued.

Finally, using the money demand equation, we can prove that 1 <1+ p < (1+ u)/B.
This fact establishes that the real term premium 05 _ 1p1_1 is positive in the steady
state of any monetary equilibrium. So as to study the effect of inflation on the term
premium, focus on the regions of monetary equilibrium, and, for simplicity, consider
the case of plentiful 4, (the argument for Region 5 equilibria is slightly more compli-
cated since it involves the derivative of p with respect to u). In this region, we know that
T12=[B(1+ w2 — A+l Clearly, as w — B — 1, we have Z — ¢*, and, consis-
tent with the discussion above, 71 ; — 0. Moreover, one can easily verify that dr; »/du
is positive if and only if u« < 48 — 1. For reasonable (not too small) values of 8, we have
f < 4B — 1 anyway (where {1 is the upper bound on inflation to support monetary equi-
libria, defined earlier in this section); thus, in monetary equilibria, 7 7 is increasing in .
This result is quite intuitive. Inflation increases the prices of (and reduces the interest
rates on) assets of both maturities, which means that the sign of dr; »/du might be am-
biguous. However, the effect of inflation on 1 (or r;) is stronger because short term
assets are closer substitutes to money, implying that d7 2/du > 0.

4.2 Equilibrium in the model with N maturities

Extending the baseline model to include longer term assets is straightforward. Here, we
provide a brief, verbal description of the results and relegate the detailed analysis to the
accompanying Supplement.

One issue that arises with N > 2, is that there are many combinations of long term
asset portfolios that a C-type can sell to obtain additional liquidity in the OTC market.
We choose to not place any restrictions on which assets can be traded for liquidity. That
is, we assume that in any OTC meeting the C-type can exchange any portfolio of long
term assets for a portfolio of liquid assets (i.e., money and the yield of assets that mature
in the current period). Therefore, even though N > 2, the interesting distinction is still
between assets that mature now (and are therefore liquid) and assets that mature in
future periods, and the results (summarized in Proposition S4 of the Supplement) are
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qualitatively similar to the ones in the N = 2 case. In particular, one-period assets are
“in a class of their own,” since they are the only assets that are (direct) substitutes to
money. Hence, in any monetary equilibrium we must have y; = 1 + w. The price of
longer term assets, i;, i > 2, always carries a liquidity premium because these assets will
eventually also become short term assets in future periods. Moreover, if the supply of
longer term assets is relatively scarce, ¢; will also contain an indirect liquidity premium
that reflects the assets’ property to be traded for liquid assets in the OTC market, and
this premium is increasing in inflation and decreasing in the supply of long term assets.

In the Supplement, we show that the model with N > 2 maturities delivers an up-
ward sloping yield curve forall i =1, ..., N, regardless of the region of equilibrium. This
result emerges even though any two assets with lifetime i, j > 2 are qualitatively simi-
lar, in that neither of them can serve as a direct substitute to money. Nevertheless, as-
sets with maturity i > 2 are, in a sense, still more liquid than assets with maturity i + 1
because the former will become one-period assets (and perfect substitutes to money)
earlier than the latter.??

4.3 Quantitative implications

While the contribution of our paper is theoretical, we want to check whether our pro-
posed mechanisms are consistent with empirical magnitudes. It is not obvious how to
best approach this: the assumption that one-period assets always mature just in time
to take advantage of consumption opportunities makes our analysis transparent but is
too strict for a calibration. Furthermore, our OTC market is very stylized: agents trade
at most once, and with a single counterparty, and there are no dealers. We believe that
this is the best way to capture the essential frictions associated with reallocating asset
portfolios (which dealers can only mitigate, not eliminate), but it naturally constrains
any empirical analysis.

Despite these limitations, our model is broadly consistent with the data. With some
algebra, assuming the liquidity premia 6 and p are small, we can approximate the term
premium between assets of any two maturities by

m-—n
-0 form>n.

Tn,m ~
mn

There are two possible approaches to estimating the direct liquidity premium 6. If
we take the monetary version of our model literally, where short term assets are perfect
substitutes to money, then # =i — p, where i = (1 + p — 8)/8, and i — p would be the
limiting interest rate on a very long term nominal asset (as follows from Sections 2 and 3

221t would be possible to extend to the model in a way that makes longer term assets imperfect substi-
tutes. If regular access to the CM was not guaranteed or if new assets were not issued in every CM, an asset
buyer (in the CM or as an N-type in the OTC) might prefer two-period assets over even longer term ones,
not only because she expects that the former will mature closer to potential liquidity needs, but also be-
cause if she needs to sell them in the next period in the OTC, she expects that the potential buyer of these
assets will in turn value the shorter term assets more. Our model does not account for this type of effect
because of the discrete time structure and the existence of the CM, which in effect washes out all previous
trading histories.
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of the Supplement). Say that i — p = 5%; in this case, the yield difference between 1- and
2-year discount bonds is 250 basis points if the calibration period is 1 year, and 62 basis
points if the calibration period is 1 quarter.

However, in reality, short term assets are not perfect substitutes to money. To avoid
taking a stand on exactly how close their substitutability is, we can use the nonmonetary
version of the model and derive an estimate for 6 using the on-the-run premium implied
by our analysis in Section 3.6.3, as follows. In an environment where liquidity is not too
scarce, u'(gy) is close to 1 and therefore we can approximate 6 ~ £(1 — A)[u/(g1) — 1]
(where we also assume f = ¢). Similarly, if u'(¢q,) is close to u/(q1), then the on-the-run
premium o = ¢1 /¢, — 1 can be approximated by w ~ (1 —A)[u/(g1) —1]. The approxima-
tion errors go in opposite directions, reducing bias but adding uncertainty. Substituting,
we can link the term premium and the on-the-run premium:

m-—n
4 w.

Tn,m ™~ mn

Vayanos and Weill (2008) report estimates of the on-the-run premium of 30-60 basis
points. We set ¢, the frequency of liquidity shocks, to 0.5. If the length of a period is 1
year, then the yield difference between 1- and 2-year assets is between 7.5 and 15 basis
points, and if the length of a period is 1 quarter, then it falls to between 2 and 4 basis
points.

The numbers from the two approaches are so divergent because the empirical lim-
itations of our model pull in opposite directions. The assumption that OTC trade
can only happen once and only with one counterparty implies a large on-the-run
premium—unless liquidity is plentiful or the C-type has a high bargaining power. Both
of these would imply a small term premium but also overall interest rates that are unre-
alistically low. If we instead use the information contained in the overall level of interest
rates, the assumption that short term assets always mature just in time implies a large
term premium and a large on-the-run premium. Certainly, our paper is a theory paper
chiefly concerned with getting directions right, not magnitudes; but between the two,
we are more comfortable matching the term premium, as our OTC market is really very
stylized. At any rate, our numbers do bracket Cochrane’s (1999) estimate of 32 basis
points for the term premium between 1- and 2-year discount bonds.

5. CONCLUSIONS

Liquidity preference is often proposed as a resolution to the well documented empiri-
cal failures of the expectations hypothesis of the term structure. This paper provides a
theoretical basis for this preference. We extend the standard monetary-search model of
Lagos and Wright (2005) to include assets of different maturities. Short term assets ma-
ture in time to take advantage of random consumption opportunities. Long term assets
cannot be used directly to purchase consumption, but agents may liquidate them in a
secondary asset market. To make things interesting and realistic we follow the influen-
tial work of Duffie et al. (2005) and model this market as an OTC market characterized
by search and bargaining frictions.
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Our model provides a general framework within which one can think of asset liquid-
ity, and how the latter can affect asset prices. The model delivers three results that are
consistent with empirical findings. First, in equilibrium, long term assets have higher
rates of return to compensate agents for the cost associated with liquidating these as-
sets in the frictional OTC market. Second, our model predicts that the yield curve will
be steeper for assets that trade in less liquid secondary markets. Finally, our model pro-
vides a simple and intuitive explanation for the on-the-run phenomenon. In particular,
we find that freshly issued assets will sell at higher prices than previously issued assets
that mature on nearby dates, because sellers of off-the-run assets, who are in need of
liquidity, may have a low bargaining power in the OTC market and are therefore willing
to sell assets at lower prices.

APPENDIX A: PROOFS OF MAIN LEMMAS AND PROPOSITIONS

Proor or LEmMA 3. Consider the derivatives of the objective function with respect to
z and ay, i.e., (17)-(23). To obtain these conditions we substitute the appropriate solu-
tion to the bargaining problem (depending on the region in question) into (16), and we
differentiate with respect to z or a,.

As an illustration, consider Region 2. Recall that in this region, z < ¢* — z and a; >
a(z, z), but a, < a(z, z). Based on this information, we have y = a(z,2), { =z, y = a»,
and = /“(Z, a»). Substituting these terms into the objective function implies that

Y1z + o

B2, 8y) = — 5

+ fluz+2) — Bya(z, 2)}
+ = Hu@ + fIz - G a)l+ Byras) + (1 — €~ )z

The remaining derivations follow exactly the same steps.

Notice that we can solve J{ =0,i=1,...,5, with respect to the term &1. This will
yield the demand for real balances as a function of their holding cost. For future refer-
ence, it is important to highlight that the demand for real balances is in fact continuous
on the boundaries 1-2, and 1-5.?% Similarly, we can solve Jé' =0,i=1,...,5, withrespect
to 2/(Bir1), in order to obtain the demand for long term assets. It can be easily verified
that this function is continuous on the boundaries 1-2, 2-5, 2—3, and 4-5.

Some preliminary facts about the objective function J : R3. — R:

Fact 1. The function J is continuous everywhere.

Proof. The solution to the OTC bargaining problem is continuous. One of the three
constraints { < z, { < ¢* — z, and y < ap must bind, together with (10). Each of these is
linear in the choice variables. Therefore, J is continuous.

Fact 2. The function J is differentiable within each of the five regions defined above.

Proof. As above, one of the constraints must bind together with (10). Each of these
is differentiable in the choice variables, and within a region of J, the binding constraint

23The demand for real balances is also continuous on the boundaries of the Regions 1-3 and 4-5 if d, >
a(z, g* — z), in which case Region 2 does not exist.
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does not switch. Furthermore, J is differentiable on those boundaries where both first-
order conditions (FOCs) are continuous (see above).

Fact 3. The function J is strictly concave in the first argument (real balances) when-
ever z < g*.

Proof. As J is continuous everywhere and differentiable within each region, J; is
defined everywhere except at a finite number of boundary crossings. We need to show
that J; is decreasing as a function of Z within each region, and that J;_ > J;, on each
boundary, where the minus sign (—) denotes the left derivative and the plus sign (+)
denotes the right derivative.

That J; is strictly decreasing in z within Regions 1-3 follows immediately from (17)-
(19) and the fact that v’ is strictly decreasing. In Regions 4 and 5, showing that J; is
decreasing in Z is less obvious. In Region 5 (where z + ¢ < ¢*), we have

w(z+¢) —u(2)
1-MDUWE+O+A

IS =y + BUU (2) — 1]+ B

Since ¢ satisfies (14), applying total differentiation to that equation yields

i uw(z)—u(z+{)
E_(l_)‘)(l—)\)w(ﬂé)w\'

Consequently,
2R B
dz  [A=Mu' G+ + AP
FIE=HAHLA =D G+ O — D' G+ O+ A" (3)).

AL = D' B+ APu" (2 + )

Since u”(-) < 0, the entire term JJ ]5 /9z < 0. In Region 4, the only addition is a term in-
volving /(-), which is clearly decreasing too. Hence, J f is decreasing in z as well.

As we discussed above, J; is continuous across all the boundaries of the various
regions, except the boundaries 2-3, 3-4, 4-5, and 2-5, and the crossing 2-4. With
some algebra, one can check that J% < Jf, Jf < Jf, Jf < Jf, and J% < Jf across the
respective boundaries. Also, Jf’ > Jf at the crossing 2-3-4-5, establishing the chain
J 12 <J f <J f <J j‘ at this crossing. Consequently, J is concave in 2 throughout.

Fact 4. The function J is concave in the second argument (long term assets), strictly
in Regions 4 and 5.

Proof. As J is continuous everywhere and differentiable within each region, J, is de-
fined everywhere except at a finite number of boundary crossings. We need to show that
J is decreasing as a function of a, within each region (strictly, in Regions 4 and 5), and
that J,_ > J,, on each boundary, where the minus sign (—) denotes the left derivative
and the plus sign (+) denotes the right derivative.

In Regions 1-3, Jé is constant, hence weakly concave. We now show that J. é is strictly
decreasing in a, within Regions 4 and 5. Applying total differentiation to (14), yields

9 B
day - 1= G+ +A
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Since this expression is clearly positive and v’ is strictly decreasing, it follows that
aJ%/day <0, fori=4,5.

Next, using the definitions of the regions, one can see that J; is continuous across
the boundary 1-5, but not the boundaries 2-5 or 3—4. The term u/(Z + {)[(1 — M)/ (Z +
{)+ A]~!is greater than 1 in Regions 4 and 5, because 2+ { < min{z + 2, ¢*} (by definition
of Regions 4 and 5), and therefore u/(-) > 1.

Fact 5. The function J is weakly concave everywhere.

Proof. We need to show that J; is nonincreasing as a function of Z within each region
and across boundaries. First, J, depends on z only in Regions 4 and 5. There ¢ is strictly
increasing in z; therefore v/ (z + ¢) is strictly decreasing and so is v/(z2 + O)[(1 — Mu/(z +
O+

Now, the only boundaries where J; is not a continuous function of z are the bound-
aries of Regions 3 and 4, and Regions 2 and 5, which are downward sloping in (Z, a;)
space. On these boundaries, J,_ > J,, (see Fact 4). This is sufficient because an in-
finitesimal increase in z has the same effect as an infinitesimal increase in a, (the defi-
nition of J,, ), and vice versa, as the boundaries are downward sloping in (Z, a,) space.

We conclude that J, is weakly decreasing as a function of z, therefore J is submod-
ular (real balances and long term assets are strategic substitutes). As J is also weakly
concave in each argument, it is weakly concave overall.

Proof of the statement of Lemma 3.

(a) The fact that VJ = 0 at the solution follows from the fact that J is weakly concave
overall and differentiable within each region. So if the optimal choice (z, a,) is
within a region, the first-order conditions must hold.

(b) In Regions 1-3, demand for real balances is strictly decreasing, so z is unique as
long as y; > B. But any a, in Regions 1-3 satisfies Jé =0,i=1,2,3, and the fact
that ¢, = B rules out Regions 4 and 5. To see this point, notice from (23) that for
any (z, a,) in the interior of these regions, i, = Bin implies BJé >0fori=4,5.

(c) The fact that ¢, > B (@1 rules out the interior of Regions 1-3 or the boundary 1-5.
To see why, notice from (22) that for any (Z, a,) in the regions in question, ¢, >
B implies J; <0fori=1,2,3. O

Proor oF LEMmMa 4. The equilibrium objects q1, g2, x, and ¢ are all deterministic func-
tions of Z = Ay, so it suffices to focus on 1 and ¢». If A1 = g*, then g1 = a; = ¢* as well
asy=¢=0, ¢ =pB,and ¢, = B2. If A < g*, we have y; > B. Consequently, parts (b)
and (c) of Lemma 3 apply, an optimal (z, ;) exists, and 2 is unique. The object ¢/; must
be such that z = Z = A, satisfies the demand for real balances, J; = 0.

Finally, set a = A;. The assumption A4; > A, + x(Ai, A1, A2) guarantees that
agents never need to sell assets in the CM: N-types held two-period assets A4, at the
end of the preceding period, which become one-period assets in the given period, and
obtain y more in the OTC market if they are matched; C-types and unmatched N-types
will enter the CM with less than A4, + y one-period assets, so every agent can obtain the
symmetric quantity of short term assets, 41, by buying newly issued ones and not by
selling previously issued ones.
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Additionally, if the parameters of the model satisfy inequality (24), then the equi-
librium must be in Regions 1 or 5, as described in the text. Now examine the demand
function for long term assets ((22) and (23)). It is constant in Region 1 and strictly de-
creasing in a; in Region 5 (also see the proof of Lemma 3, Fact 4), and is continuous
on the boundary of Regions 1 and 5. If (A1, 4;) lies in the interior of Region 5, then
o > Bi1 is unique. If (Z, A,) lies in the interior of Region 1 or on the boundary of
Regions 1 and 5, then ¢y, = By1, which is unique. O

ProoOF oF ProposiITION 1. If A] > g%, then q; = ay = ¢* is an equilibrium with ¢, = 8
and ¢y, = B%. OTC bargaining yields y = £ = 0. O

ProoF oF ProprosITIONS 2 AND 3. Recall that 47 < ¢* is a maintained assumption
throughout.

Case 1. Let A > A»(A;). Then the equilibrium is in Region 1 in (A, Z) space. By
equation (22), the only solution to J, = 0 in Region 1 is ¢, = B1. Furthermore, Region 1
is defined by the branch of the OTC bargaining solution where { = g* — z, so on aggre-
gate, g = Z + {(Z, Z, Ay) = q*. Therefore the only solution to J; = 01is 1 = B(1 + 0)
with 6 defined in (25).

Case 2. Let A; < A>(Ay). Then the equilibrium is in Region 5. In this region the first-
order conditions J f = (0 (demand for real balances (RB)) and JS = 0 (demand for long
term assets) apply, evaluated at aggregate quantities, which are exactly the equations in
the statement together with (25) and (26). The description of g follows from substituting
these asset pricing equations into the definition of g from Definition 1. This definition in
turn is derived from the OTC bargaining solution on the branch where long term assets
are scarce, given in (14). O

APPENDIX B: EQUILIBRIUM PRODUCTION IN THE LW MARKET

Consider the equilibrium quantities traded in the LW market, assuming that 4; < g*.

ProrosiTION 3. The equilibrium value of qy is always equal to A;. The equilibrium
value of q, has two cases:

Case 1. If Ay > Ay(Ay), which is only admissible if also A, > Ay, then q; = q*.

Case2. If Ay < A>(Ay), then g, = (A1, Ay), which is described by the solution to
(I = M[u(q) —u(AD]+ A(g — Ay)

/ AL (§) — 1]
- (1_A)u/@+J[” (Ap =11+ )

A-Mu'(g@)+ A

The proofis jointly proven with Proposition 2, in Appendix A.

The results demonstrated in Proposition 3 are also very intuitive. Agents who did not
match in the OTC have to rely exclusively on their own real balances. Hence, g; will al-
ways coincide with Z = A;. The equilibrium quantity g, represents the amount of goods
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that the buyer can afford to purchase in the LW market when she has previously traded
in the OTC market. Hence, whenever equilibrium lies in Region 1, we have ¢; = g*. In
contrast, if equilibrium lies in the regions of scarcity of A, in OTC trade (the admissible
section of Region 5), the buyer will not be able to afford the first-best, and ¢, < g*.

Regarding the comparative statics of g, it turns out that this variable increases less
than one-to-one with the supply of real balances. The reason for this is the bargaining
process in the OTC market. Say a buyer considers whether to carry one additional unit
of real balances A4; into the OTC market. She knows that she could purchase the same
amount of the N -type’s real balances as before and ultimately end up with one more unit
of goods ¢,. However, this OTC purchase is costly if she does not have all the bargaining
power, as she is giving up long term assets at a relatively low price. Consequently, due
to concave utility, she will split the benefit between purchasing more LW goods (dg/
d A1 > 0) and buying fewer real balances at a premium (d(g — A1)/d A1 <0).

Similarly, if a buyer carries one additional unit of long term assets A, into the OTC
market, she will not spend all of it on real balances, because these additional real bal-
ances (dg/d A, > 0) move her down her demand curve in the LW market, which reduces
her valuation of marginal liquidity and makes her retain some of her long term assets
rather than selling them at a discount relative to their continuation value (dg/d A, <

¥1).
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