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APPENDIX C: ATTACHMENT KERNEL AND LINK INCENTIVE FUNCTION

Let R; € &, |R¢| = m, be the set of agents that receive a link from the entrant at time .
The network at time ¢ is then given by G, = (P,_; U {#},&_1 U {#j : j € R,}). We define
the attachment kernel as the probability that an agent j € P,_; receives a link from the
entrant,
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where K ,B (jIS:, G¢—1) is the probability, conditional on the sample S; and the prevailing
network G,_1, that an agent j receives a link after the m draws (without replacement) by
the entrant, and g is a parameter related to the distribution of the additive error term &,
from (1) (see below). Since the entrant forms links to the agents that maximize his link
incentive function plus a random element, we need to consider the cases where agent j
has the highest value among all agents in the sample, or the second highest, and so on.
The corresponding probability can be written as’
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T assume that the entrant does not update the link incentive functions while forming links but evaluates
it only once after he has observed the sample. The first sum in (S1) considers the case that agent j receives
a link in the /th round while the second sum takes into account all possible sequences of agents iy, i, ...,
i;_1 that receive a link in the / — 1 previous rounds.
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with indices i1 € St \ {]}, i2 S St \ {], il}, i3 S S[ \ {], i], iz}, ceey il—l esS; \ {], i], iz, ey il_z},
and 1 </ < m. In the following discussion, I assume that the exogenous random terms
g, are identically and independently type I extreme value distributed (or Gumbel dis-
tributed) with parameter n.?> This assumption is commonly made in random utility
models in econometrics (see, e.g., McFadden 1981). Under this distributional assump-
tion, the probability that an entering agent 7 chooses the passive agent j € S; for creating
the link #j (in the first of the m draws of link creation) follows a multinomial logit distri-
bution given by (cf. Anderson et al. 1992)3
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where we have applied condition (LD) for the link incentive function ff(Gt_l, 9,
dropped terms of 0(8), and denoted 8 = 1é".

APPENDIX D: LARGE OBSERVATION RADIUS
D.1 Sampling of agents

In the following discussion, we provide a lower bound on the observation radius 7, such
that with high probability all agents in the network are observed by an entrant. Note that
the probability that an agent i € P,_; does not enter the sample S; is given by
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2The cumulative distribution function is given by P(e < ¢) = exp(—exp(—mnc — v)), where y ~ 0.577 is
Euler’s constant. Mean and variance are given by E[¢] = 0 and Var(e) = 72/(672).

3Assuming instead that we have a multiplicative error term g that follows an inverse exponential dis-
tribution with parameter 5, one can show that this probability can be written as P;( f,S(G,,l, )&=
maxges, (G 1,k) - ey) = (f,‘s(Gt,l,j)”)/(ZkeSt f2(G;_1, k)", which corresponds to the ratio form of
the contest success function (Jia 2008).
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To see that this equality holds, note that when denoting c =1 + dg, (D), we can write
the above product as
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Further, note that

Now we have that

and using the fact that
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it follows that both the lower and the upper bound in (S3) converge to the same limit as
¢t becomes large. Hence, we can write

Ng Ng 1
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Applying Bonferroni’s inequality and neglecting terms of o(1/¢) in (S2), we then
find that the probability that at least one of the agents in the set P,_; is not ob-
served by the entrant is bounded by ]Pt(UieP,,l{i ¢ SHGi—1) < Zf;} P,(i ¢ $;|Gi-q) ~
YA = (A + k) /05 Pk) = YL 21— ng(1+ k)/)Pi(k) = 1 — ng(1 + m)/t, where we
have assumed that k = 0,(¢) and used the fact that the average in-degree Zf{;zo kP:(k)
equals the out-degree m. Hence, if we require the probability of an agent not being
sampled to be lower than € > 0, then we must have that n; > (1 — €)/(1 + m).

D.2 Attachment kernel

The probability that an agent j with in-degree dg, ,(J) receives a link in the (k + 1)st
draw, given that the agents /1, ..., /; have received a link in the previous k draws, 1 < k <
m, is (cf. (2))
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where we have used the approximation ef* ~ 1 4 Bx and assumed that dg,  (D)=0p()
for all i € P,_;. Moreover, we have used the fact that at every step ¢, every pas-
sive agent has out-degree equal to m. Since the average out-degree must be equal
to the average in-degree, we see that also the average in-degree must be m, and so
ZiePH (1+ Bdg, ,(i)) = (14 Bm)t. This probability is the same whether we use the in-
degree d(’;H (j) or the total degree dg, (), since they arerelated as dg, ,(j) = dgH )+

dat—l ()=m+ dat—l (-

APPENDIX E: PAYOFF FUNCTIONS

This appendix contains a discussion of various models in the economic literature that
satisfy Assumptions 1 and 2 introduced in Section 2.1.#

E.1 Information diffusion in networks

Following Fafchamps et al. (2010) I consider agents that exchange information in a net-
work G, where information that travels longer paths is discounted by a factor 6 € [0, 1].
It is assumed that information can travel both directions of a link and so I consider the
(undirected) paths in the closure G of G. The probability that an agent j transmits in-
formation along a given path in G is independent of the probability that the same agent
j transmits the same information along another path. With this assumption, the proba-
bility that agent i receives the information over all distances k > 1, when there are cf; (G)
(undirected) paths of length £ connecting i to j, becomes

o0
.
PHG) =1~ [T -85,
k=1
The payoff 7; : G(n) x Ry — R of agent i is defined as 7;(G, §) =V Zje/\/Pg(G) - cdg(i)
with V' > 0 and a fixed cost ¢ € [0, }V'§) for each link the agent has initiated. When the

decay parameter & is sufficiently small, we can write (1 — 6%)¢ a1 — ¢6%. With this ap-
proximation the payoff of agent i becomes

o k=
(G, )=V Y <1 -J]a- 5k)cu<G>> —cdf (i)
jeN k=1
1 2 o2 3 :
=V Y (=1 -c;8)(1—c;8) +0(8) - cdg(i)
jeN
=V Y (A=1+4c;d+c;8” — cjc;i8) + O(8) — cdg (i)
jeN
= V(&d(;(i) +8° ) dG(j)> —cd (i) + O(8%).
JeNG ()
4All the models discussed here (which fall into our general framework) exhibit the property that the pay-

off of an agent is increasing with the number of collaborations, i.e., his degree. This characteristic has been
found in empirical studies of co-authorship networks (e.g., Abbasi et al. 2011, Ductor 2015).
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It then follows that the link incentive function is given by fl.‘3 (G, )=V6—c+V8dg(j)+
0(8%). Link monotonicity (LM) holds if ¢ < /8 and linear differences (LD) holds for
g(x) =Vx and y =2, since (G, j) — (G, k) =V &*(dg(j) — dg(k)) + O(8°). As our
measure of welfare we consider aggregate payoff given by

(G, 8)=V8)Y do()+ V&Y > da(D+0(8) —c) dki)

ieN ieN jeNg(i) ieN
= (2V8—0)e(G)+ V82 Y dg(i)* +0(8%)
ieN

2

=Q2V8s——c)e(G)+ s

- e(G)? +V8*nai(G) + 0(8),

where we have used the fact that } ;o x> ien i) 46 () = Xien dg(i)>. The average
degree is d = (1/n) Y1, dG(i) = (2¢(G))/n. The degree variance is given by ¢2(G) =
(/m) Y iepn(dG (i) — dg) = (1/n) Xy dG () — d* = (1/n) Y1y dG (i) — (4e(G)?)/n?. Tt
follows that for small 8, such that terms of O(8) become negligible, maximizing ag-
gregate payoff 11(G, 6) (given n and e) becomes equivalent to maximizing the degree
variance aﬁ(G), and condition (DC) holds.

E.2 Two-way flow communication

The two-way flow model with decay was introduced by Bala and Goyal (2000). In this
model links are interpreted as lines of communication between two individuals. If i
wants to communicate with j, then i must first pay a fee of ¢ > 0 to open the channel.
By creating this link, i not only gets access to j but also to all individuals that are ap-
proachable by j via an (undirected) path in the closure G. Formally, the payoff function
mi :G(n) x R, — R of agent i € \V is given by®

m(G,8) =1+ 8D —cdf(i) (S4)
i#]
for some & € [0, 1], which is interpreted as the degree of friction in communication. The
number £(i, j, G) is the length of the shortest path connecting agent i with j in the
graph G. If i and j are not connected we adopt the convention that £(i, j, G) = co. The
difference to the payoff function in Fafchamps et al. (2010) of the previous section and
the one in (S4) is that in the latter only the shortest paths matter.

In the following text, we assume that the network G does not contain any cycles,
i.e., it is a tree (or a forest, if the network is unconnected). Denote by 7 (N the class
of (undirected) tree graphs with vertex set A'. Then a tree G € T(N\) is defined by the
conditions that (i) it is connected and (ii) |£(G)| = |N| — 1 for all G € T(N). When G €
T (N), the payoff of an agent i € A/ can be written as

m(G,8) =1+8dg(i) +8 Y (dg()) —1)+0(8) — cdf(i).
JeNG (D)

5See also Jackson and Wolinsky (1996) for a similar payoff structure.
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It follows that the linking incentive function of agent i takes the form
(G, ) =8(1~8) —c+8%dG(j) + 0.

The link incentive function satisfies condition (LM) for §(1 — §) > ¢ and condition (LD)
with g(x) = x and y = 2, because (G, j) — f2(G, k) = 8*(dG(j) — dg(k)) + O(8%). Ag-
gregate payoff II(G, 6) = ), \s i (G, 8) is then given by

(G, 8)=n+8(1-8)Y do()+8 > Y dg() +0(8®) —c > dE)
ieN ieN jeNg () ieN

2
=n+28(1-8)—c)(n—1)+ %(n ~1)?+n8°d3(G) + 0(8°),

where e(G) is the number of edges in G, n = |N/|, and we have used the fact that for
G € T(N) the number of edges is e(G) = n — 1. It follows that for small & such that
terms of O(8%) become negligible, maximizing aggregate payoffs becomes equivalent to
maximizing the degree variance. Hence, condition (DC) holds for aggregate payoff when
GeT[NE

E.3 Public goods provision

The following network game is presented in Goyal and Joshi (2006) as an extension
of Bloch (1997). An (undirected) link between two agents represents an agreement
to share knowledge about the production of a public good. Each agent can decide
how much to invest into the public good. Denote the level of contribution of agent
ie N ={1,...,n} as x; € R;. The production technology of every agent is assumed to
be ¢;(x;, G) = %(x,-/(d(;(i) + 1))2. The payoff function ; ‘R x G(n) — R of agent i is

1 X; 2
Gy =Y - ()
it ©) g"f 2<dG<z>+1>

The Nash contribution of agent i is x} = (dg (i) + 1)2. This optimal choice of an agent
naturally induces preferences over networks by inserting the value of x;(G) into the pay-
off function ;. This gives us

m(G) = m(x*, G)=3(dc() + 1’ + Y (da(j)+1)°.
JEN\(E)

With this payoff function, the linking incentive function for an agent i is given by
(G, ) =3 +2dG()).

6We will see in the network growth model introduced in Section 2.2 that G € T[A] is always guaranteed
to hold if we allow an entering agent to form only a single link.
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This obviously satisfies conditions (LM) and (LD) with g(x) = 2x and y = 0. Aggregate
payoff [I(G) = ), \s mi(G) is then given by

1
MG =5 i)+ D*+), > (dg()+1)?

ieN ieN jeN\{i}
2n—1 2 _ n—1 2
_ % +202n— 1)(1 + 6—e(G))e(G) + ng(G).
n

We see that aggregate payoffs are increasing in the degree variance and condition (DC)
holds.

E.4 Alinear-quadratic complementarity game

We consider a simplified form of the game introduced by Ballester et al. (2006), where
each agent i € NV in the network G selects an effort level x; > 0, x € R” (e.g., the R&D

investment of a firm or the working hours of an inventor), and receives a payoff =; :
R} x G(n) x Ry — R of the form

n
7i(X, G, 8) = x; — 3x] +8 ) _ajxixj, (S5)
j=1
where 6 > 0 and a;; € {0,1}, i, j e N ={1, ..., n} are the elements of the symmetric n x n

adjacency matrix A of G. This payoff function is additively separable in the idiosyncratic
effort component (x; — %x%) and the peer effect contribution (6 27:1 a;jx;x;). Payoffs dis-
play strategic complementarities in effort levels, i.e., (*m;(x, G, 8))/(dx; dx i) =0a; >0.
Ballester et al. (2006) have shown that if 6 < 1/Apr(G), then the unique interior Nash
equilibrium solution of the simultaneous r-player move game with payoffs given by
(S5) and strategy space R’} is given by the Bonacich centrality x} = b;(G, §) forall i e N
(Bonacich 1987).” Moreover, the payoff of agent i in equilibrium is given by

mi(G, 8) = m(x*, G, 8) = 1 (x))* = 1b(G, 5).

In the case of small complementarity effects, corresponding to small values of §, the
Bonacich centrality of an agent i can be written as

bi(G,8)=1+38dc()+8 > dc(j)+0(8).
jeNG ()

"Let Apr(G) be the largest real (Perron-Frobenius) eigenvalue of the adjacency matrix A of the undirected
network G. If I denotes the n x n identity matrix and u = (1,...,1)" denotes the n-dimensional vector
of 1s, then we can define the Bonacich centrality as follows: If and only if § < 1/Apr(G), then the matrix
B(G,8) = (I — 6A)~! = Y"2°, 6FA¥ exists, is nonnegative (see, e.g., Debreu and Herstein 1953), and the
vector of Bonacich centralities is defined as b(G, §) = B(G, 8) - u. We can write the vector of Bonacich
centralities as b(G, 8) = > 52 8*AK .u= (I—-6A)"! . u. For the components b;(G, 8), i=1,...,n, we get
bi(G, 8) = 332 ) 8K (AF -u); = Y32, 6F Z;’:l(Ak)ij, where (A¥);; is the ijth entry of AF. Because Z;’Zl(Ak),j
is the number of all (undirected) walks of length k in G starting from i, b;(G, ) is the number of all walks
in G starting from i, where the walks of length k are weighted by their geometrically decaying factor 8%.
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Note that equilibrium payoff can be written as
1 N e : 3
7i(G,8) = 5 +8dg() + —da() +8° ) da(j)+0(5),
JeNG (D)
and the link incentive function is then given by

0(2+9)
2

G, )= + ddM%mHﬁHﬁ%dD+m§)

If we neglect terms of O(8°), then the linking incentive function also satisfies condition
(LM). Furthermore, ff(G, - ff(G, k) = 6%*(dg(j) — dg(k)) + O(8%) so that condition
(LD) holds with g(x) = x and y = 2. Aggregate payoff I1(G, §) =} ;_»r 7(G, ) can be
written as

(G, 8) = —+82dc(z)+ Zd(;mz 522 Y. de(H+0(8)
i=1 jeNg(i)

2
- g n 25(1 n %a@)dé) + ?aﬁ(G) +0(8%).

Aggregate payoff is increasing in the degree variance and, hence, condition (DC) holds.

APPENDIX F: THE LF-MCMC ALGORITHM

The purpose of the likelihood-free Markov chain Monte Carlo (LF-MCMC) algorithm is
to estimate the parameter vector @ = (B, p, ns, m)1xy, L = 4, of the model on the ba-
sis of the summary statistics S=(Sy,...,Sk)Txk, K =4, where §; = (P(k)),{ (}, S, =
(C(k))k 0 S (knn(k))k Zo» and 8§ = (P(s))T The algorithm generates a Markov
chain that is a sequence of parameters (0;);_, W1th a stationary distribution that ap-
proximates the distribution of each parameter value 6 € @ conditional on the observed
statistic S°.

DerINITION S1. Consider the statistics S and denote by S° the observed statistics. Fur-
thermore, let A(S?, S;) be a measure of distance between the ith realized statistic S; of
the network formation process (G,)T | with parameter vector 6 and the ith observed
statistic S for i =1, ..., K. Then we consider the Markov chain (6;)!_, induced by the
following algorithm:

(i) Given 0, propose @ according to the proposal density g,(6 — ).

(ii) Generate a network Gr(6') according to @ and calculate the summary
statistics §'.

(iii) Calculate

QS(OI — 0)
h(,0) _mln( 70> 0, 1_[ {AGS], S")<EH}>



Supplementary Material The formation of networks 9

where €; ; > 0 is a monotonic decreasing sequence of threshold values, €; 5 | e?““,
and A :RT x RT — R, is a distance metric in R.

(iv) Accept 6’ with probability /(8, 8); otherwise stay at 8 and go to (i).

Marjoram et al. (2003) have shown that the distribution generated by the above al-
gorithm converges to the true conditional distribution of the parameter vector 0, given
the observations S§° and the threshold values. Their result is stated more formally in the
following proposition.

PropoOSITION S1. The stationary distribution f : RK — [0, 11X of the Markov chain
(05);_, is given by

K
f(a‘ 1_[ :H-{A(Si,slf?)<€;nin}) .

i=1

Prookr. Let us denote the transition probability of the Markov chain (0;)_; from state
0 to state 6’ by ps(0 — 6'). Assume w.l.o.g. that for @ # 6 and 1 < s < n it holds that

qs(0' — 0) -

7%(0_) o) =1 (S6)

Consider the distribution of the parameter vector 60, conditional on the event
[A(8%,8) < €} = [T, 1 5, 50)<emny that is, f(BIA(S,S) < €) = P(A(S,S) < €[0)/
P(A(S?,S) < €). We have that
P(A(S?,S) < €]0)
A(S° 'y =
f(OIA(S®,S) < €)ps(6— ) PAGS.S) <o)
_ P(A(S, S) <e€l0)
~ P(A(S°,S)<e)
= f(O'|A(S?,S') < €)qs(0' — O)P(A(S®,S) <€|0)h(0', 0)

o / / / M
P, S) = el0)g5(0 — 0) T 0T

P(A(S?,S) < €[0)qs(0' — 0)

= f(0'|A(S°,S)) <€)ps (0’ — 0),

where we have used the fact that 4(6', 8) = 1 if the inequality in (S6) is satisfied. It fol-
lows that f(0]|A(S?,S) < €) satisfies a detailed balance condition and therefore is the
stationary distribution of the Markov chain. O

The proposal distribution ¢4,(6@ — 0’) is a truncated normal distribution 6" ~
N0, Es)]].[omin’ﬂmax](o) for each parameter 6 € # with a diagonal variance-covariance
matrix 3 = diag{ 0-12, g o-z,s}. More precisely, for each continuous parameter 6; € R4
(i.e., p, B) I choose a proposal distribution given by

B ¢ (06, 07,) "
= om0, o) — DO"6;, o7, [

qs(0; — 0)

/
1 a?nin, Oi-nax] ( 91')’
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where ¢ (0|u, 02) and ® (8|, o%) are the probability density function (pdf) and cumula-
tive distribution function (cdf), respectively, of a normally distributed random variable
with mean p and variance o2. For the discrete parameters 6; € Z, (i.e., ns, while m is set
through the condition d = mp when the network is directed and through d = 2 pm when
itis undirected), I choose a proposal distribution given by

(0] + 10, o'l.z,s) e CALA aiz,s)

(6; = 6) = i
qs\0; q)(g?laXWi’ O'iz,s)_(b(e?mwi’o-iz,s) [

1

/
Binin’egnax](gi).

During the “burn-in” phase (Chib 2001), I consider a monotonic decreasing sequence
of thresholds given by €; s > €; 511 > --- > €™ with €; ;1 = max{(1 — y)e; s, /""} and
v =0.05. Similarly, I assume a decreasing sequence of variances Ui2s > 0.i2 ol ==
(omM?2 with 7| = max{(1 — y)o}, (c"M)?} for the proposal distribution g;(6; — ;).
The maximum number of iterations, 7, has been chosen such that reasonably high val-

ues of pg(n) were obtained. As a measure of distance I choose the Euclidean distance
AGS;, SY) = \/Z,'T:1 (Si,j — Sfjj)z. The parameter ranges are ns € {1, ..., 100}, p € [0, 1] and
B €[0,100]. The parameters €;"" are choose sufficiently small after long experimenta-
tion with different starting values and burn-in periods.

APPENDIX G: UNDIRECTED LINKS

In the following network formation process we allow entering agents to observe not only
the out-neighbors of incumbent agents but also their in-neighbors. The resulting net-
work can then be viewed as an undirected graph. The precise definition of the network
growth process is given below.

DEFINITION S2. Forafixed T € NU{co} we define a network formation process (G;)¢[r]
as follows. Given the initial graph G| =--- = G,,41 = K;,41, for all ¢ > m + 1 the graph G,
is obtained from G,_; by applying the following steps:

Growth: Given P; and Aj, for all # > 2 the agent sets in period ¢ are given by P; =
Pi—1U{t}and A, = A1 \ {t}, respectively.

Network sampling: Agent ¢ observes a sample S; € P,_;. The sample S; is constructed
by selecting without replacement ng > 1 agents i € P,_; uniformly at random and
adding i as well as the neighbors NV, (i) of i to ;.

Link creation: Given the sample S;, agent ¢ creates m > 1 links to agents in &;
without replacement. For each link, agent ¢ chooses the j € S; that maximizes

FGi-1, ) + &4

G.1 Large observation radius

We first consider the case of S; = P,_. Let k;(¢) denote the degree of agent j at time ¢.
Considering only the leading terms in O(1/¢) we can write the probability that an agent
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j € P,;_1 receives a link by the entrant ¢ as

m 1+ Bdg, ()

KL NG~ =,

(§7)

Using the recursive equation (11) with the attachment kernel in (S7) yields the following
proposition.

ProrosiTION S2. Consider the sequence of degree distributions {P;},cN generated by an
indefinite iteration of the network formation process (G,B )teN introduced in Definition S2
with ng large enough such that S; = P,_1 for every t > m + 1. Then, for all k > 0, we have
in the limit B — 0 that P;(k) — PP (k), where

(1 +2mB)T(k + 5)T 3+ 5 + 75)
(I +m+2mB) ()T (k+3+ 4+ 75)

PB(k) = (S8)

Equation (S8) follows directly from the recursion in (11) and the attachment kernel
in (S7).

From (S8) we find that the large k behavior of the degree distribution follows a power
law as PB(k) ~ k=(G+1/mB) 1In the continuum approximation we can write for the dy-
namics of k(¢) using (S7) as

dkg(ty  m 14 Bk(0)
dt ~ 1+2Bm t ’

with the initial condition &(s) = m. The solution is given by

1 £\ (Bm)/(1+2m)
ks(z)=E<(1+Bm)( ) —1), (S9)

s
and we obtain for the degree distribution in the continuum approximation

pB(k):¢

(1+Bm)2+1/(ﬁm)(1+Bk)_(3+l/(mﬁ))7

with [;° PP(k)dk = 1. This yields the same asymptotic behavior of the degree distribu-
tion as in (S8).
Next, we turn to the average nearest neighbor connectivity.

ProrosiTIiON S3. Consider the network formation process (G?)IER+ of Definition S2
with §; = P;_q for all t > m + 1 in the continuum approximation and assume that
(89) holds. Then in the limit B — 0 the nearest neighbor degree distribution is given

by

(4 Bk ) (1+Bk))>
knn(k) = 5% <1+ T+ Bm <,3 Rs(s) =1+ (1+ Bm)“In 1T gm , (810)
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where a =m/(1 + 2Bm), the initial condition

a(l=B)(1=2mp)  a(l+Bm)?* 55, 1~ |1
Rs +1 = + R ’

+1(s+1) 5 3 s ;1 5
and s = t((1+ Bm)/(1 + Bk))>T1/mB),

Asymptotically, only the last term in (S10) is relevant and we obtain

1+ Bk
1+Bm>

K (k) ~ +B'8m ln(

as k — oo.

Proor. Denote by R(1) =3 _ ;¢ N, (5) k;(t) the sum of the degrees of the neighbors of
vertex s at time ¢. We can write

dRs(1) m? 1+ Bky(1) N Z m 1+ Bkj(n)
dt 14+2Bm t jeNaL () 1+2B8m t

Ba
a a t
=~ (m+ (L4 Bmks(D) + BRs(1) = E(“ +Bm)2<g> +32Rs<r>),

where we have denoted a = m/(1 + 2Bm) and used the fact that 1 + Bk (¢) =
(1 + Bm)(t/s)B* from (S9) under the continuum approximation. The initial condition

is given by

: 1-B)(1-2 >
Ru() = 32 21+ Bty (9)(1 -+ ky9)) = B2 851 )2

j=1 =1

Using the fact that
s Ba
1+Bkj(s)=(1+3m)(;> , (S11)
we obtain
_ _ 2
Ry(s) = WA= B =2mB) | all +Bm)” apaipy s g4,
B B

We then get

ap
Ry(1) = %<1+(a,8(1+ﬁm)2<%H(s, 2a,8)+(1+m,8)1n<§))—1+,82b> (g) ) (S12)

Once again using (S11) and inserting into knn, = R/ k delivers (510). O

Moreover, we can compute the clustering degree distribution as provided in the next
proposition.
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ProrosiTiON S4. Consider the network formation process (G,B)teR+ of Definition S2
with 8 =P, for all t > m + 1 in the continuum approximation and assume that (S9)
holds. Then in the limit B — 0 the clustering degree distribution is given by

Clk) = 2 M b d 2a-1(1_ (! 2Pt 2Ba
”‘k(k—l)( S+S(1—2aﬁ)( aps (_<E> ) g

()7 (anm(5)7))

(513)

where
_t<1+m,3>2+1/(mﬁ) g% _ m(m —1)(1 + Bm)?
-\ 1+kB ’ 14-28m’ B +28m)
o Bm+ap(1— B)(1—2mp) Je c+ap(1l—2c)
N (14 Bm)? ’ T 1-2a8

the harmonic number is defined as H? = 2;21 j~%, and the initial condition is given by
-1
mim—1s*"2 (I 1 &1 2m 211
Ms+1(s+1)=—2 Z—Z—‘i‘i Z TZ—, .
(1+2pm) i j=i+l je o T+2pm iz © =i !

The large k& behavior of the clustering coefficient is dominated by the second term
in (§13), yielding

2bd 1 2bd (14 Bk)F+1/mp)
k(k —1)s(1—2aB) t (1—2aB)(1+mB)2+1/mB) k(k—1)

- 0(%1«1/(’”@), k — oo.

C(k) ~

Proor. Let M (¢) denote the number of triangles containing s at time ¢. We have that

dM,(t) m 14 Bkg(t) Z m—1 1+ Bkj(1)

dt 1+2B8m t jeNaL ) 1+4+2B8m t

_m(m—1)(1+ Bky(1))
- (14 2B8m)2¢2

(ks(1) + BRs(1)).

With R(¢) from (S12) and (S11) we obtain

M b 2Ba Ba
d dst(l) _ t_2<§) <c+ln(§> +aB(s)23”_1Hs2Ba>,

where

a m(m —1)(1+ Bm)? Bm+aB(1— B)(1—2mp)
a=—, b= , c= ,
14+28m B +2Bm) (14 Bm)?
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and the harmonic number is defined as H{ = >";_, j~“. The solution is given by

M (1) = My(s) _ b d 2ap—1( 1 £\ 26
()= S(”s(l—Zam( aps (_(E) ) ;

()7 (o))

where d = (¢ + aB(1 —2¢))/(1 — 2aB). Similar to the derivation of (26), the initial condi-
tion is given by

mm—1)s22 (1 &1 2m 1
Myqs+h=——r—— Y = Y — 4 Y — 3 :
(14+28m) — i Parrd) j¢  142Bm et Pt 1

Using (S11) we then arrive at the expression in (S13). O

G.2 Small observation radius

Next, we consider the case of a small observation radius ;. The probability that agent j
receives a link from the entrant at time ¢, conditional on the sample S; (and the current
network G,_1) when B =0 is given by

KP G181 Gio) = 111, ()-

m

1
In the following discussion, we assume that S, ~ ns(d + 1), where the average degree is
given by d =2m, so that S; ~ ng(2m + 1). Note that this assumption is much stronger
than the approximation we made in (6). The probability that an agent j receives a link
from ¢ is then given by

. m ns(1+dg, (j)) 1
KtB(Hszl) = @sftl +O<t_2)
m ns(1+dg, ,())) 1
~ ! - 14
ns2m+1) t +O<t2) (514)
_om 1+dg ()
2m—+1 t )

An analysis following the recursive equation (11) with the attachment kernel in (S14)
yields the following proposition.

ProrosiTiON S5. Consider the sequence of degree distributions {P;};cn generated by an
indefinite iteration of the network formation process (Gfg )teN Of Definition S2 with B = 0.
If ng > 1 or m > 1, further assume that (S14) holds. Then, for all k > 0, we have P;(k) —
P(k), where

_d+2mr(3+1)

(815)
mL(3+k+ 1)

P(k)
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Equation (S15) follows directly from the recursion in (11) and (S14).

From (S15) we find that the degree distribution follows a power law as P(k) ~
k=G+1/m) for large k. For the dynamics of ky(¢) in the continuum approximation we
get, with (S14), the differential equation

dkg()  m k(D) +1
dt ~ 2m+1 t

with the solution

£\ m/@m1)
) Y (516)

ks(t) = (m+ 1)(;
The degree distribution in the continuum approximation is then given by?

2m+1

P(k) = (m+ 1)>HVm( 4 f)=CFm) (S17)

satisfying the normalization condition [;~ P(k)dk =1.
Next we consider the average nearest neighbor degree.

ProPoOsSITION S6. Consider the network formation process (GF)IGR+ of Definition S2 in
the continuum approximation with ny small enough and assume that (S16) holds. If B =
0, then the nearest neighbor degree distribution is given by

1 a a a
knn<k>=z<<s+#l) (a<m+1>2s2“—1H3”—1>+(m+1><§> ln(H#J ) (S18)

where a =m/(2m + 1), s = t((k + 1)/(m + 1))"1/4, and the harmonic number is defined
as H* =Y 5_, 1/

ProOF. Let Ry(t) = Zje/\fc, s) k(t) be the sum of the degrees of the neighbors of vertex
s at time ¢. Denoting a = m/(1 4+ 2m), we have up to leading orders in O(1/¢) that®

ks(0)y (1Sc|—ks(1)
dRs(t)_ns m Ny — ( j )( m—j )
P I LG B TR

jeNG, () ' j=1
= L0k + Ry(1)) = %((m 4 1><§) _1 +Rs<r)),

where we have assumed that |S;| ~ ns(2m + 1) and used the relation s = t((k + 1)/
(m +1))~1/¢_ The solution is given by

Ry(t)=1+ <§) (Rs(s) - 1+(m+1)ln<§> )

8Note that the approximation for the degree distribution in (S17) has also been obtained in Wang et al.
(2009).

9We ignore cases in which two or more neighbors of s are found as the neighbors of directly observed
vertices (other than s), which happens with probability O(1/2).
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and the initial condition is given by

Ryi(s+1) = g 3 (14 k() = a(m + 1> H(s, 2a).
j=1

Using this equation to solve for Cs delivers (518). O

Finally, we can compute the clustering coefficient as given in the following
proposition.

ProposiTioN S7. Consider the network formation process (Gf),eug+ of Definition S2 in
the continuum approximation with ny small enough and assume that (516) holds. Let
a=m/(2m+1)and b= 2a(m—1))/(ns2m+1) — 1) witha > b > 0. If B =0, then the
average clustering coefficient of an agent with degree k is bounded by C(k) < C(k) < C(k),
where

b/a
a—(a+mb)<1+k) —i—bk) (S19)

€ T+m

_ 2
‘(a—b)k(k—l)(

and

— 2 m 1+ k\“

and the property that C(k) =O(1/k).

Proor. We need to consider the cases we have encountered already in the proof of
Proposition 8 for a vertex s to form an additional triangle by an entrant ¢ (see Figure 11).
The expected number of triangles associated with case (i) is given by

1 (kgD (IS —kg()—1

ns g 2 jt))(l D) ) _ns m(m — k(1)

r 2/ () T (L 2mng(ns(1+2m) — 1)’
j=1 m

where we have assumed that |S;| = ns(2m + 1). Similarly, for case (ii) we get

ks () _ kstons _mim—1)__ ky(t) m(m—1)
T (s tISAASI =1t Cm+D(nsCm+1) —1)’

and for case (iii) we obtain

T (s CSISI—D . 1 @miDm@miD D

Denotinga =m/(2m+1) and b = (2a(m —1))/(ns(2m+ 1) — 1), we can add cases (i), (ii),
and (iii) to get

dM,(t) 2a(m—1) _é ' a B
= Ty ke (0 + M) = <(<m+1><s> 1+Ms(t)>>.
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FiGure S1. Top row: Comparison of simulation results with the theoretical predictions for
T =10, S, = P,_1, and m = 4, with B = 0.1 under the linear approximation to the attachment
kernel. Bottom row: Comparison of simulation results for 7 = 10° and n; = m = 4 (8 = 0) with
the theoretical predictions. Comparing the results of global and local information, we find that
they differ mainly in the clustering degree distribution.

Using as a lower bound for the initial condition M;(s) > 0 and an upper bound M;(s) <
(Z’) as well as s = ((1+ k)/(1 + m))~1/9t, we obtain the corresponding bounds for the
clustering coefficient in (519) and (S20). Both bounds decay as (2b)/(a — b)(1/k) for
large k and their difference vanishes for large &, implying that also C(k) =O(1/k). O

APPENDIX H: HETEROGENEOUS LINKING OPPORTUNITIES

In this section, we assume that not all agents become active during the network forma-
tion process. More precisely, we assume that only a fraction p € (0, 1) of the popula-
tion of agents form links, while the remaining agents stay passive throughout the whole
evolution of the network. We assume that, initially, agents in [T] = {1, 2, ..., T} are ran-
domly assigned to sets PP; with probability 1 — p and to .A; with probability p, such that
|A1] = | pT] and |P;| = [(1 — p)T]. The agents in [m] are all connected to each other
and form a complete graph K,,. At time ¢ < m + 1 these agents are all in the set P,. The
network evolution process is then defined as follows.

DeriNITION S3. Forafixed T € NU{oo} we define a network formation process (G) (7]
as follows. Given the initial graph G; =--- = G, 1 = K, 1, forallt e [T]\ {1, ...,m+ 1},
the graph G, is obtained from G,_; by applying the following steps.

Growth: Given P; and Ay, forall ¢ > m, ifagent ¢ € A,_1, then the agent sets in period ¢
are given by P; = P,_1 U{t} and A, = A,_1\ {t}, respectively; otherwise, set P, = P;_1
and A= At—l-
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Network sampling: If t € A,;_1, then ¢ observes a sample S; € P,_1. The sample S; is
constructed by selecting n; > 1 agents i € P;_; uniformly at random without re-
placement and adding i as well as the out-neighbors G+t—1 (i ofitoS;.

Link creation: If t € A;_1, given the sample S;, agent ¢ creates X,, > 1, E(X,,) = m
links to agents in S; without replacement. For each link, agent ¢ chooses the j € S;
that maximizes ftB(Gt_l, D+ &

The number of links X, to be created by an entrant is a discrete random variable
with expectation E(X,,) = m. The results and approximations we obtain in this sec-
tion do not depend on the specific distribution we choose for X,,. We illustrate this by
comparing our theoretical approximations with simulations for a uniform distribution
X, ~U{1,...,2m — 1} and a Poisson distribution X;,, ~ Pois(m).

H.1 Large observation radius

We first consider the case of a large observation radius such that S; = P,_; for all ¢ >
m + 1. Similar to our discussion in Section 3.2, the probability that an agent j € P,
with degree dg, ,(j) receives a link to the entrant at time ¢ up to leading orders in O(1/t)
is given by
pm 1+ Bdg, ()

1+ Bpm t '
Following the recursive equation (11) with the attachment kernel in (521) yields the fol-
lowing proposition.

KPGIG )~ (521)

ProrosiTiON S8. Consider the sequence of degree distributions {P;},cn generated by an
indefinite iteration of the network formation process (Gf )teN introduced in Definition S3
with ny large enough such that S; = P;_1 for every t > m + 1. Then, for all k > m, we have
in the limit B — 0 that PtB(k) — PPB(k) almost surely, where

1+ Bmp F(% + k)F(2+ ?—Tmf)

L+mp(L+B) T (L)0(2+ 222 + k)

. (§22)

PB(k) =

Equation (S22) follows directly from the recursion in (11) and the attachment kernel
in (S21).

From the attachment kernel in (521) we can write for the dynamics of the in-degree
ks(t) of vertex s at time ¢ in the continuum approximation

dks(ty — pm 1+ Bk;(t)
dt 1+ Bpm t

b

with the initial condition k(s) = 0. The solution is given by

1 £\ (Bpm)/(A+Bpm)
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and we obtain for the degree distribution in the continuum approximation

PB(k) — (1+ Bk)*(2+1/(3mp)), (S24)

1+ Bmp
mp
with [OOO PAB(k)dk = 1. For p =1 we recover the distribution in (20). The degree distribu-
tion from (S22) and (S24) can be seen in Figure S2.
Next we consider the average nearest neighbor degrees. We can state the following
proposition.

ProprosiTIiON S9. Consider the network formation process (G'f)teR+ of Definition S3
with §; =P, for all t > m + 1 in the continuum approximation and assume that (523)
holds. Then in the limit B — 0, the nearest neighbor degree distribution is given by

ko (k)= ﬁ(l—l—(l—kﬁk)(ln(l%—ﬁk} —-1)), (5§25)

and the average nearest neighbor out-degree is given by

o (( i+ 06,20 ) () )
k() = o (Bm(L+p(B =1 + 0540520 ) g ) —mB).

where a = (Bmp)/(1 + Bmp) and s = t(1 + Bk)~/2,

Observe that (S25) isindependent of p and identical to (23) from Proposition 5. From
Proposition S9 we find that for large k, the average nearest in-neighbor connectivity
grows logarithmically with k while the average nearest out-neighbor connectivity be-
comes independent of k and grows with the network sizes as ¢(#7P)/(1+Bmp),

PrOOF OF PROPOSITION S9. Let R; () = Zje/\/g ) k;(t). Up to leading orders in O(1/t)
we then have that [

dRs_(t): Z pm 1+Bkj(t)=g(1
t

d 1+ 8pm 1 Ekf(tHRs_(t))’

JENG, ()
where we have denoted a = (Bmp)/(1 + Bmp). The initial condition is given by R =0.
The solution is
_ 1 £\ t
Ro=5 (14 (2) (n(2) 1))
Using the fact that ¢/s = (1 + Bk)l/ % from (S23), we obtain
1
R; (1) = E(1 + (14 Bk)(—1+In(1 + Bk))).

With knn (k) = R / k, the expression in (525) follows.
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F1Gure S2. Comparison of simulation results with theoretical prediction of the link formation process in Definition S3 under global informa-
tionwith p=0.5,m=4,8=0.1,and T = 10°. Simulation results for the deterministic case (O), a uniform distribution X, ~ U{1, 2m — 1} (o),
and a Poisson distribution X, ~ Pois(m) (OJ). both with expectation E(X,,) = m are shown.
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Next we turn to the average nearest out-neighbor degree. Consider a vertex s that
has received a linking opportunity upon entry. Let Rf (1) = JENE (5) kj(t). Then up to
it
leading orders in O(1/t) we obtain

dR{ (1) _ a(l ' _afm n
= > ;(E+k](t)>_?(E+RS (t>>,
JENG, ()

where a = (Bpm)/(1 + Bpm). The solution is given by
RY(t)= —% + t9C,.

The constant C; is determined by the initial condition

N

1
R, = Z%(E - kj(t)>(kj(t) +1)= %(B —1+mpB(B—1)+s*"H(s,2a)).

j=1

We then obtain

1 a
R{()= E((Bm(l +p(B-D)+ %SZ”H(S, 20)) <S+L1> - MB>,

with s = ¢(1 + Bk)~1/% from (S23) and kf, = R (k)/m. O
Moreover, we can derive the clustering degree distribution.

ProrosiTiON S10. Consider the network formation process (G’tB )ier, Of Definition S3
with §; =P, for all t > m + 1 in the continuum approximation and assume that (523)
holds. Then, in the limit B — 0, the clustering degree distribution is given by

2 am—=1)( , mppB? ,
(k+ pm)(k + pm —1) n;pﬁ%zs <Sb a(m_l)Ms+((1+Bk) 1)

x (b(H%) (c+as® 1 ¢(s, 2a)) — 1) +b(1+ k)’ In(1 + Bk)>,

C(k)=

where a = (Bmp)/(1 + Bmp), b =2 —1/a, c = Bm(1 + p(B — 1)), the initial condition is
given by

21 2mp -
Mg = -+ —
S Ly

j=i+1 i=m+1

mp(m—l)sza—2 "1
(1+ppm)* \Z i

1221
i2_“ Z _.)’
j=i !

and s =t(1+ Bk)~1/e,

For large k (and small s, respectively) the first term in the initial condition My domi-
nates, and the behavior of the clustering coefficient is given by

C(k)~

—-2(1—a) 2(1/a-1) _ m m
2t (1+kB) mp(m —1) Zi—a Z i

(k+pm)(k+ pm—1) (14 ppm)* = j=itl
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We see that this expression grows with k as a power law with exponent 2(1/a — 2) =
—2+2/(mpB).'% Moreover, we find that the clustering coefficient is decreasing with the
network size as t~2(1=) = (=2/(1+mpp)

ProoFr oF ProprosiTION S10. We need to consider the same cases as in the proof of
Proposition 7. The probability associated with case (i) in Figure 10 is given by

pm(1 + Bky(1)) Z (m—-1(A+Bk;j(1))  pm@m—1)(1+ Bky(1))

+
(1+ Bpm)t (1+ Bpm)t - 1+ Bpm)*i2 (m+BRy).

JENE,(9)
Similarly, for the probability of case (ii) in Figure 10, we obtain
pm(1+ Bks(1)) Z (m—-1)(A+Bk;(1))  pm(m—1)(1+ Bky(1))

(1+Bmp)t 4= (14 Bpmy¢t (1+ Bpm)>t?
jENGt(S)

(ks(t) + BRy).

With Rj and R; given by (525) and (525), respectively, we obtain

dMs(t)  pm(m—1)(1+ Bks(1))
dt (1+ Bpm)1?
a2

m—1 - 1H 5 a ¢ a ¢ 2a | P a
-z pm;as((”“ “ ””( ) (s+—1> *(s) “(z) )’

where we have denoted ¢ = Bm(1 + p(B — 1)). The initial condition is given by

(m+ks(t) + B(RY +R)))

m(m—1) XS: 1+ Bki(s) 1+ Bkj(s)

Mg 1=p (@(m—i—l—i)@)(m—i—l—j)

2 iz (4 Bpm)s (1+ Bpm)s
o 1+ Bkj(i)
FOU=NOG —m pm 1)
o 1+ Bki(j)
+0( -0 m)pm(1+ﬁpm)(j— 1)>

B mp(m — 2a 2
B (1+Bpm>2

>3 prn Y ¥ )

i=1 j=i+1 i=m+1 Jj=i+1

where we have denoted a = (8pm)/(1 + Bpm). The initial condition M, together with
(S26) delivers

2 a(m—1) ( , mpp? b
Ck)= b M 1+ Bk’ —1
(k) (k + pm)(k + pm — 1) mpB3b2s g a(m—1) s+ ((L+ Bk )
a
X <b(s%1> (c+as** 'H(s,2a)) — 1) +b(1+ Bk)’In(1 + Bk)).
Together with the initial condition, this is the expression in Proposition S10. O

10We need only consider values of k such that C(k) does not exceed its upper bound given by 1.
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Next, we turn to the analysis of the connectivity of the networks generated by our
model. We consider only the simple case where m = 1 and the limit of strong noise with
B — 0, where the network formation process follows a uniformly grown random graph.

ProprosITION S11. Let Ns(t) denote the number of components of size s at time t. Con-
sider the network formation process (GtB )een Of Definition S3 with S; = P;_1 for all
t>m+ 1. Assume thatm =1 and B =0. If p < 1, then there exists no giant component
and the asymptotic (finite) component size distribution P(s) = lim,_, -, N(t)/t is given by

= pP(H)TGs)

P(s) = : (526)
) pr(l+ % +5)

When p =1, then there exists a giant component encompassing all nodes.

ProOF. Let N,(t) denote the number of components of size s at time ¢. For m =1, the
entrant ¢ forms only a single link and we need only consider the case of the component
with size s — 1 to receive a link in the contribution to the growth of N,(¢). It then follows
that

N1(2)

E/(Ni1(t+DIG]=Ni(t)+(A—p)—p

E[Ny(t + DGl = Ny(1) + p2= 1)75710) - pSN;(t), 522,

Denote ng(t) = sE;[Ns(t)]/¢t. Taking expectations in the above equations delivers

n(t+DH+1) =m@®t+ 1A -p)— pni(0)
ns(t+ 1Dt +1) =ng(t + p(s — Dng_1(t) — psns(1),  s=2.

For the stationary distribution P(s) = lim,_, « n5(¢), we then get

1-p
P(ly=—LX
1 1+p
_pG-D
P(s) = T+ ps P(s—1), s>2.

From this recursive equation, we obtain

S 1—p)(:)r
P(s)=P(p* '] kol ¢ . P) (f) (S),

which is (S26).

We next consider the generating function of the component size distribution g(x) =
Y o2 sP(s)x*. Observe that g(1) = Y 2 sP(s), the fraction of nodes in finite compo-
nents. In the absence of a giant component (that grows with ¢), we must have that
g(1) = 1. Inserting (S26) into g(x) we find that g(1) =1 as long as p < 1. Hence, the
critical probability for the emergence of a giant componentis p =1. O
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FiGure S3. Comparison of simulation results with theoretical predictions for the component
size distribution P(s) of the link formation process in Definition S3 under global information
with p=0.5,m=1, =0, and T = 10° (left panel), and with p =0.5, n;, =1, m =4, 8 =0 and
T = 10° (right panel).

From (S26) we find that the component size decays as a power law with exponent

1+1/p,ie,
1- 1 1
P(s) = Zpr<—)s—<1+1/m<1 +0<—)).
p p s

We finally note that when g — 0, the probability that a component H € G,_; of size s
receives a link at time ¢, and thus grows by 1, is given by

1+ Bki(1) p
Z _

(i ~L
(1+Bp)t (1+5p)tz(s+,3kz(t)) =

ieH ieH

where we have used the approximation ) ;4 k;(¢) ~ sp. This is the same probability for
the growth of a component of size s as in the case of g = 0 and, hence, we obtain the
same component size distribution as in (526).

H.2 Small observation radius

Next, we consider the case of a small observation radius corresponding to small values
of n,. Similar to our discussion in Section 3.2, the probability that an agent j € P;_; with
degree dg, ,(j) receives a link to the entrant at time ¢ up to leading orders in O(1/¢) is
given by

pm dg, () +1
1+m t )

KP(jIG 1)~ (S27)

Using the recursive solution of (11), we can state the following proposition.

ProrosiTiON S12. Consider the sequence of degree distributions {P;};cn generated by an
indefinite iteration of the network formation process (Gﬁ3 )ten Of Definition S3 with 8 = 0.
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Further assume that (S27) holds. Then, for all k > 0, we have P;(k) — P(k), where

(1+m)k!T(2+ 2EL)

P(k) = :
) (1+m(1+ p)HI(2+ 2L 1 k)

(528)

The proof of (S28) follows directly from the recursion in (11) and (S27).
With (S27) it follows for the dynamics of k(¢) in the continuum approximation that

dks(t)  pm ks(1)+1
dt — m+1 ¢t

>

with the solution

£\ (pr)/(1+m)
ks(t) = (E) -1 (829)
The degree distribution in the continuum approximation is then given by
Pk) = —1 * m(l + k)—(1+(1+m)/(pm)), (S30)
pm

with ]Ooo P(k)dk = 1. For large k, (528) and (S30) are equivalent. Moreover, for p =1,
we recover the distribution in (22). Next we turn to the analysis of the average nearest
neighbor degree.

ProrosiTiON S13. Consider the network formation process (GtB )ier, Of Definition S3
in the continuum approximation with n, small enough and assume that (529) holds. If
B =0, then the average nearest in-neighbor degree distribution is given by

ki (k) = %(1+ (k+ D(In(k + 1) — 1)) (S31)

and the average nearest out-neighbor degree distribution is given by

1
i) = "2k e P2 e 1)V g+ 1), 20, (832)

where a = (mp)/(1 + m).

Proor. Soastoderive (S31), let us denote by R; (¢) the sum of the in-neighbors’ degrees
of a vertex s at time ¢. We then have that

dR; (1) a =Y -
o= X fasko=1((7) -rero)
jeNg, ()

where we have denoted a = (mp)/(1 + m). The initial condition is R (s) = 0. The solu-
tion is given by

Ry (1) =1+ (k+ 1k +1) — 1),
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where we have used the fact that s = #(k + 1)~/ from (S29). Noting that kon(k) =R /k,
we readily obtain (S31).

Next, we consider the out-neighbors of s. Assume that vertex s has out-degree m and
denote by R/ the sum of the in-degrees of the out-neighbors of s at time 7. We then can
write

dRy (1) a nyxn, i) _a m(mp +1)
jej\/’gt(s) k=1 ( m )

The solution is given by R (1) = —(m(1+ mp))/(1 4+ m) + C,t* and the initial condition
is

+re) — - a o2 o 2a—1
R} (s)_j;s(uk,(s)) =as®™ 'H(s, 2a),

so that we get

1 a

R¥(py ="+ D ((f) = 1) +as™ = H (s, 2a).
m+1 s

Inserting s = ¢(k + 1)~/ from (S29) and using the fact that kpn(k) = RY/m delivers

(832). O

In a fashion similar as in Proposition 8 we can also compute the clustering degree
distribution.

ProrosiTiON S14. Consider the network formation process (Gf)teR+ of Definition S3
in the continuum approximation with ny small enough and assume that (529) holds. If
B =0, then the average clustering coefficient of an agent with degree k is given by Propo-
sition 8, setting a = (mp)/(m + 1).

Proor. We need to consider the same cases as in the proof of Proposition 8. We take
|S;| = ns(m + 1), ignoring terms of O(1/¢?). For the probability of case (i) we obtain

_ o—1 1
w2 D) mn—
P — (ns(m+1)) _p(m+1)(ns(m+1)—1)f'
= m
For case (ii) we get
s(m+1)—2
el b0 mm—n
prs()— (s0m D) P nm+ Dns(m+ 1) — 1)

similarly, for case (iii) we get

prns s ) M mm—1)
PMs(D)~ (ns(r’nn-i-l)) =P (m+1)(ng(m+1)—1)
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F1GURE S4. Comparison of simulation results with theoretical predictions of the link formation process in Definition S3 with p =0.5, n; =1,
m =4, and B = 0, where the network size is T = 10° (top row) or T =2 x 10° (bottom row). We show simulations for the deterministic case (),

a uniform distribution X,, ~ U{1, 2m — 1} (¢), and a Poisson distribution X,,, ~ Pois(m) (O), both with expectation E[X,,] = m.
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The dynamics of M(¢) is then given by

dMs(t) aim—1)
dt  tngm+1)—1)
b

= Y(m‘f‘ks(t) +M(1) = §<m+ (g) -1 +Ms(t))a

(m+ k(1) + M(1))

with @ = (mp)/(m + 1). This differential equation is identical to (27) and, hence, we
obtain the same result as in Proposition 8. O

In the following text, we study the connectivity of the emerging networks in the net-
work formation process introduced in Definition S3. We restrict our analysis to the case
of ng = 1. Observe that the probability that a component of size s grows by 1 unit due to
the attachment of an entrant ¢ is equivalent to the event that ¢ observes one of the nodes
in the component when constructing the sample S;. The probability of this event is £*.
Hence, we obtain the same component size distribution as in Proposition S11. We then
can state the following proposition.

ProprosITION S15. Let Ns(t) denote the expected number of components of size s at
time t. Consider the network formation process (Gﬁ3 )ten Of Definition S3 with ng = 1.
Then the asymptotic component size distribution P(s) = lim,_,« Ns(¢)/t is given by

(1= pL ()T

P(s) = :
’ pZF(1+%+s)

The proof follows the proof of Proposition S11.
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