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In this supplement, we provide the proofs that we omitted from the main paper. In
Appendix D, we provide the proof of Fact 4 in Section 3. The proofis the same as Mishra
and Talman’s (2010), but we provide it for completeness. Fact 5 is already shown by
Demange and Gale (1985) and Roth and Sotomayor (1990). For completeness, we also
give the proof of Fact 5 in Appendix E.

APPENDIX D: PROOF OoF FAcT 4

The following theorem is used to prove Fact 4.

HaLr's THEOREM (Hall 1935). Let N ={1,...,n}and M ={1, ..., m}. Foreachic N, let
D; € M. Then there is a one-to-one mapping x' from N to M such that for each i € N,
x'(i) € D; ifand only if foreach N' € N, | U;cn Dil = IN'|.

FacT 4 (Mishra and Talman 2010). Let R € RF and R € R". A price vector p is a Wal-
rasian equilibrium price vector for R if and only if no set is overdemanded and no set is
underdemanded at p for R.

Proor. “Only if” Let p € P(R). Then there is an allocation z = (x;, #;);en Satisfying
conditions (WE-i) and (WE-ii) in Definition 3. Let M’ C M.

We show that M’ is not overdemanded at p for R. Let N'={i e N:D(R;, p) C M'}.
Since for each i € N/, x; € D(R;, p) € M/, and each real object is consumed by at
most one agent, |N'| = |{x;:i € N'}|. Since {x;:i e N'} C M/, |{x;:i € N'}| < |M'|. Thus,
IN'| < |M'|.

We show that M’ is not underdemanded at p for R. Let N' = {i € N :
D(R;, p) N M’ # &}. Suppose that for each x € M’, p* > 0 and |N’| < |M’'|. Note that
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IN’| < |M’| implies that there is x € M’ such that for all i € N, x; # x. Then condition
(WE-ii) implies that p* = 0. This is a contradiction. Thus, [N'| > |[M’|.

“If”” Assume that no set is overdemanded and no set is underdemanded at p for R.

Let Z* = {z = (xj, tj)ien € Z:foreachi € N, x; € D(R;, p) and t; = p*i}. First, we
show Z* #£ @. Suppose that there is N’ € N such that for each i € N’, 0 ¢ D(R;, p) and
HUien» D(R;, p)}l < IN'|. Then {{U;cn» D(R;, p)} is overdemanded at p for R. Thus, for
each N' C N, if for each i e N', 0 ¢ D(R;, p), then |[{;cn» D(R;, p)}| = |N'|. Then, by
Hall’s theorem, there is z’ € Z such that for each i € N, if 0 ¢ D(R;, p), then x} € D(R;, p)
and t; = px;'. Thus, Z* # &.

By the definition of Z*, for each z € Z*, (z, p) satisfies (WE-i). We show that there is
z € Z* such that (z, p) satisfies (WE-ii). Let M (p) = {x € M : p* > 0}. Let

z e argmax|{y e M*(p):forsomeie N, x;=y}|, (1)
7/ eZ*

that is, z maximizes over Z* the number of objects in Mt (p) that are assigned to some
agents. Then, by the definition of Z*, (z, p) satisfies (WE-i).

Let MY = {y e Mt (p):foreachi e N, x; # y}. Note that if M* = &, then (z, p) also
satisfies (WE-ii). Thus, we show that M? = &. By contradiction, suppose that M 0 #+ .

Let N = {i e N:D(R;, p) N M"  @&}. For each k =1,2,..., let M* = {y € M :for
someie N* 1 x;=y}and N¥ = {i e N:D(R;, p) " M* + @} \ {Uﬁ;lo N¥'}. We claim by
induction that for each k > 0, M* C M™*(p) and Nk #+ 2.

INDUCTION ARGUMENT.

STEP 1. By the definition of MY, M € M*(p). Since M" is not underdemanded at p for
R, INY| = |M"|. Thus, M° # @ implies that N? # &.

STEP 2. Let K > 1. As induction hypothesis, assume that for each k < K — 1, M kc
M*(p)and N £ @.
First, we show that MX c M*(p). Suppose that there is x € MX \ M*(p). Then

p* = 0. By the induction hypothesis, there is a sequence {x(s), i(s)}f,< | such that

x(1) =x, X1y =x(1)
x(2) € D(Ri1), p) "MEL xi0)=x(2)

x(3) € D(Ri2), p) NME2, xi3,=x(3)

x(K) € D(Riy_,,, p) "M, xik)=x(K).

Let x(K +1) € D(Rjk), p) "M". Foreachs e {1,2, ..., K}, let Zj(g) = (Xigst1), prieh),
and foreach je N \ {i(s)}le, let z} =z;. Then 2’ € Z* and

[{ye M*(p):forsomeieN,x;=y}|=|{ye M*(p):forsomeieN,x;=y}|+1.

This is a contradiction to (1). Thus, MX € M*(p).
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Next, we show that NX £ @. By MX c M*(p) and the induction hypothesis,
UI,f:O M* c M*(p). Thus, since UI,f:O M* is not underdemanded at p for R,

K
Un*
k=0

By the definition of M* and N¥, for each k, kK’ € {0,1, ..., K} with k # k', NN N¥ =&,
which also implies that M* N M* = &. Thus,

K

L M.

k=0

=

)

K K K K
N =D IN* and | MK =) 1Mk
k=0 =0 k=0 k=0
Then, by (2),
K-1 K K K
STINKIHINKI =D TINF = Y MR =) T M 4 M), 3)
k=0 k=0 k=0 k=1

For each k > 1, by MK € M*(p), [M¥| = IN*=!|. Thus, Y5 IN*| = Y k_; IMF].
Then, by (3),

INK| > MO

Thus, by M £ &, INX| > 1 and so NK # &.
Since M (p) is finite, by the above induction argument, for large K, | Ul/fzo MFK| =
YK IM¥| > |M*(p)|. Since | JX_, Mk € M (p), this is impossible. 0

APPENDIX E: PROOF OF FACT 5
Let R € RE.

LEmMA 15. Letie N and R; € R. Let p,q € R} and x,y € L be such that x € D(R;, p)
and (y, q”) P; (x, p*). Theny e M and ¢’ < p’.

Proor. Since (y, ¢”) P; (x, p*) and x € D(R;, p), we have (y, ¢”) P; (x, p*) R; 0. Thus,
y € M. Also, by x € D(R;, p), (¥, q”) Pi (x, p*) R; (y, p¥). Thus, (y, ¢”) P; (y, p*) implies
g <p. O

Given R, R’ e R", (z, p) e W(R), and (Z/, p') e W(R'), let
le{ieN:z;Piz,-}, M*={xeM:p* > p~
X'={xeL:forsomeieN', x;=x}, and X’lE{xeL:forsomeieNl,xgzx}.

Lemma 16 (Decomposition (Demange and Gale 1985)). Let R € R" and (z, p) € W(R).
Let R’ be a d-truncation of R such that for each i € N, d; < —CV(0; z;), and let (Z/, p’) €
W(R'). Then X' = X" = M?.
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Proor. First, we show X! € M2. Let x € X'!. Then there is i € N' such that x| = x. By
ieNt, (X}, p’x;')P,- (x;, p*). Thus, by x; € D(R;, p) and Lemma 15, x; € M and p’x;‘ < pxi‘,
andsox:x;eMz. Thus, X’ € M2.

Next we show M? C X!, Let x € M?. Then x € M and 0 < p’* < p*. Thus, by (WE-ii),
there is i € N such that x; = x. By d; < —CV;(0; z;) and Lemma 2(ii), (x7, p”‘;‘) P; (x;, p¥i).
Thus, i € N! and so x = x; € X!. Thus, M% c X!.

Note that by the definition of X! and X"!, |X!| <|N'| and |[X'!| < |N!|. Since X"'
M? C M, each agent in N'! receives a different object and so | X'!| = |[N'| > | X!|. Since
Xtem?cx!, | X" <|M?| < |X']. Thus, | X"!| = |M? =|X"|. By [X!| = |M? and X' €
M?, X' =M?. By IM?| =|X!|and M> C X!, M? = X . O

LeMmma 17 (Lattice Structure (Demange and Gale 1985)). Let R € R" and (z, p) € W(R).
Let R’ be a d-truncation of R such that for each i e N, d; < —CV(0; z;), and let (Z', p') €
W (R'). Then (i) p=p A p' € P(R) and (ii) p=pVv p' € P(R').!

PrROOF. Let N'={ie N:z, P; z;j and M> ={x € M : p* > p”*}.
(i) Let Z be defined by setting for each i € N, 2; =z}, and foreach i e N \ N1, z; = z;.
We show that (2, p) € W(R).

SteP 1. We have that (z, p) satisfies (WE-i).

Leti € N and x € L. In the following two cases, we show (%;, pri) R; (x, p*), which
implies x; € D(R;, p).

Casel.ieN!. Byi; = x; and Lemma 16, X; € M2, and so X; € M and p'¥i < p*i. Thus,

ﬁ)%i — p/)AC,'.
First, assume that x € M2. Then, by p* = p'*,

(%, p'Y=2z; R; (x,p")=(x,p").
x;eD(R},p’)

Since R’ is a d;-truncation of R;, %; # 0 and x # 0, Remark 1(i) implies (%;, PYYR; (x, pY).
Next, assume that x ¢ M2. Then, by p* = p*,

(Xi, p'Y=z, P zz R; (x,p")=(x, p").
ieN!  x;eD(R;,p)

CASE2. i¢ N By %; = x; and Lemma 16, %; ¢ M?. Thus, pffi < p”A‘i or x; = 0. First, we
assume that x € M2. Then p* = p’*. Note that i ¢ N! implies (%;, p*) = z; R; z.

Case 2.1. x;#0. Byx;eD(R}, p"), z; R] (x, p*) = (x, p¥). Since R; is a d;-truncation
of R;, x; #0, and x # 0, Remark 1(i) implies z; R; (x, p”). Thus,

(i, pY) =2z R 2, R; (x, p'*) = (x, p¥).

IDenote p A p' = (min{p*, p*}rem and p v p’ = (max{p*, p”*Dyem.
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Case2.2. x;=0. Note z; =0. Since x} € D(R}, p), CV;(x;0) < p™*. Thus, if CV;(x; 0) <
CV(x:0), then z} R; (x, p"), which implies that

(%, pY) =2z R 2, R; (x, p'*) = (x, p¥).

Next, assume that CV;(x; 0) > CV’(x; 0). Then, since R’ is a d;-truncation of R;, d; >
0, which implies that x; # 0.2 Then, by d; < —CV(0; z;), CV(x; z;) < CVi(x;0) < p'¥,
which implies that z; R; (x, p’*). Thus,

(R, p¥) =z Ri y(x, p) = (x, p).
Next assume that x ¢ M?>. Then p* = p*. Since %; = x; € D(R;, p),
(R, p*) =z Ri (x, p*) = (x, p).
STEP 2. We have that (z, p) satisfies (WE-ii).

Let x € M be such that p* > 0. We show that there is i € N such that x; = x. Since
p=pAp, p*>0implies p* > 0and p™* > 0.

Case 1. xe M*. By Lemma 16, there is i € N! such that x; = x. Since i € N, by con-
struction of Z, X; = x;.. Thus, x; = x.

CASE2. x ¢ M. By p* > 0, thereis i € N such that x; = x. By Lemma 16, i ¢ N'. Thus,
Xi=x;,and so x; = x.

(i) Let Z be defined by setting for each i € N1, z; = z;, and foreach i e N\ N1, z; = Z.
We show (z, p) e W(R').

STEP 1. We have that (z, p) satisfies (WE-i).

Let i € N and x € L. In the following two cases, we show (¥;, p*) R! (x, p*), which
implies x; € D(R}, p).

Casel.ieN!. Byx =x;and Lemma 16, X; € M2, and so ¥; € M and p'¥ < p*i. Thus,
p¥i = p¥i. First assume that x € M?. Since ; = x; € D(R;, p) and p* = p*,

(X, p) =z Ri (x, p*) = (x, p").
Since R; is a d;-truncation of R;, ¥; # 0, and x # 0, Remark 1(i) implies
(%i, p*) R! (x, p¥).
Next, assume that x ¢ M2. Then p* < p’* or x = 0.
Case 1.1. x#0. Since x; = x; € D(R;, p) and p* = p* > p*,
(%i, pY) =z Ri y(x, p*) R; (x, p¥).
Since R; is a d;-truncation of R; and X; # 0, (%;, pY) R! (x, p*).

2To see this, suppose that x; = 0. Then d; < —CV;(0; z;) = 0, which contradicts d; > 0.
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Case 1.2. x=0. Since R is a d;-truncation of R; and d; < —CV;(0; z;),

(%1, p*) =z R{ 0 = (x, p").
Case2.i¢ N'. Byi;=x,and Lemma 16, ¥; ¢ M. Thus, p* < p™i or¥; =0.If ¥; =0,

(X, p)=0=2, R, (x,p™) R, (x, pY).
x}eD(R;,p") p*=max{p*, p’*}

Thus, assume that x; # 0. Then

= =X / / / / =
(*,p") =z Ry (x,p") R, (x, p).
p“fpxlsz’ x;-eD(R;,p’) p*=max{p*, p’*}

STEP 2. We have that (z, p) satisfies (WE-ii).

Let x € M be such that p* > 0. We show that there is i € N such that x; = x. Since
p=pvVvp, p*>0implies p* > 0or p”* > 0.

CasE 1. x e M>. By Lemma 16, there is i € N! such that x; = x. Since i € N', by con-
struction of z, x; = x;. Thus, x; = x.

CASE 2. x ¢ M?. If p’* =0, then p’* =0 < p*. Thus, x € M2, which is a contradiction.
Thus, p™* > 0. Then there is i € N such that x;. =x. ByLemma 16,i ¢ N 1 which implies
that x; = x/. Thus, x; = x. n

The following is a corollary of Lemma 17.
COROLLARY 3. LetRe R" and p, p’ € P(R). Then (i) pA p’ € P(R) and (ii) pVv p’ € P(R).

Fact 5 (Roth and Sotomayor 1990). Let R € R" and let R’ be a d-truncation of R such
that foreach i € N, d; > 0. Then ppin(R') < pmin(R).

ProoF. Let (7, p’) € W(R'). Then, for each i € N, since CV’(0; z;) <0 and d; > 0,
—d; <0 < —CV(0; z}). Since R is the (—d)-truncation of R/, Lemma 17 implies p =
p/ A Pmin(R) € P(R’). Thus, since pmin(R/) =< ﬁ; pmin(R/) < Pmin(R). O
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