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Repeated games with incomplete information on one side

MARCIN PESK1

Department of Economics, University of Chicago

This paper studies repeated games with incomplete information on one side and
equal discount factors for both players. The payoffs of the informed player I de-
pend on one of two possible states of the world, which is known to her. The pay-
offs of the uninformed player U do not depend on the state of the world (that is, U
knows his payoffs), but player I's behavior makes knowledge of the state of interest
to player U. We define a finitely revealing equilibrium as a Bayesian perfect equi-
librium where player I reveals information in a bounded number of periods. We
define an ICR profile as a strategy profile in which (a) after each history the play-
ers have individually rational payoffs and (b) no type of player I wants to mimic
the behavior of the other type. We show that when the players are patient, all
Nash equilibrium payoffs in the repeated game can be approximated by payoffs
in finitely revealing equilibria, which themselves approximate the set of all ICR
payoffs. We provide a geometric characterization of the set of equilibrium pay-
offs, which can be used for computations.
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1. INTRODUCTION

Many strategic situations involve long-run interactions in which there is uncertainty
about payoffs. Aumann and Maschler (1995) (written 1966-68) introduce repeated
games with incomplete information to model such situations. There are two players.
The informed player (player I, she) knows which of two states of the world is true; the
uninformed player (U, he) starts the repeated interaction with prior beliefs. Player I’s,
but not player U'’s, stage-game payoffs depend on the state of the world. It was under-
stood very early that this model leads to novel strategic issues that cannot be adequately
analyzed by focusing separately on either the uncertainty or the long-run aspect. These
issues include questions of learning, strategic revelation of information, and reputation
effects.
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As afirst step toward a complete analysis of equilibrium behavior, one may ask about
equilibrium payoffs. This is the goal of the current paper. Suppose that the two players
discount the future with the same discount factor 6, and that the stage-game payoffs sat-
isfy a certain full-dimensionality condition. Then, if the players are sufficiently patient,
all feasible payoffs that satisfy appropriate individual rationality and incentive compat-
ibility conditions can be approximated by payoffs in sequential equilibria. The main
result provides a geometric characterization for the whole correspondence of payoff sets
for each initial prior.

The analysis is divided into three parts. The first part characterizes a lower bound
on the set of payoffs in a simple subclass of finitely revealing equilibria. The second
part constructs an upper bound on the set of payoffs in profiles that satisfy both incen-
tive compatibility and individual rationality. The third part shows that these bounds are
equal. Specifically, when players are patient, any payoff in a profile that satisfies the
incentive compatibility and individual rationality conditions can be approximated by
payoffs in Nash equilibria; furthermore, any payoff in a Nash equilibrium can be ap-
proximated by payoffs in finitely revealing equilibria. As a by-product of the proof, I ob-
tain a geometric characterization of the equilibrium correspondence that can be used
in applications.

The full-dimensionality condition implies that there is an open set of player I’s pay-
offs such that for any degenerate prior p € {0, 1}, any payoff of I is attained in some equi-
librium. The assumption allows for flexibility in choosing continuation payoffs, and its
role and strength are comparable to the standard requirement in the folk theorem lit-
erature of a feasible payoff set with a non-empty interior (for example, Fudenberg et al.
1994).

I now describe the characterization in more detail. The major difficulty with re-
peated games with incomplete information is their lack of stationarity. The stage payoffs
of player U depend on his beliefs, which change throughout the game. Some station-
arity can be restored by focusing on finitely revealing equilibria, i.e. equilibria in which
player I reveals information in finitely many periods. During periods when player I does
not reveal information, the prior belief of player U does not change, and payoffs can be
analyzed through the methods of dynamic programming from the literature on games
with imperfect monitoring (see Abreu et al. 1990 and Fudenberg et al. 1994). Section 3
describes the lower bound on payoffs in finitely revealing equilibria, assuming full di-
mensionality; this in turn forms a lower bound on the set of payoffs in all equilibria. The
main result shows that these two bounds are equal.

The reader might find such a result intuitive. In any equilibrium, the belief of player
U is a martingale, and thus converges. This means that, with high probability, substan-
tial amounts of information are revealed only finitely many times, and thus any equilib-
rium is “approximately” finitely revealing. However, this intuition does not easily turn
into a proof, and in fact fails utterly in the no-discounting case, in which examples of
equilibrium payoffs that cannot be approximated by finitely revealing profiles are well-
known (see Aumann and Hart 1986).
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An ICR profileis any (potentially mixed) strategy profile that satisfies two conditions:

IR The continuation payoffs of each player after each history are individually rational.

IC Each type of player I is indifferent between playing any pure strategy in the sup-
port of her own mixed strategy and weakly prefers any such strategy to any pure
strategy in the support of the other type’s mixed strategy.

The incentive compatibility condition IC ensures that neither type of player / wants
to mimic the other. Any equilibrium profile is necessarily an ICR profile, but not the
reverse; in an ICR profile, player U is not required to best-respond to player I, and there
might be profitable deviations for some type of player I not in the support of I’s strategy.

Section 4 characterizes the upper bound on the set of ICR profiles. This characteriza-
tion is related to an idea in Fudenberg and Levine (1994), who show that the equilibrium
payoffs in a game with complete information (but imperfect monitoring) cannot lie be-
yond a certain hyperplane. Here one could try to use hyperplanes to bound payoffs in a
game that starts with some fixed prior p. However, in order to obtain a tight bound, one
needs to control payoffs across all games starting with any prior p € [0, 1] at the same
time. For this purpose, I use biaffine functions, i.e., functions that are affine in the prior
and payoffs separately. Biaffine functions are introduced in Aumann and Hart (1986) to
study bimartingales, which are useful in games with no discounting.

The lower and upper bounds are stated as correspondences that assign payoff sets
to prior beliefs p € [0, 1]. Characterizations in Sections 3 and 4 derive two classes of geo-
metric constraints on the infinitesimal changes in payoffs with respect to the infinitesi-
mal changes in prior beliefs. These constraints are different, but related. Using a certain
“differential technique,” I show that they can be satisfied by only one correspondence.

1.1 Related literature

The characterization of equilibrium payoffs is the goal of a large part of the repeated
games literature. This field originated with Aumann et al. (1966-68) and initially con-
centrated on the no-discounting criterion. In that model, Hart (1985) shows that all
feasible and individually rational payoffs that satisfy the incentive compatibility condi-
tion can be obtained in an equilibrium. Shalev (1994) and Koren (1992) present sharper
results in the case of known own payoffs, where player U’s payoffs do not depend on the
state of the world.

So far, there have been no analogous results for games with discounting. The most
advanced analysis, found in Cripps and Thomas (2003), looks at the limit correspon-
dence of payoffs when the probability of one of the types is close to 1.! It is shown
there that the set of payoffs of player U and the high probability type are close to the
folk theorem payoffs in a complete information game. Cripps and Thomas (1997) and
Chan (2000) ask the same question within the framework of reputation games. All these
results are proved by the construction of finitely revealing equilibria.

1Cripps and Thomas (2003) discuss also the limit of payoff sets when the two players become infinitely
patient, but player I becomes patient much more quickly than does player U. Their characterization is
closely related to Shalev and Koren’s results for the no-discounting case.
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This paper extends Hart’s result to discounting in the special case of two states of the
world and known own payoffs. The main result indicates a curious relationship between
incomplete information and long-run payoff criteria. In games with complete informa-
tion, the sets of equilibrium payoffs in the no-discounting and discounting cases are
equal, i.e., the folk theorem characterizations of Rubinstein (1979) and Fudenberg and
Maskin (1986) coincide. Under incomplete information, the difference between the two
cases is non-trivial: the set of equilibrium payoffs in the no-discounting case is included
(typically strictly) in the set of equilibrium payoffs in the discounted case. Section 2.11
explains this difference by comparing the meaning of individual rationality in each case.

Cripps et al. (2005) study reputation effects in games with strictly conflicting inter-
ests. They provide an upper bound on the payoffs of player U and the normal type of
player I. Although the authors do not state it in this way, their methods are very closely
related to the derivation of the upper bound on ICR payoffs in the current paper. (Note
that reputation games do not satisfy the full-dimensionality assumption; however, this
assumption is not necessary for the upper bound on ICR payoffs.) In fact, biaffine func-
tions lead to a simple argument for reputational effects, and they can be used to show
that these effects are continuous with respect to games that have only close to strictly
conflicting interests.

2. MODEL AND MAIN RESULT

This section introduces the model and definitions, then states the main result.

2.1 Notation

For any v € RX, let ||v|| be the Euclidean length of v. Let ®¢ C R4 be a set of all unitary
vectors in R4: & = {¢ € R4 : ||¢|| = 1}. Let ¢ C &4 be the subset of vectors with
nonnegative coordinates: @ff ={¢ : ¢ = 0}. I use the following set operators. For any
set A, let AA denote the set of probability distributions on A. For any A C R3,

¢ intA denotes the interior of A (the largest open set contained in A)
o clA denotes the closure of A (the smallest closed set containing A)

e projA denotes the projection of A on its last two coordinates:

proj A ={(vo, 1) : there is vy such that (vy, vy, v1) € A}

¢ conA denotes the convexification of A (the smallest convex set containing A).

2.2 Repeated game

Two players, uninformed U and informed I, repeatedly play a stage game. There are
finite sets of pure actions Sy for player U and S; for player /. Player I knows the state of
the world k € {0, 1}. I say that k is a type of player I and write —k =1 — k. Player I’s pay-
offs in the stage game depend on the state of the world and are given by g : Sy x St — R.
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Player U’s payoffs do not depend on the state of the world (known-payoff case) and are
given by gy : Sy x S; — R. Let M denote the uniform bound on payoffs:
M=ig]§3§l aUeIsI},%es,l gilau,ar). (1)

Players have access to a public randomization device (this assumption is for conve-
nience only and can be dropped using standard arguments). Let H; = (Sy x Sy x [0, 1])*
be the space of ¢-period histories of actions and public signals. A (behavior) strategy of
player U is a mapping oy : U H; — ASy. A (behavior) strategy of player I of type k is a
mapping ok : U Hy — ASy. A strategy profileis a triple o =(oy, 09, 01).

Future payoffs are discounted by the factor 6 < 1, the same for each player. Let
I'(p, 6) denote the game with initial prior p and discount factor 6. Let v (o7, o) denote
the repeated game payoff of type k when player U uses the strategy oy and player I uses
o. Let vy(oy, o) denote the payoff of player U facing type k. The expected payoff of
player U in the game with initial prior p is equal to pvy(oy,o1)+ (1 — p)vyu(oy, oo).
Denote the vector of payoffs as follows:

vP(oy,00,01)= (pruloy,o1)+ (1 —p)vy(oy,00), vo(ou, 00), 1i(oy,01)).

2.3 Nash equilibria

A strategy profile o = (0y,00,01) is a Nash equilibrium if oy is a best response for
player U and o (k =0, 1) is a best response for type k of player I. Denote the set of
Nash equilibrium payoffs in the game I'(p, 0) by

NEs(p)={vP(0): o is a Nash equilibrium}.

The correspondence NE; : [0,1] = R3 can be treated as a subset of [0,1] x R3. Define

NEC[0,1] X R3 by
NE= ﬂ o | J NEs.
0<l 6<6'<1
The correspondence NE describes the largest reasonable definition of the limit set of
equilibrium payoffs as 6 — 1. Notice that NE is necessarily closed and can be treated as
an upper hemi-continuous correspondence NE: [0,1] = R3.

2.4 Finitely revealing equilibria

An updating rule is a mapping p : UH; — [0, 1], such that p(&) = p. The rule p is con-
sistent with o if, given any history h;, beliefs are updated via Bayes’ formula after any
action a; € Sy such that oi(h)(a;) > 0 for some k = 0,1. The rule p is SR-consistent
(consistent with support restriction) if, additionally, U’s beliefs never change after any
history along which player I has already fully revealed her type (if p(h;) € {0,1} then
p(h¢, hs)= p(h;) for any continuation history (h;, h)).? A profile o is sequentially ratio-
nal given the updating rule p if, after any history h;, the continuation strategies are best
responses to the strategy of the opponent and beliefs p(#;).

2Madrigal et al. (1987) discuss various support restrictions in equilibria of extensive form games.
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Fix strategies oy, 0 of player I and an updating rule p. For any history h;, pe-
riod t is a period of revelation if (a) there is uncertainty about the types of player I
(p(h;) ¢ {0,1}) and (b) the types of player I play different (possibly mixed) actions at
period t (oo(h;)# o1(h;)). Say that strategy o is K -revealing for some K if there is an
SR-consistent updating rule p such that for any ¢, along any history h; the number of
periods of revelation ¢’ < ¢ is not greater than K.

For example, if py € {0, 1}, then the beliefs remain constant along any path (p;(h;)=
Po), and any profile is 0-revealing. If there is initial uncertainty about the type of player
I (po ¢ {0,1}), then in any 0-revealing profile o, two types of player I play the same
strategy along any path. The payoff in a 0-revealing o belongs to the convex hull of the
stage-game payoffs when player I’s types play the same action:

vP(o)e V=con{(gulau,ar), golav,ar), gi(ay,ar)):ay €Sy anda;€S;}. (2)

The set V C R3 is called a set of feasible non-revealing payoffs. Note for further reference
that V is spanned by finitely many vertices.

If player I follows a K -revealing strategy, it does not mean that she will stop revealing
any information after K periods. In particular, a K-revealing strategy does not put any
bound on the occurrence of the last period of revelation. Also, a K-revealing strategy
does not require player I to reveal her information fully.

A profile 0 = (0y,00,01) is a K-revealing equilibrium if there is an updating rule
p that is SR-consistent with o, o is sequentially rational given p, and (0p,01) is K-
revealing given p. Any K-revealing equilibrium satisfies the conditions for a sequential
equilibrium in Kreps and Wilson (1982).3 Denote the correspondence of payoffs in all
finitely revealing equilibria in game I'(p, 0) by

o0
FEs(p)= U {vP(0): 0 is a K-revealing equilibrium}.
K=0

Define the limit correspondence FE as
FE=| Jint (] FEs.
o<1 0<0'<1

The correspondence FE consists of all interior equilibrium payoffs in finitely revealing
equilibria for a sufficiently high discount factor 6. It is the smallest possible reasonable
definition of the limit set of finitely revealing equilibrium payoffs as 6 — 1. (Note that
the definitions of NE and FE interchange intersection and union to obtain the largest
and the smallest reasonable definitions.)

2.5 Individual rationality

Let (oy,00,01) be a Nash equilibrium profile. The expected payoff of player U is not
smaller than U’s minmax value; similarly, the weighted average of the expected payoffs

3Strictly speaking, it satisfies an appropriate extension of Kreps and Wilson’s (1982) conditions to games
with infinitely many stages. See also the discussion in Mailath and Samuelson (2006).
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of the types of player I is not smaller than the weighted minmax of player I:

pvyloy,01)+ (1 —plvy(oy,00) > my= max min gy(ay,ar)
ay<eASy ajeEAS;

and

povo(oy,00)+ @1v1(0y,01) = m(¢)= max min Z ¢rgr(ay, ar) for any ¢ € @7
areAS; ayeASy =01

For example, let ¢ ** € ®2 be such that ¢* =1 and ¢*% =0. Then m(¢**) is the min-
max payoff of type k in the complete information repeated game between player U and
type k. This is standard (see Hart 1985 or Sorin 1999). Define the set of individually
rational payoffs as

IR={(vy,vo,11): vy = my and V¢ € %, ¢ - (vo, v1) > my(P)}. 3)

Say that the profile o satisfies ex ante individual rationality if vP(o) € IR. Let
vP)(a|h,) denote the vector of expected continuation payoffs after the history h;
given the strategy profile o and an SR-consistent updating rule p. The profile o sat-
isfies the condition IR if

IR: vP(h)(a|h,) € IR after any positive probability history &, (where positive probability
is with respect to the prior beliefs of player U).

The condition IR requires that individual rationality hold not only ex ante but also
after any positive probability history. Of course, any equilibrium profile satisfies IR.

2.6 Incentive compatibility
Say that the profile o satisfies the condition IC if

IC: Given the strategy of player U, each type k of I is indifferent between the pure strate-
gies in the support of her own mixed strategy and weakly prefers any such pure
strategy to any pure strategy in the support of the mixed strategy of type —k.

If the profile o satisfies IC, then
vo(oy,00) = vo(oy,01) and vi(oy,01) = vi(oy, 00). 4)

Recall the set V of feasible non-revealing payoffs defined in (2). Consider the correspon-
dence

EC(p)={(pv,+1=p)w,vd,v]):v° v € Vsuch that v > vj and v] > v} (5)

Because of (4), if o satisfies the IC condition, then UZ(O‘) € EFIC(p). On the other hand,
one can show that each vector v € int EFIC(p) is the payoff in a profile that satisfies
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Type 1

Type 0

Non-revealing payoffs V EFIC(0)

FiGure 1. The construction of EF/€(0). The shaded areas correspond to payoffs that are individ-
ually rational for player U (vy > my).

the IC condition when § is sufficiently high.* For this reason, I refer to EF/C as the
correspondence of feasible and incentive compatible payoffs.

Because the sets EF/C(k), k =0, 1 are important later, it is helpful to develop some
intuition into how they are constructed. Figure 1 presents the construction of the set
EFIC(0). The left-hand side shows an example of the set of non-revealing payoffs V. The
solid line outlines the projection of V onto the payoffs of the player I types, proj V; the
shaded area is the set of payoffs of I that are associated with individually rational payoffs
of U, proj{u ev: vU > mU} Four payoff vectors v°, v!, u® u'! € V are indicated. Notice
that v} > v? and v > v?, hence v = (v, v, v}) € EFIC(0). Similarly, u = (ud, ud, uj) €
EFIC(0). The right-hand side of Figure 1 presents proj EF/€(0) (solid line) and proj{v €
EFIC(0): vy > my} (shaded area). In particular, because (v], v?) belongs to the shaded
area on the left-hand side, (vg, v1) belongs to the shaded area on the right-hand side. On
the other hand, because (ug, u(l)) does not belong to the shaded area on the left-hand
side, (1o, u1) does not belong to the shaded area on the right-hand side.

2.7 ICR profiles

A strategy profile o is an ICR profile if it satisfies the IR and IC conditions. Note that
the continuation profile of an ICR profile after any positive probability history is also an
ICR profile. Denote the set of payoffs in all ICR profiles in the game I'(p, §) and the limit

4Because v € int EF/C(p), there exist v°, v! €intV such that v = (pv}, + (1 — p)v), vg,v}), v) = v}, and
vl > v). Fix any two actions aj, at € S; such that a} # a*. Fix an action a}, € Sy. Define

1
5k = 5 (v* —(1-6)gula}, a}) gola}, a}) gi(aj, al))).

For sufficiently high §, 7* € V. Find strategy profiles o* such that v*(cg*) = 7* for k =0, 1. (Such profiles
exist because ¥ € V; public randomization may need to be used.) Construct a strategy profile o* such that
o*(@)=(ay,a;, at), o*(ay,a;)=0° and o*(ay,a,;) =o' for any ay and any a; # aj. Then o* satisfies the
IC condition and vP(o*)=v.
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correspondence by

ICRs(p)={v”(0): 0 is an ICR profile}

ICR=(cl ] ICRs.

o<l 6<6'<1

Any equilibrium profile is necessarily an ICR profile, but not the reverse. In an ICR pro-
file, player U is not required to best-respond to player I, and there might be profitable
deviations for each of the types of player I as long as they do not belong to the supports
of the mixed strategies of the two types.

2.8 Feasible, incentive compatible and ex ante individually rational payoffs

Let
E, =IRNEF¢(p). (6)

Here, E, is the set of feasible, incentive compatible, and ex ante individually rational
payoffs. As a corollary to the previous sections, we obtain the following result.

CoroLLARY 1. Forany 6 <1 andany p €[0,1], NEs(p) € ICR5(p) C E).

In general, the last inclusion is strict. This is because the IR condition requires in-
dividual rationality after any positive probability history, and that is, typically, more
restrictive than ex ante individual rationality. However, when the prior p = 0,1 is de-
generate, Proposition 1 in Section 3 shows that int E;, € NE(p). In particular, E, has a
non-empty interior if and only if NE(p) has a non-empty interior; in such a situation,
E,, = NE(k). (An analogous result holds in the no-discounting case; see Hart 1985.) °

Figure 2 presents the steps in the construction of the sets Ex, k =0, 1. The left-hand
side presents the projections proj EF/C(k), k =0, 1 on the sets of player I's payoffs (com-
pare with Figure 1). The shaded areas correspond to player U’s individually rational
payoffs and the thick line bounds the payoffs that are individually rational for player I.
By definition, Ej is the set of these payoffs in EF/C(k) that are individually rational for
the two players. The projections of the sets Ey are depicted as the shaded areas in the
central part of the figure.

2.9 Full-dimensionality

AssumpTioN 1 (Full-dimensionality). proj int Eg N proj int E; # @.

50ne can also check that

{(wy, ve) : (vy, ve, v_k) € Ex }

=con{(gu(ay,ar), grlav,ar): ay €Sy and ar € S} N {(vy, vi): vy = my and v > m;(¢p*)}.

Thus, the set of payoffs of player U and type k in the incomplete information game with degenerate prior
p = k is equal to the set of feasible and individually rational payoffs of players U and I in the complete
information game between player U and type k of player I. Not surprisingly, the above result implies the
complete information folk theorem.
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Type 1 Type 1

Type 1

Type 0

EFEIC(0) projE(0)
Type 1 Type 1

Type 0

<) projE(0)NprojE(1)

/(ype 0 Type 0

EFIC(]) projE(1)

FiGure 2. The construction of the sets Ey, and E;. The thick lines delineate the sets of player
I’s individually rational payoffs. The shaded areas correspond to payoffs that are individually
rational for player U (vy > my).

See the right-hand side graph of Figure 2. Full-dimensionality says that there are two
interior payoff vectors v° € int Ey and v! € int E; such that the payoffs of each type of
player I are equal, v,‘g = v,i for k = 0,1. The assumption relates directly to the standard
requirement of full dimensionality from the folk theorem literature (for example, Fuden-
berg et al. 1994). The next result says that if one drops the “int” from the assumption,
then it is always satisfied. The role of the assumption is explained in Section 3.3.

LemmMa 1. proj EgNproj E; #@.
Proor. For each k, choose a payoff vector v* € V that maximizes the payoff of type k of

player I among all payoff vectors in V that yield individually rational payoffs to player U:

vFearg max .

veVyoyzmy

Let af; € ASy be the minmax action of player U, i.e., the mixed action that guarantees
him at least my. Then, for k =0, 1,

k * k —k
Vg = amax gk(aU, ar)and U (7)
1EAS]

For k = 0,1, define uk = (v[’j, vg, v}). Because of (7), u* € EFIC(k). I now check that
uk € IR. For any ¢ € 92,

mi(@)< max > prgrldl,an< D max ¢ gx(dty;, ar) < > prvf.

areAS
I=29T k01 k=0,1 % k=0,1

Thus u* € Ey and (vg, v}) € proj Ej for k =0, 1. This yields the lemma. O
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2.10 Main result

So far, it is clear that FE C NE C ICR. The main result of this paper shows that the inclu-
sions can be replaced by equalities.

THEOREM 1. If Assumption 1 holds, then
clFE= NE=ICR.

In other words, all Nash equilibrium payoffs can be approximated by payoffs in
finitely revealing equilibria, and the limit set of all Nash equilibrium payoffs is equal
to the limit set of payoffs in ICR profiles.

Theorem 1 is proved in parts. Section 3 characterizes a lower bound FE* C cl FE. Sec-
tion 4 characterizes an upper bound ICR* 2 ICR. Section 5 shows that the two bounds
are equal. Assumption 1 is used in the first and the third parts, but is not necessary for
the discussion of the upper bound in Section 4.

2.11 Individual rationality and the no-discounting case

It is useful to compare the main result to the no-discounting case. Formally, define the
payoffs as Banach limits of the finite period averages of stage-game payoffs (see Hart
1985). Nash equilibrium profiles are defined in the standard way. Let NEyq4(p) € R3
denote the set of payoffs in Nash equilibria. (An interested reader is encouraged to look
at the excellent survey of all related methods in Sorin 1999.)

THEOREM 2 (Shalev 1994, Koren 1992). Forany k=0,1,
NE (k)= Ek.
Forany p €(0,1),
NEnq(p)={((1— p)v?]—i— pvllj, Vo, V1) (v(’j, v, 1) € Ex, k=0,1}.
In particular, for any p €(0,1)
proj NE;4(p) = proj Eo N proj E;.

The theorem has a simple interpretation: any equilibrium payoff can be obtained
in a 1-revealing equilibrium in which player I immediately reveals all her information
and subsequently the players play the complete information game. It is shown below
(Proposition 4) that, if Assumption 1 holds, then

NEnq(p) € cl FEC NE.

Thus, the payoffs in the no-discounting case are contained in the set of payoffs in the
discounted case. Typically, the inclusion is strict.

The discrepancy between the two cases can be attributed to the restrictiveness of
individual rationality.® Consider the following condition:

61 am grateful to Martin W. Cripps for suggesting this connection.
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IR-in-every-state: The profile o satisfies IR and after any positive probability history h;,
vy(ou,oklh:) > my for any type k of player I.

This condition says that the continuation payoffs of player U are individually ratio-
nal after all positive probability histories, conditional on each state of the world. In the
no-discounting case, the conditions IR and IR-in-every-state are equivalent. The intu-
ition behind this fact is very simple. If v{}d(aU,ak) <my< v{}d(aU, O _i), then the two
types of player I play substantially different mixed actions in infinitely many periods.
Thus, player U learns the type of player I in finite time, with a probability arbitrarily
close to 1. Upon learning that player I has type k, player U should play a best response,
which guarantees him a payoff of at least m . Since the payoffs received in finitely many
periods do not matter, it must be that v{}d((f U,O0k) > my. This yields a contradiction.

In the discounted case, IR-in-every-stateimplies IR, but IR is typically weaker. To see
why IR does not imply IR-in-every-state, notice that, in the discounted case, the payoffs
in each period matter. It may happen that player U agrees on a low-payoff action today
only because he counts on a reward tomorrow if player I turns out to be of type k. If
today’s action yields a payoff lower than my and tomorrow’s continuation payoff given
type —k is equal to my, then today’s discounted payoff given type —k is lower than my.

Because the condition IR is usually less restrictive than IR-in-every-state in the dis-
counted case, one should expect that a larger set of profiles can be sustained as equilib-
ria in the discounted case.

3. LOWER BOUND—FINITELY REVEALING EQUILIBRIA

In this section, I characterize the sets of payoffs in finitely revealing equilibria. It is con-
venient to consider separately equilibria in which player I begins with a non-revealing
strategy (Section 3.1) and when she reveals some information (Section 3.2). In the last
part, I construct a lower bound FE* on the correspondence of finitely revealing payoffs
FE.

3.1 Non-revealing strategies

Let v be the payoff in an equilibrium of the game I'(p, 6) and let v(ay, ar) be the contin-
uation payoffs. Let aj; and a}. denote the first period mixed action of player U and type
k of player I. Denote also the expected action of player I by a} = paj +(1— p)ag. Then,
by the definition of continuation payoffs,

vy =(1-6)gulay, a))+ovylay, a)),

8
vk =(1-0)gr(ay,, o) +ovi(ay, ap)for k=0,1. ®)

Because v is an equilibrium payoff, incentive compatibility must hold: for any ay, ao,
and a;,

vy > (1-6)gulay,a))+ovylay, ay)

9
Vi > (1-0)gj(ay, ar)+ovi(ay, ax) for k=0,1. ©
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If player I does not reveal any information in the first period, then the posterior be-
liefs of player U do not change. Thus, v(ay, ar) are equilibrium payoffs in the game with
the same initial prior. Such payoffs can be analyzed using the self-generation technique
of Abreu et al. (1990) that is further extended in Fudenberg et al. (1994), Fudenberg and
Levine (1994), and Kandori and Matsushima (1998). It is convenient to solve the fol-
lowing problem. Recall that ® € R3 is the space of unit vectors in R3, and fix ¢ € ®.
What is the highest possible value of ¢ - v if, after any realized action profile (ay, ar), the
continuation payoffs lie below a hyperplane ¢ that passes through v,

¢-viay,ar)<¢-v? (10)
It cannot be larger than

n(¢,p)= muaxq& -v such that there are mixed actions a7, € ASy, a;;, a] € ASy and
continuation payoffs v : Sy x §; — R® so that
(1) equations (8) hold
(2) the incentive compatibility inequalities (9) hold 11
(3) payoff corrections are separated from the origin by

the hyperplane ¢: inequalities (10) hold

*

(4) player I plays non-revealing strategies: if p €(0,1), then a;; = a].

There are two differences between the way that problem (11) is formulated and the
literature on games with imperfect monitoring. First, condition (4) requires that two
types of player I play the same strategies when the prior p is nondegenerate. This en-
sures that the actions of player I are non-revealing. Second, the continuation payoffs
depend only on the realized action of player I and not on the actions played by the two
types separately. However, the reader should not expect these to cause any major diffi-
culty. The first simply imposes a constraint on the set of available strategies; the second
is dealt with in a way analogous to games with imperfect monitoring that fail identifia-
bility (see, for example, Fudenberg and Levine 1994).

The next two results are proved in Section A of the Appendix.

ProrosiTION 1. For k=0,1,

intE Cint [|{v:¢-v<n(¢, k)} S FE(k).
Pped

This result constructs equilibria in which player U believes that he faces type k and
¢ - v <n(¢, k) for each continuation payoff v and each ¢.

ProrosiTiON 2. Fix p €(0,1) and set A C FE(p) such that A= clintA. Then

int[con(AU V)N IR] Cint ﬂ {v 1@ - v <max [Hllgf‘((j) . v’,n((j),p)] } C FE(p). (12)
ped v
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This result constructs equilibria in which player I plays non-revealing strategies un-
til the continuation payoffs fall into the set A. After that, players follow the equilibrium
strategies associated with payoffs in A. If A consists of finitely revealing payoffs, then
such profiles are also finitely revealing equilibria. In any such equilibrium, the payoff
vector is equal to the convex combination of some v € V and a € A where the weight on
v depends on the expected time it takes to push the continuation payoff into A.

As mentioned above (Section 2.9), Proposition 1 has an exact equivalent in the no-
discounting literature. The situation is only slightly different with Proposition 2. When
p €(0,1), Hart (1985) shows that the set of equilibrium payoffs is convex and contained
in IR. That result looks like equation (12), but with V dropped. The difference is easy to
explain: in the discounted case, periods in which player I plays non-revealing actions
contribute to the total discounted payoffs.

3.2 Revelation of information

I now show how to construct payoffs in equilibria that begin with the revelation of in-
formation. Take any po < p; and subsets of finitely revealing payoffs A,, < FE(p;) for
j =0,1. For any p €(po, p1), define the set

P—Po ;1 pPi—pP o j .
A, = v+ v, vo, U1 | i (v, vo,v1) €A, for j =0,1%.
p {(Pl Do U PL—Do o Yo 1) ( o Vo 1) pj J }

If the sets A, are open and convex, then A, is open and convex.
ProposITION 3. If the sets Ap; are open and convex, then A, < FE(p) for any p € (po, p1).

Proor. Assume that the set A, is non-empty (otherwise there is nothing to prove). Take
v =(vy, vy, V1) € Ap. By the definition of Ap;, there are payoff vectors

v/ :(V{p vo, V1) EAp, for j=0,1

such that

(v, vo, v1) = ( PZPo 1y PLZP o VOrVI)-
P1—Po pP1—Po

Because sets Ay, and A, are open and convex, and because of the definition of the
correspondence FE, there exist 0o and ¢ > 0 such that FE5(p) contains a ball with center
at v/ and radius 2¢: B(v/,2¢) C FE5(p) for 6 > 6¢. Assume that & is high enough that
(1-00)M < &. (Recall that M is defined in (1) as the uniform bound on stage game
payoffs.) I show that for all 6 > 6, B(v,¢) € FE5(p).

Find a profile of mixed actions of player I, (a9, a;), so that each type randomizes
between all actions in such a way that the posterior after every action is equal to either
po or p1. Denote by S]I the set of actions after which the posterior is equal to p;. Then
Sr = S? US}. Take any mixed action ay € ASy of player U. Construct continuation
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payoffs v : Sy x S; — R3 as follows. For a; € s,

1
vi(lay,ap)= 5 [vi —(1—6")gk(ay,ar)] forany k=0,1

1
vylay,ar)= 5 [U(k] —(1-8"gulay,pai +(1—p)ay)].

Then v(ay,a;) € B(v/,2¢), so there exist finitely revealing continuation equilibria with
payoffs v(ay, ar). Hence v is a payoff in a finitely revealing equilibrium. O
3.3 Finitely revealing correspondence
Let 7 be the collection of all correspondences F C [0,1] x R3 such that F(p) € R3 is

closed for each p €0, 1] and F satisfies the following properties.

FE-1 Forany a €[0,1], po < p1, and (vlk], vy, V1) € F(pg) for k=0,1,

(avll] +(1- a)l/(O], vy, 1) € F(ap: +(1—a)po).

FE-2 Ex C F(k)for k=0, 1.

FE-3 con(F(p)UV)NIRC F(p) for p €(0,1).

All three properties correspond to the propositions above: FE-1 says that F contains
all payoffs in equilibria that start with revealing information and later continue with
payoffs in F; FE-2 insures that F contains all equilibrium payoffs in states 0 and 1; and
FE-3 says that F contains all payoffs in profiles that start with a non-revealing action
and later continue with payoffs in F.

PROPOSITION 4. The correspondence FE* = (| F(p) is closed and FE* € 7, i.e., it satisfies
FeZF
properties FE-1, FE-2, and FE-3. Moreover, if Assumption 1 holds, then

FE*(p) € cl FE(p) for any p € [0,1].

Proor. The fact that FE* € & is immediate. In Section A.4 of the Appendix I show that
FE* is closed. For any p € (0, 1], define

FE'(p) = clint FE(p).

In the second part of Section A.4, I show that FE’ € & . By the definition of FE*, FE* C FE'.
This completes the proof. O

The correspondence FE* is a lower bound on the set of finitely revealing equilibrium
payoffs. This bound is characterized purely in geometric terms. Notice that the set FE*
is a function of the sets V and IR. Therefore any pair of stage games that have the same
minmax values and the same convex hull of non-revealing payoffs generate the same
sets FE*.
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This is a good place to explain the role of Assumption 1. The assumption implies
that there are two open and convex sets Ay € Ex, k =0, 1, such that

proj Ao = {(vo, 11): (v}, vo, v1) € Ak for k =0,1} = projA;.

By Proposition 1, sets Ay are contained in the sets of equilibrium payoffs for p = k.
For each p €(0,1), let A, be defined as in the statement of Proposition 3. Then, A, is
non-empty, open, and, by the above result, contained in FE*(p) € cl FE(p). (There is
a natural interpretation of the payoffs in A, as those obtained by a single full revela-
tion of I's type.) Hence, the assumption guarantees that for each p, the set FE*(p) C
FE(p) € NE(p) has a non-empty interior. This plays the same role as the standard full-
dimensionality assumption in the complete information case. Open sets give enough
room to construct continuation payoffs with appropriate incentives.

4. UprPPER BOUND—ICR PROFILES

This section develops tools to bound the set of ICR payoffs. By Corollary 1, ICR(k) € Ex
forany k=0, 1.

4.1 Separation with biaffine functions

The function [ : [0,1] x R? — R is biaffine if for any a € R, any p, p’ € [0,1], and any
(UO! Vl) ’ (U(/)r U{) ERZ’

lap+(1—-a)p’,vo,v1)=al(p,v)+(1—a)l(p’, vo, 1)
L(p, a(vo, 1)+ (1 = a)(vg, v;)) = al(p, vo, v1)+(1 = &)l (p, vg, V7).

PROPOSITION 5. Take any biaffine [ : [0,1] X R? — R such that for any k = 0,1 and any
(v['}, vé‘, vlk) €E UV,
v{} <I(k, vé“, vlk). (13)

Then, for any € > 0, there is 0o < 1 such that for all &6 > 0y, for any p €(0,1) and v =
(UU) Vo, UI)EICRﬁ(p):
vy <Il(p,vo, v1)+e.

Moreover, if the inequality in (13) is reversed, then the following statement continues to
hold with the inequality also reversed.

Take a biaffine function / that is above all ICR payoffs for degenerate priors, k € {0, 1}
(by Corollary 1, these payoffs are contained in the set Ex) and above the set of non-
revealing payoffs V (even those non-revealing payoffs that are not individually rational).
The proposition says that it is also above all ICR payoffs for any prior p € [0,1].7

“Biaffine functions (or more generally, biconvex functions) were introduced in Aumann and Hart (1986)
to analyze bimartingales, which Hart (1985) used in his characterization of the set of equilibrium payoffs
in the no-discounting case. In the no-discounting case, the thesis of Proposition 5 holds for any biaffine
funcion [ such that for any k =0,1 and any (v, v§, vf) € E, (13) is satisfied. In particular, it is not required
that / lie above (below) the set of non-revealing payoffs V. The proof in the no-discounting case is shorter
due to the bimartingale property.
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Suppose that the thesis of the proposition does not hold, and that v is a payoff in
an ICR profile such that vy — I(p, vy, v1) = € > 0. In the proof, I propose to measure the
information revealed by player I’s first period action by a specific function denoted here
as Info. In particular, if, in the first period, player I plays a non-revealing mixed action,
then Info=0. The proof of the proposition shows that there exists a continuation payoff
vector v(ay, ay) such that

vylay,ar)—1(p,vo(ay,ar), velay,ar)) > vy —L(p, vo, v1)+ O(e — Info). (14)

Here, O(e — Info) is not smaller than a term proportional to ¢ — Info. To see some intu-
ition, suppose that Info=0, that is, player I plays a non-revealing action and the vector
of first period payoffs belongs to V. Recall that v is a convex combination of the first
period payoffs and the payoffs in the continuation ICR profiles in a game with the same
prior p. Because the first-period payoffs belong to V and, by assumption, lie below the
biaffine function [/, there must be at least one continuation payoff vector v(ay, ar) that
lies further from the biaffine function / than the original payoff vector. In fact, I can
bound how much U’s continuation payoff moves away from [ by a term that is propor-
tional to the distance between the original payoff of U and /, which is of order ¢ (with a
coefficient of proportionality of order (1 —9).)

Because of (14), the distance between U’s continuation payoff and the biaffine func-
tion [ decreases only when player I reveals a substantial amount of information, and
increases otherwise. However, information cannot be revealed indefinitely—at a certain
moment, player U learns the type of player I, and there is nothing more to reveal. But
this means that the distance between U'’s payoffs and the biaffine function / must grow
to infinity. This leads to a contradiction. Hence, it cannot be that vy — I(p, vo, 11) > €.
The proof of the proposition develops this intuition formally.

ProoF oF ProrosiTioN 5. Take any (p,v) € ICRs such that p ¢ {0,1}. Let o =
(ou,00,01) be a strategy profile supporting v as an ICR payoff in the game I'(p, 6). Let
ay = oy(0) be the first period mixed action of player U, and a; = o(0) be the first pe-
riod mixed action of type k player I. Define the average mixed action used by player
I:

ar=pa;+(1—p)ao.

Let S} =supp a; = supp agUsupp a; be the set of actions that player I plays with positive
probability. After any action a; € S}, player U updates his prior about the state of the
world using Bayes’ formula:
pai(ar)

ar(ar)

For any positive probability pair of actions ay € suppay and a; € Sj, the contin-
uation payoffs v(ay,ay) are payoffs in an ICR profile. Let w(ay,a;) € R? denote the
continuation payoffs of the two types of I that would make them indifferent across all
actions in S7:

plar)=

1
wirlay,ar)=vr(ay,ar)+ E[Vk —(1-0)gklay,ar)—ovi(ay,ar)). (15)
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If type k of player I plays action a; with positive probability (i.e., a; € supp ax), then
vi(ay,ar) = wi(ay,ar); otherwise, vi(ay,ar) < wi(ay,ar). This follows from the IC
condition.

Suppose that the hypothesis of the proposition is satisfied, i.e., for any k = 0,1 and
any (v(’j, vé“, vlk) e E UV, vl’j < I(k, vé“, vlk). (The case of the reverse inequality is com-
pletely analogous.) I relegate two technical steps to the appendix. Section B.1 shows
that when ¢ is sufficiently high, then, for any a; such that p(a;) € {0, 1},

vylay,ar)—1l(plar), w(lay,ar)) <O0. (16)

Section B.2 finds a constant C < oo such that, if
€

vy —Il(p,vo, 1) > 5

’

then
1-6C
> ailan|vulav,an - (1plan, way,an) - —==Z(p(an)))]
aes; (17)
1-6C , 1-6
>VU—(Z(P,U0,V1)—T;P ) 15 £.
The constant C depends on the payoffs in the stage game and on the biaffine function
[, butnoton e oro.
Fix £ > 0 and choose ¢ high enough that ((1-6)/0)(C/¢e) < 4—118. Choose (p*, v*) € ICR;
so that

1-6C 2)]_1—58.

[vfj— (l(p*, Uy vf)—?%(p*)z)] > (p,vs)lel%)CR,; [UU_ (l(p, Vo, Ul)_T;p 85

Suppose that v}, — [(p*, v§, v) > 3¢. Because of (17), there is an action a; € S} such that

—-0C
vylaw,ap) - (Hptap, w'ay, an) - === =(p(a)?)

1—5 (18)

40

1-6C
> vy = (10", v, 0D) = —== (") + .

Because
1-6C

1-6C 1-0C
- 7= 2_- = *2<__<
5 E(p(az)) 5 g(p)_ 5 .S

€
4 )
it must be that

e €
vjlay,ar)—l(p(ar), w*(ay,ar)) > 5"1>0

Hence, by (16), p(aj) € (0,1) and w*(ay,a;) = (v5(ay,ar), vi(ay,ar)). Together with
(18), this means that there exists an action ay € Sy such that v};(ay, ar) is a payoff in an
ICR profile and

1-6C
vila,an - (I(plan). vjlav,an,vilav,an) - —=~(plan)?)
. . . 1=86C ,\ 1-8
>vU—(l(p,v0,v1)—T;p )+ 5 &
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(Note that the above bound corresponds to (14) with Info(a;) = 4(C/¢)(p(ar))? — p?).)
This contradicts the choice of (p*, v*). The contradiction implies that vj; — I(p*, v, v]) <
%s, and for each ¢ > 0, each 6 such that max(((1 —6)/0)(C/¢e),((1—0)/(46))e) < ;lls, and
for each (p, v) € ICR;,

" " o 1-06C 1-6C 1-0
vy —1l(p,vo, 1) < UU—l(p ,Ug, U1)+T;(p*)2—T?P2+F€

€ £ €
<—+-+-=¢ 0

4.2 The ICR correspondence

Due to Proposition 5, one can use information about ICR payoffs in games with de-
generate priors p € {0,1} to derive a bound on the payoffs in games with p € (0, 1).
The bound is not tight, and it can be tightened through a natural generalization. Sup-
pose that one has some information about ICR payoffs for some priors pg, p1, such that
po < p1. This information can be used to bound the sets of ICR payoffs ICR(p) for all
priors p €(po, p1)- Let .# be a collection of correspondences I C [0, 1] x R3 such that

ICR-1 I(p)< IRfor p €]0,1].
ICR-2 I(k)C Ey for k=0, 1.

ICR-3 Fix any 0 < py < p1 < 1 and any biaffine function / : [0,1] x R? — R such that for
any(v{,, Ué, v{)e](pj)u V,j=0,1,

v{, <lIl(pj, vé, v{) (or v{, > 1(pj, vé, v{)).
Then, for any a €(0,1) and any (vy, vg, v1) € I(ap:1 + (1 — a)po),
vy < l(apy+(1 = a)po, vo, v1) (or vy = I(ap: +(1 — a)po, Vo, V1)).

Property ICR-1 says that all payoffs are individually rational. Property ICR-2 says
that I(k) is contained in the set of equilibrium payoffs for degenerate priors k € {0, 1}.
Properties 1 and 2 correspond to Corollary 1. Property 3 is a separation property. It
extends the thesis of Proposition 5 to cover cases when py >0 or p; < 1.

ProprosiITION 6. The correspondence ICR* = Uje 41 is closed and ICR* € .¢. Moreover,
ICRC ICR* and ICR* satisfies properties FE-1 and FE-3.

Proposition 6 defines a geometric upper bound ICR* for the set of ICR payoffs. In
addition to properties ICR-1, ICR-2, and ICR-3, the proposition shows that the corre-
spondence ICR* satisfies properties FE-1 and FE-3 (defined in Section 3.3). The proof
of the proposition is based on the methods used in the proof Proposition 5 and can be
found in Section B.3.

Notice that conditions ICR-1, ICR-2, and ICR-3 that define the correspondence ICR*
are stated in purely geometrical terms and that they depend only on the sets V and IR.
Thus, two games with the same convex hull of non-revealing payoffs and the same sets
of individually rational payoffs generate the same correspondence ICR*. This remark
corresponds to an analogous observation about the correspondence FE*.
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5. PROOF OF THE MAIN RESULT

In the previous two sections, I construct correspondences FE* and ICR*. By Proposi-
tion 6, the correspondence ICR* contains the correspondence ICR. If Assumption 1
is satisfied, Proposition 4 says that the correspondence FE* is contained in the corre-
spondence cl FE. Hence, Theorem 1 is a consequence of Propositions 4 and 6 and the
following result.

THEOREM 3. Suppose that Assumption 1 holds. Then for any p €10,1],
FE*(p)=ICR*(p).

The characterizations in Sections 3 and 4 derive two collections of geometric prop-
erties that are satisfied by the correspondences FE* and ICR*. These properties lead to
constraints on the infinitesimal changes in FE*(p) and ICR*(p) with respect to infinites-
imal changes of p. These constraints are different, but related. The idea of the proof
of Theorem 3 is to make use of these constraints and show that they can be satisfied by
only one correspondence. This is done through a “differential technique.” The rest is di-
vided into three parts. First, I describe the correspondences FE* and ICR* through their
upper and lower surfaces. It is sufficient to show that the respective surfaces of the two
correspondences are equal. In the second part, I demonstrate that the upper surfaces of
the two correspondences are equal. The last part deals with lower surfaces.

5.1 Description of the correspondences FE* and ICR*

Define functions
wl, uf 11,17 :10,1] x R? - RU §—00, 00}

in the following way. Let

uf'(p)(wo, v1)=supivy : (vu, vo, v1) € con[FE*(p)U V1}
ul(p)(wo, v1) =supivy : (vy, vo, v1) € con[ICR*(p)U V1}

if the sets are not empty and —oo otherwise. For example, u!(p)(vo, v1) > —oc if and only
if (vo, v1) € projcon[ICR*(p)U V]. The functions u! and u describe the upper surfaces
of the correspondences ICR*(p) and FE*(p). Next, let

1F(p)(vo, v1) = inf{vy : (vu, vo, 1) € con[FE*(p)u V]}
1(p) vy, v) = inflvy : (vy, vo, v1) € con[ICR*(p)U V]}

if the sets are not empty and +oo otherwise. The functions I/, [F describe the lower
surfaces of the two correspondences. By property FE-3 of the correspondences FE* and
ICR* (Proposition 6), for each p €[0,1],

FE*(p)={v € IR: ¥ (p)(wo, v1) < vy < ul'(p)(wo, v1)}
ICR*(p)={v € IR: I'(p)(vo, 1) < vy < u'(p)(vo, )}
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Because FE* C ICR*, it must be that

u®(p)wo, v1) < u'(p)(vo, v1) (19)
1 (p)(wo, v1) < 1E(p)(vo, v1). (20)

To prove Theorem 3, it is sufficient to show that the inequalities (19) and (20) can be in
fact replaced by equalities.

The next lemma collects all the properties of the functions u!,u”,17,1F that are
needed for the subsequent proofs.

LEMMA 2. The functions u',ut,11,1F have the following properties.
@) uf(k)(vo, v1) = ul(k)(vo, v1) and 1¥(k)(vo, v1) = 11 (k)(vo, 1), for k =0, 1.
(i) u! and u® are concave in(vy, v1) and l! and IF are convex in (vy, v1).

(iii) u' is convex in p; u' is linear in p above the individually rational payoffs: if for
some py < p1 and (vy, v1) € proj IR,

u! (pr)(vo, v1) > my, fork=0,1,
then, for any p € [po, p1],

u!(p)vo, v1) = 2L w1 (p1)(vo, 1)+ L2 u (po)wo, v1).
P1—Po p 0

11 is concaveinp.

(iv) uf is concave in p above the individually rational payoffs: if for some py < p1,
(vo, 1) € proj IR,
uf(pe)(vo, v1) > my, fork=0,1,

then, for any p € [po, p1],

p—p

uF(p)vo, 1) > PP
P1

. UF(PO)(VO, v1).

©uF(p1)(vo, v1)+

IF is convex in p above the individually rational payoffs: if for some py < p1,
(vo, 1) € proj IR,
1 (pi)(vo, v1) > my, fork=0,1,

then, for any p € [po, p1],

1F(p)(wo, v1) < 2L 17 (p1)wo, v1) + L2 1F (po)(vo, 11).
P1— Po P1— Po

Proor. Part (i) is a consequence of FE-2 and ICR-2. Part (ii) comes from the definitions
of the functions u!,u*,17,1F. Part (iii) is a consequence of ICE-3 and Proposition 6
(the fact that ICR* satisfies property FE-1). Part (iv) is implied by property FE-3 of the
correspondence FE*. O



50 Marcin Peski Theoretical Economics 3 (2008)

Type 1 Type 1 Type 1

Type 0 Type f) Type 0
proj ICR(p) (light blue) and

jICR(0)= jE
proj ICR(0) = proj £(0) proj ICR(p’) (pink), p < p’

proj ICR(1) = proj E(1)

F1Gure 3. The sets proj ICR*(p) for p €10, 1].

Suppose that, instead of part (iv) of Lemma 2, its stronger version were true. More
precisely, suppose that the function u* is known to be concave in p for all p and (vo, v1).
Because of (19), uf(p) < u'(p) for all p, and, because of part (i) of the lemma, u*(p) =
ul(p) for p = 0,1. Because of part (iii), ! and I’ are convex in all p, which implies
that uf(p)=u!(p) for all p, and the correspondences ICR* and FE* are equal. Unfortu-
nately, the stronger version of part (iv) of the lemma is not generally true; the fact that the
functions uf and [ ¥ are known to be, respectively, concave and convex only above the
individually rational payoffs is the main source of difficulty of the proof of Theorem 3.

Observe that proj ICR*(p) consists of all payoffs (vy, v;) at which the upper surface of
ICR* lies above the individually rational payoffs, u/(p)(vo, v1) > my. These sets play an
important role in the statement of the lemma. It is helpful to notice that they have some
monotonicity properties.

Lemma 3. Forany p €(0,1),
proj ICR*(0) N proj ICR*(1) € proj ICR*(p) C proj ICR*(0) U proj ICR*(1).
Foranyp <p’,

proj ICR*(p) Nproj ICR*(1) C proj ICR*(p’) Nproj ICR*(1),
proj ICR*(p”) N proj ICR*(0) C proj ICR*(p) N proj ICR*(0).

By Corollary 1 and Proposition 1, projICR*(k) = proj Ej for each k = 0,1. The
left and right graphs on Figure 3 present the projections of the payoffs in ICR*(k) for
k = 0,1 on the set of player I's payoffs (compare with Figure 2). For general p € [0,1],
the sets proj ICR*(p) have the following monotonicity properties. First, projICR*(p)
contains the intersection of, and is contained in the union of the sets projICR*(0)
and projICR*(1). Next, projICR*(p) N projICR*(1) is (setwise) increasing in p and
proj ICR*(p) N proj ICR*(0) is (setwise) decreasing.

Proor oF LEMMA 3. Notice that (vg, v1) € proj ICR*(p) if and only if (vy, v1) € proj IR and
ul(p)(vo, v1) > my.
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The first inclusion is implied by property FE-1 of the correspondence ICR* (Propo-
sition 6) and part (iii) of Lemma 2 (the linearity of u! in p over individually rational pay-
offs). Take any (v, v1) ¢ proj ICR*(k) for k = 0,1. Then u!(k)(vo, v1) < my for k =0,1.
By part (iii) of Lemma 2, u!(p)(vo, v1) < my and (v, v1) ¢ proj ICR*(p). This implies the
second inclusion.

The monotonicity of the sets proj ICR*(p)Nproj ICR*(k) in p follows from part (iii) of
Lemma 2. |

5.2 Upper surfaces

The goal of this section is to show that the upper surfaces of the two correspondences are
equal, or, in other words, that the inequality in (19) can be replaced by an equality. There
are two steps. First, I define difference functions 0x(p), k =0, 1, that (indirectly) measure
the distance between the upper surfaces of the correspondences ICR*(p) and FE*(p). If
0y is identically equal to 0 for k =0, 1, then the upper surfaces of the correspondences
ICR*(p) and FE*(p) are equal. Next, I show that 6y is identically equal to 0.

5.2.1 Difference function For each k =0, 1, define auxiliary correspondences

Ir(p)=1{v € ICR*(p): ul(p)(vo, v1)= my and (v, v1) € proj ICR*(k)}
F*(p)=1{v €con(FE*(p)uV): vy > my}.

The correspondence Ix(p) consists of payoff vectors on the upper surface of ICR*(p),
for which player U’s payoff is equal to his minmax value and player I’s payoffs belong
to proj ICR*(k) for k =0,1. The correspondence F*(p) consists of payoff vectors in the
convex hull of the sets FE*(p) and V, and such that U’s payoff is not lower than the
minmax. Note that FE*(p) € F*(p), and the inclusion is typically strict, because the
payoffs of player I must be individually rational for any v € FE*(p). For each k = 0,1,
define functions

()= sup ing Aot =C 0D
vier(py v eF (p) (! (D)(vg, v{) — my)
with the convention that 0/0 =0 and a/0 = oo for a > 0. The functions 8; measure the
distance between the correspondences ICR* and FE*. By part (i) of Lemma 2, for each
k=0,1,
01(0) = 0 (1)=0.

The next lemma shows that if the functions 6y are identically equal to 0, then the in-
equality in (19) can be replaced by an equality.

LEMMA 4. Suppose that 0x(p) = 0 for each p = [0,1] and k = 0,1. Then u*(p)(vo, v1) =
ul(p)(vo, v1) for each p and each (vy, v1) € proj ICR*(p).

PrOOE. I show that for any (vg, v1) € proj ICR*(1)Nproj ICR*(p), we have u’(p)(vo, 1) =
u!(p)(vo, v1). For any (vg, v1) € proj ICR*(1), define

p(vo, vi)=inf{p : u’(p)(vo, v1) = my}.



52 Marcin Peski Theoretical Economics 3 (2008)

Because u!(1)(vo,v1) > my, p(vo, 1) is well defined. I show that for any (vg, 1) €
proj ICR*(1),

u’(p(vo, v1))(vo, v1) = u”(p(vo, v1))(vo, v1) > my. 1)

If p(vg,v1) =1, then (21) holds by part (i) of Lemma 2. If p(vy, v;) = 0, then the equality
in (21) holds by part (i) of Lemma 2 and the inequality comes from the convexity (hence,
upper semi-continuity) of ! in p. If 0 < p(vy, v1) < 1, then, by part (iii) of Lemma 2,
u!(p)(vo, v1) is convex in p €(0,1) and hence continuous in a neighborhood of p(vo, v1).
This implies that

(my, vo, v1) = (u’(p(vo, 11))(vo, 11), Vo, v1) € Li(p).

Because 6,(p) =0,

UF(P(UO, 1), (vo, 1)) > my,

which, together with (19), implies (21).
Observe that

u!(1)(vo, v1) = ut'(1)(vo, v1) > my for any (vo, v1) € proj ICR*(1).

Because of (21) and parts (iii) and (iv) of Lemma 2, the inequalities in (19) can be re-
placed by equalities for any p € [p(vo, v1),1].

An analogous argument shows that for any (vg, v1) € projICR*(0) N proj ICR*(p),
uf(p)(wo, 1) = u!l(p)(vo, v1). By the first part of Lemma 3, proj ICR*(p) C proj ICR*(0)U
proj ICR*(1). This concludes the proof of the lemma. O

Notice that for any (v, v1) € R?, ul(p)(vo, v1) is either (a) equal to a convex combi-
nation of the form

u'(p)vo, v1)=avy +(1—a)u'(p)(vi,v))

for some a € [0,1], vV € V, and (v},v{) € projICR*(p) such that a(v),v))+
1- a)(vé, 1/11) =(vo, 11), or (b) equal to —oo if such a tuple of elements cannot be found.
Because

u”(p)(vo, 1) > avy +(1—au”(p)vg, v),

the previous lemma leads to the following result.

COROLLARY 2. Suppose that Or(p) = 0 for each p = [0,1] and k = 0,1. Then we have
uf(p)(wo, 1) = ul(p)vo, v1) for each p and each (vy, v1).

5.2.2 “Differential” step Here I show that 8;(p) =0 for p €[0,1] and k =0, 1. Because
the arguments are exactly analogous, I assume without loss of generality that k = 1. To
save on notation, I also drop the subscript and write 8 instead of ;.

The next result is a crucial step in the proof.
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LemMmA 5. Suppose that 0(p*)=0 for some p* < 1. There are constants D and d*, 0* > 0,
such that if 0(p) < 0%, then

0(p )< 0(p)+D((p"~p)O(p)+(p’ - pY) (22)
forany p,p’ €[p“, %(1 + p*)] such that p <p’ and p’ — p < d*.

Hence, 0(p’) is bounded by 8(p) plus a term that is of second order in 8(p) and
p’ — p. The lemma is proved in Section C (in the Appendix).
Suppose that 6(p*) = 0 for some p“ < 1. I show that 8(p) = 0 for any p €

[p”,%(l#—p“)]. Take any
1 /D 1
m > max [E’ E’D’EEAD]

and consider any increasing sequence of numbers p% =py < p; < < pom < %(1 +p*)
such that |p,~+1 - p,-| < % < d* for all i. Applying Lemma 5 once shows that 8(p;) <
D(%)2 < @*. Inductive application of Lemma 5 leads to

0(pi))<0(pi-1))+D((pi — pi-1)0(pi-1)+(pi — pi-1)*)
<max(0(pi-1), pi — pi-1) 1 +2D(p; — pi-1))

1 1
<max (0(1%1)—) (1+2D—)
m m
1 1!
< max (9(191)»—) (1—|—2D—)
m m
: (D )( : )zm
<—max| —,1 1+2D—
m m m

< 1 o4D.
m

Lemma 5 applies at each step because the choice of m implies that 8(p;) < 6*. Since
any sequence of p;’s could have been chosen, it follows that for any p € [p“, 2(1+ p*)],
0(p) is not larger than 1/m times a constant. But, in turn, any large m could have been
chosen. This shows that 8(p) =0 for any p € [p¥, %(1 +pH)].

I use the lemma to prove that 8(p) = 0 for all p. Recall that 8(p) =0 for p =0, 1.
Construct a sequence of prior beliefs: py =0 and

1
PZ+1:§(1+P,L;)-

Then lim, p¥ =1, and the above argument shows that 6(p)=0 for any p € [0, 1].
Together with Corollary 2, this means that the upper surfaces of ICR* and FE* are
equal.
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5.3 Lower surfaces

The goal of this section is to show that the lower surfaces of the two correspondences
are equal (that is, the inequality in (20) can be replaced by an equality).
For any p €10,1] and any (vy, v1), define

0(p,vo,v1)= lF(P)(Vo, v1)— lI(P)(Vo, V1),

where, as a convention, I take co—oo = 0. The function 8 measures the distance between
the lower surfaces of the two correspondences. Because of (20), 8(p, vy, v1) > 0. Notice
that I F(p)(vo, v1) < oo whenever uf(p)(vy, v1) > —oo. This is equivalent to u!(p)(vo, v1) >
—00, which, in turn, implies that I /(p)(vo, v1) < 00. Hence, 8(p, vo, v1) is always finite and
bounded by 2M.

The proofs of the two lemmas below can be found in Section D (in the Appendix).

LemMA 6. Suppose that 6(p, vy, v1) > 0 for some p, vy, v,. Then there is p’ € [0,1] such
that

0(p’, vo, v1) > B(p, vy, 11)
1'(p")(vo, 1) < my — 160(p’, vo, 1)
LemMA 7. Suppose that
I (p)(wo, 1)< my — %9(19, Vo, V1)
for some p, vy, v1. Then, there exist vy and v, such that

4M
AM — 0(p, vy, 1)

0(p, vy v)) = 0(p, vo, 1)
Denote
0*= sup O(p,vo, 1)
pEl0,1],(vo,v1)
and suppose that 8* > 0. I show that this leads to a contradiction. Choose p € [0,1] and
(vo, v1) such that 0(p, v, v1) > %0*. Notice that p € (0,1). Alternating between the two
lemmas, I construct a sequence (p”, v, v{*) such that

4M

m)ne*—mo.

1
no,n o nys -
0(p", vy, v") = 2(
This yields the contradiction.

6. COMMENTS AND CONCLUSION

An interesting application of the methods developed in this paper is present in unpub-
lished work by Gregory Pavlov, who studies repeated bargaining between a firm and a
union. The union is uncertain about the firm’s commitment to aggressive bargaining.
It turns out that the best equilibrium for the union involves a screening phase during
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which the union resorts to strikes and the firm reveals information about its type finitely
many times. When one interprets the discount factor converging to 1 as a division of
periods into smaller and smaller units, the length of the screening phase converges to a
positive constant. Pavlov uses differential equations to describe the set of equilibrium
payoffs.

The model of this paper has obvious limitations. For example, it is stated for only
two states of the world. When there are more than two states of the world, it is still pos-
sible to define finitely revealing equilibria and construct the correspondence FE* as in
Proposition 4. One can also show an analog of Proposition 5. However, it is unclear how
to proceed further and prove that the two bounds are equal. In yet another extension,
one can relax the known-own-payoffs assumption.

More importantly, this paper is concerned only with one-sided incomplete informa-
tion. I believe that it can serve as a step toward the characterization of payoffs in games
with multisided incomplete information. So far, that problem remains open.?

APPENDIX
A. PROOFS FOR SECTION 3
A.1 Linear problem (11)
In order to solve the linear problem (11), it is convenient to introduce payoff correction

functions?® x : Sy x S; — R3. Let

x(ay,a;)=06(g(ay,a;)—v(ay,ar)).

Then (8) and (9) take the form

vy > gulay,a})+xylay,aj)

ve > gjlay, ar)+xx(ay, ax) for k=0,1,

with equalities when ay € suppaj; and ay € suppaj. Similarly, (10) corresponds to
¢ -x(ay,ar) <0. The payoff corrections are used to characterize the function n(.).

LEmMMA 8. (i) Ifeither (a) ¢ > 0 for some k = U,0,1 or (b) ¢y < 0 and ¢ <0 for some
k=0,1, thenn(p,¢)>maxycy ¢ -v'. If p<(0,1), thenn(p, ) =max,cy ¢ - v'.

(i) If py=—1and ¢ =0, for k=0,1, thenn(p,¢)=—my.

(iii) If ¢y =0 and for k=0,1, ¢ <0, thenn(p, ¢)=—mi(—po, —1).

8In a recent paper, Athey and Bagwell (forthcoming) study a repeated Bertrand duopoly where each
firm has private information about its own costs. A specific structure of the game allows the authors to use
mechanism design tools to describe the optimal equilibria. It would be very interesting to check whether
the methods of this paper extend to their model.

9This representation is introduced in Kandori and Matsushima (1998). They refer to x(.,.) as a “sidepay-
ment contract.”
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(iv) Ifeither (@) ¢o, 1 >0 or (b) ¢y # 0 and for some k =0,1, ¢p_i >0, thenn(k,p)=
00.

Proor. The proof consists of solving the linear problem (11) for each case separately.
The first three parts are relatively standard and therefore omitted.

Case (iv)(a). Suppose that k = 0 and that ¢, ¢, > 0. Take any pure actions a7, € Sy,
ay,a; €Sy, such that aj # aj. I enforce the profile (aj;, ag, a}) with a payoff correction

x(aj;, ay)=(0,0,0) and x(aj;, a]) = X; for any large X.

e Choose the payoff correction x1(ay, ar), (auy,ar) # (aj;, ag) so that type 1’s incen-
tive compatibility holds.

e Choose xo(aj;, a7) small enough so that type 0’s incentive compatibility holds and
condition (10) is satisfied at the profile (a*{], a"{) (this can be done because ¢, > 0).

e Choose xo(aj;, ao), ao # ay, aj small enough so that type 0’s incentive compatibil-
ity holds.

e Choose x1(aj;, a1), a1 # aj, so that type 1’s incentive compatibility holds and con-
dition (10) is satisfied at the profile (a"(‘], ap) (this can be done because ¢; > 0).

e Choose all other payoff corrections to make (10) satisfied for any other pair of
actions.

Case (iv)(b). Suppose that k =0, ¢y # 0, and ¢; > 0. Take any pure actions aj; € Sy,
ag, aj €Sy, such that aj # aj. I enforce the profile (aj), ay, a}) with a payoff correction

x(aj;, ay)=(0,0,0) and x(aj;, a]) = Xi for any large X.

e Choose xy(ay, ap), ay # a’{], so that player U’s incentive compatibility holds.
e Choose xo(a’{], ao), ao # aj, so that 0’s incentive compatibility holds.

e Choose xy(aj;, a}), to make condition (10) satisfied at the profile (a7, a}) (this can
be done because ¢ #0).

e Choose x1(aj;, a1), a1 # aj small enough so that 1’s incentive compatibility holds
and condition (10) is satisfied at the profile (a”{],al) (this can be done because
¢1 > 0)

¢ Choose all other payoff corrections for players U and type 0.

e Choose x1(ay,ar), ay # aj,, to satisfy condition (10) at profiles (ay, a) (this can
be done because ¢ #0). O
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A.2 Proof of Proposition 1

LEMMA 9. Forany k =0,1,

ExS(Yiv:¢-v<n(k,).
¢

ProoOF. Suppose that k =0. Observe that

IR= m fvig-vnlk ¢

¢ satisfies cases (ii) and (iii)
from Lemma 8

I show that

EFIC(0)C m fvig-v<n(0,¢)}.

¢ satisfies case (i) but not cases (ii)—(iv)
from Lemma 8

Indeed, take any (v{), vJ,v}) € EFIC(0) where v°, v € V and v? < v}, v} < v. Suppose
that ¢ satisfies case (1) and ¢, < 0; then

¢ vl v <@, v, v)) < maxg - v <n(0, ¢).

Suppose that ¢ satisfies case (i) but not cases (ii)—(iv) and that ¢»; > 0. Then it must be
that ¢y =0 and ¢ < 0. Hence,

¢ (v, g, v)< @ - (v, vy, 1) <maxg - v <n(0, ). O
v'eVv
Take a closed convex set with a smooth boundary

E*CintE C [ |{v:¢-v<n(k,¢)}.
(S

(Note that the second inclusion holds by Lemma 9.) I show that there exists 0 such that
E* is a set of equilibrium payoffs for any 6 > §. Take any boundary vector of payoffs v €
bd E* and a vector ¢ normal to E*. For a high enough 6, there is a mixed action profile
(au,ap, a1) € ASy x AS; x AS; and a continuation payoff function v : Sy x Sy — int E* so
that the payoffs v are supported by the profile and the continuation payoffs (equations
(8)) and incentive compatibility hold (inequalities (9)). By the argument in Fudenberg
et al. (1994), for each v € E* there is an open set U > v such that each 0 > 6,, each
v’ € E*Nv can be supported with an action profile and continuation payoffs inside E*
so that incentive compatibility holds. In the terminology of Fudenberg et al. (1994), E* is
locally self-decomposable. Lemma 4.2 of Fudenberg et al. (1994) shows that E* C FE(k).
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A.3 Proof of Proposition 2

Assume without the loss of generality that A is convex (if not, then it is easy to use public
randomization to construct non-revealing equilibria with payoffs in con A). By Parts (i)-
(iii) of Lemma 8, if p €(0, 1) then

—my if¢U=—1,¢0=¢1=0
np, @)= —mi(—=go,—¢1) if g0, 1 <0,y =0

max,cy ¢ -V’ otherwise.

Together with the definition of individually rational payoffs IR in (3), this implies that
the first inclusion in (12) holds as a equality:

int[con(AU V)N IR] =int ﬂ {v 1@ v <max [nllajup . v’,n((j),p)] }
ped v'e

In order to show the second inclusion, an intermediate result is needed.

LemmMmA 10. Suppose that A’ C A is closed and convex with a nonempty interior and a
smooth boundary. Then for each v* € int[con(A’ U V)N IR] there is € > 0 and a closed,
convex set W C IR with a nonempty interior and a smooth boundary such that v* € W,
and for each v € bdW and ¢ € ® such that ¢ is normal to W at v, either v € A’ or

¢-v=<n(¢,p)—e.

Proor. Instead of a complete argument, I present only the construction of the set W.
For each ¢,7 > 0, define

W, = ﬂ {v:(p-vSmax[glee}‘;gqb-v’,n((p,p)—e]}
ped

Wey={vew: inf v-v]z7}

We,y= {v : y/ier‘l/ér ||v - U’H < 7}.
The set W, consists of the elements of W, that are at least y-far from the complement
of W;; the set Ww consists of the vectors that are at most y-far from W, ;. Observe that
Ww C W, but the inclusion might be strict. It is easy to check that, for sufficiently
small € and 7, Ww is closed and convex, and has a nonempty interior and a smooth
boundary. It is easy to see that U, s~oW., = int[con(A’ U V)N IR]. Because A’ has a
smooth boundary, when 7 is sufficiently small, A’ € W, .. One can check that, for such
¢andy and any v ebd W, \ 4, if ¢ isnormal to W, , at v, then ¢ - v <n(¢,p)—e. O

Take any v* € int[con(A U V)N IR]. There exist 6y < 1 and closed, convex sets A’ and
A” such that A’ C intA” € A” C intA, v* € int[con(A’ U V)N IR], and A” € FEs(p) for
0 > 0y. By the previous lemma, there exists £ > 0 and a closed, convex set W with a
nonempty interior and a smooth boundary such that v* € W and for each v e bd W and
¢ € ® such that ¢ is normal to W at v, eitherv € A’ or ¢ - v < n(¢, p)—&.
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I show that there exists 0* > §¢ such that W C FE5(p) for all 6 > 6*. More precisely,
show that for each v € W, either (a) v €intA”, hence v is a payoff in a finitely revealing
equilibrium, or (b) v is supported by a profile of mixed actions a7, a, k =0,1, and con-
tinuation payoffs v(ay,ar) € W (equations (8)) such that incentive compatibility (in-
equalities (9)) holds. Using the argument for Lemma 4.2 of Fudenberg et al. (1994), one
can construct a strategy that makes v € W a payoff in a finitely revealing equilibrium.

I show that (b) holds for any v € W\ int A”. By the definition of the function n(¢, p),
there exists 0, < 1 such that for each 6 > 6, there is a profile a*{,,a’,‘c, k =0,1 and contin-
uation payoffs v(ay, ar) € int W so that equations (8) and inequalities (9) hold. Because
the continuation payoffs v(ay, ar) belong to the interior of W, for each v, one can find a
neighborhood U, > v such that 6, > 6, for each v’ € U,,. Because W\ intA” is compact,
one can find 6* > 0 such that for each 6 > 6* and each v € W\ int A”, there are a mixed
profile and continuation payoffs so that (8) and (9) hold.

A.4 Proof of Proposition 4

This section contains the steps missing from the proof of Proposition 4.

A.4.1 FE*is closed Suppose not and there is (p”,v") — (p*, v*) with (p",v") € FE*
and v* ¢ FE*(p*). Without loss of generality I assume that p” > p* for all n (taking a
subsequence might be necessary). Since FE*(p*) is closed and bounded (notice that
[—M, M]3 x [0,1] € Z) and satisfies property FE-3, there is a vector ¢ = (¢, Po, 1) € P
such that ¢y #0 and
¢-v*> sup ¢-v=x"
VEFE*(p*)JV

[ assume without loss of generality that ¢y > 0 (the argument in the other case is analo-
gous). Let X1 = sup,cgp«1),v @ - v- Define the biaffine function [, : [0,1] x R? — R by

1 rp—p* 1-p 1
l ) ) = - —
o(p,vo, V1) ¢U(1—P*x1+ l—p*x ) ou
Then vy < ly(p, vo, 1) for each p € {p* 1} and for each v € FE*(p)U V and for high
enough n, vj; > ly(p", vy, v').
Define

(@0, ¢1) - (vo, v1).

FE* ={(p,v)€ FE*:if p* < p <1, then vy < l4(p, vo, v1)}.

Then for a high enough n, v ¢ FE*(p"). 1 show that FE** satisfies properties FE-1,
FE-2, and FE-3. Because v" € FE*(p™) and FE** C FE*, this implies that FE* is not the
smallest set in the collection %, which contradicts the definition of FE*.

It is immediate to check that FE** has properties FE-2 and FE-3. I check that FE**
satisfies property FE-1.

LEmMA 11. Suppose F € [0,1] x R3 satisfies property FE-1. Suppose that there are py < p1
and a biaffine function | such that

vy < l(pj,vo, 1) foreach v € F(p;) and j =0, 1.
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Define
F*={(p,v)eF:ifp*<p <1, thenvy <Il(p, vy, 1)}

Then F** satisfies property FE-1.

One can apply the lemma to the correspondence FE*, priors p*, 1, and biaffine func-
tion [y to conclude that FE** satisfies FE-1.

PrOOF OF LEMMA 11.  Take any p”® < p’! and (1/{], vo, 1) € I'(p”7), j = 0,1. For any p,
define v? = ((p—p”)/(p" —p")v' +((p" —p)/(p"* — p’*))v°. Notice that by the biaffinity
of I,

vf, —I(p,vo, 1) (A1)

is affine in p. Because F satisfies FE-1, then v? € FE(p) for any p € [p®, p"].

If p’°, p’! € [po, p1], then v, < I(p"/,vo,v1). The biaffinity of I implies that v}, <
I(p, vy, v1) for each p € (p”, p').

If p’ < po < p’t < p1, then v}, < 1(p”, vy, v1). Suppose that there is p € (po, p’') such
that v[’} > I(p, vo, v1). Then it must be that le] > I(p”, vy, v1). Thus (A.1) is decreasing in
p. In particular, vf,‘) > [(po, Vo, V1). But this contradicts the thesis of the lemma.

If p’° < po < p1 < p’* and there is p € (po, p1) such that v}, > I(p, vy, v1), then, for
at least one j, v{] > I(p"/,vo,v1). Suppose that j = 0. We have v}] > 1(p"!, vy, 11), so
vPi > 1(pj, vo, v1) for any j =0,1 (because (A.1) is affine). If v}, < I(p"', v, 11), then (A.1)
is decreasing in p and UZO > I(po, Vo, v1). In each case, we get a contradiction to the
thesis of the lemma. O

A42 FE' € Z 1need to check that FE’ satisfies properties FE-1, FE-2, and FE-3. As-
sumption 1 implies that for £k = 0,1, the sets E; have a non-empty interior. Because
E is convex, we have Eyx = clint Ex and E; € FE'(p) by Proposition 1. This establishes
FE-2. Proposition 2 implies FE-3:

FE'(p)=clint FE(p) C clint[con(int FE'(p)U V)N IR] C FE'(p).

Thus only property FE-1 needs to be verified. Recall that Assumption 1 together with
Proposition 3 imply that there are non-empty, open, and convex sets A, C int FE(p),
p €10,1], such that projA, = projA, for any p, p’ €[0, 1].

Take p° < p! and v/ = (U{], vo, v1) € FE'(pJ) for j = 0,1. I show that for any p €
(% p"),

vP

_p0 1_
_Pp i PP
p-—p p-—p
There are sequences v/ = (v{,’n, vé'n, v{’n) €int FE(p/) such that v/" — vJ for j =0,1. 1
have already established property FE-3; hence

v® € FE'(p). (A.2)

con[{v/"} UA,]1C int FE(p/) for each j, n.
A simple continuity argument shows that

intcon[{v/} UA,]1C FE'(p"),
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where intcon[{v/} UA,;] is non-empty, open, and convex. But this implies that se-
quences v/ — v/ can be chosen in such a way that (v,"", v)"") = (v,"",v;""). Then,
for each p € (p°, p1),

P=r° 1, P'=P on_-
pPn = v+ v”" eint FE(p).
pl—po pl—po

Because v —3 vP, this demonstrates (A.2).

B. PROOFS FOR SECTION 4

B.1 Proof of property (16)

Suppose that p(a;) = 0. There are open neighborhoods U 2 IR and Ug 2 EFIC(0) such
that for any (uy, ug, u1) € UrNUg, uy < 1(0, ug, u1). I show that for a high enough 6,
(vulay,ar), w(ay,ar)) € UrNUE.

Because of the IR condition, vy(ay, ar) > my and (vy(ay, ar), vo, v1) € IR. By (15),

1-6
lw(ay,ar)—(vo, v1)ll SZTM- (B.1)

Hence for 6 high enough, (vy(ay,ar), w(ay,ar)) € Usp.

Let 0’ denote the strategy of player I that takes action a; in the first period and then
follows with continuation strategy oo(ay,ar); let vy(oy,o’,0’) denote the expected
payoff of player U when the two types of player I use the strategy o’. Recall that af-
ter observing aj, player U is certain that he faces type 0. Hence the difference between
the expected payoffs vy(oy,0’,0’) and the expected continuation payoffs vy(ay, ay) is
not larger than the difference between the first-period payoffs and

|vulay, an=vuloy,o’,0")|| < %M. (B.2)

Clearly,
(vu(oy,0’,0"),vo(oy,0’,0"), 1i(0y,0’,0")) € V.

Type 0 is indifferent between the strategies o’ and o, because of condition IC.
Type 1 prefers to play o;; hence we have v(oy,0’,0’) < v;. This implies that
(vyloy,o’,0"),v9, V1) € Eé:’IC. Together with (B.1) and (B.2), this implies that for 6 high

enough, (vy(au,ar), w(ay,ar)) € Ug.

B.2 Proof of inequality (17)

Observe that
Z ai(ar)vulay,ar)—1l(plar), w(ay,ar))—(vy —1(p, vo, V1))
a;eS’;
=Y aa)lvylay,an)— vyl +[1(p, vo, 1)~ L(p, wlay, a:)))) (B.3)
QIGS?

+ Z ar(a)ll(p, w(ay,an)—(plar), w(ay, ar))l.

*
u;eSI
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I bound each of the terms in (B.3). Observe that

1

a,gs ai(apvylay,ar)= ST 5 a;* ar(ar)gu(ay,ar)
Z ai(aw(ay,ar)= (vo, Vl)__ Z ar(ar)(golav, ar) gi1(av, ar))
uIGS’; Ll[ES

and vy > I(p, vo, V1) + %s. Hence

Z ar(ar)lvy(av, ar)—vyl+[l(p, vo, 1) = l(p, w(av, ar)))

uIES);
1-—
=— ° S aan(vy - gutaw, an+1p, gol@v, an, gi(av,a) - (p, vo, 1)
[Z]ESI
1 o0e 1-0 1-0¢
> TE - T[gU(aUy ar)—1U(p, golau,ar), g1(ay, ar))] > = 7

(The last inequality holds because, by the hypothesis, for any (v(;, v, v]) € V,
1//— l(p’ U(/)) U{) = P(V/ - l(L l/(/), U{))—‘r(l - p)(l’/ - l(o) l/(;, U{)) = 0)

The second term in (B.3) is bounded by

D aranl(p, way,an) - l(plar), wlay, ar)

*
a[GSI

=Y as@nll(p,(vo, m)) - L(p(ar), (vo, v1))]

a;eS’;
+ > ai(an[(p, wlay,an) - L(p, (o, 1))
a1657

—(I(plap), w(ay,ar)—L(p(ar),(vo, 11)))].

The first term above is equal to 0 because [ is affine in p and Zales’; aj(ap)pla;)=p. By
biaffinity, the second term is not smaller than

0-2C" > aslan)lw(ay,an)— (o, v)ll|p - plar)

%
d]ESl

—acC’ M— > ailan|p-plas)],

a]ES*

where C’ is defined by
C"= sup max(|1(0,v)|,|1(1, v)).

lvli<1

Also, observe that ||w(ay,ar) —(vo, v1)|| <2((1—0)/6)M.
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Putting the two bounds together leads to

Z ar(ar)vu(ay,ar)—l(plar), w(ay,ar))—(vu — L(p,(vo, 11))))

*
a,esl

> T6 (E —4C'M Z a(anlp— P(al)|)

aIGS*

Let
C =32C"”*M?>. (B.4)

Observe that for any x >0, le _acMx> —(C’/&)x?, and

Z—4CM Y arlanlp—plani= Y aitan( —4C'Mip—plar))

ares; ales*

>—— > allan(plar) - p)

aIES

Then, for any forany a; € S*I‘,

?(__MZM Z ar(ar)lp - P(a1)|) >——— Z arar)plar)—p)y+ 6
aIGS a1€S*
=200 (- X atantptany) + 1 e,
uIES

B.3 Proof of Proposition 6

It is easy to see that ICR* € .#. The proof is divided into a few steps.

B.3.1 ICR*satisfies FE-1 Define I C[0,1] x R3:

(O =

(v{,, vo, V1) € ICR*(pj) for j=0,1and po < p < pl}.

Then I satisfies FE-1. One easily checks that I satisfies properties ICR-1, ICR-2, and
ICR-3 and I € .¢. Since I D ICR*, it must be that I = ICR*.

B.3.2 ICR*satisfies FE-3 Define I C[0,1] x R3: for each p,
I(p)=con[ICR*(p)U V]NIR.

Then I © ICR* and I satisfies FE-3. I show that I € .¢. Conditions ICR-1 and ICR-2
hold by definition (notice that con(Ex U V)N IR = Ej for each k = 0,1). To see that the
separation property ICR-3 holds as well, suppose that py < p; and there is a biaffine
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function [ : [0,1] x R2 — R such that vU I(pj, UO, v ) for any (vU, vo,vl) € I(p;)uVv,
j =0,1. Because [ is biaffine, for any v € V and any p € (po, p1),

p—
P1—Po

5 I(po, vo, 1) = l(p, vo, 11).

vy < l(Pl,Uo, o)+ 2
p1—
By property ICR-3 applied to the set ICR*, for any p € (po, p1) and any (vy, vo, V1) €
ICR*(p),
vy < I(p, v, 1) (B.5)

Therefore, inequality (B.5) holds also for any (vy, v, v1) € con[ICR*(p)U V] = I(p).

B.3.3 ICR* is closed 1 show that clI € .¢ for any I € .¢. A simple continuity argu-
ment shows that ICR-1 and ICR-3 hold for clI. I show that (clI)(1) € E; (the argu-
ment for (c1I)(0) C E is analogous). Suppose that there is (p", v[}, vJ, v{') € .# such that
(p™, v, vg, vi) — (1, v}, v5, vY) and (vy;, vy, vy) € E1. Because (v}, v, v)) € IR, it must be
that (v}, v5, vy) ¢ con(E; U V). Because the sets E; and V are bounded, there is ¢ € 3
and ¢y > 0 such that either

(v, vk v > max -(vy, vo, v
¢ ( u Yo 1) (VU,UO,U1)€COH(E1UV)¢ ( U, Yo, 1)

* ok :
orQ -(v;,,V,, ;)< min \Vu, Vo, V1).
(P ( v 1) (vu,vo,ul)econ(EIUV)(p ( ur Vo, 1)

Assume without loss of generality that the first inequality holds, and define

1

'=— max ¢ -(vu, vo, v1)
¢U (vy,vo,v1)Econ(E,UV)
1

cl=—— max ¢ -(vu, vo, 1)

(pU (vy,vo,v1)econ( E1UV)

1(p, vo, v1)=(1— p)c®+ pc —ﬁ(fpo,(/)l)'(vo,l/l)-

Then, for k =0, 1, any (vy, vo, 1) € con(E, U V),

vy = —— (00, vy 1) — ﬁ(%,m)-(v@,vl)s (K, vo, v1).

du

Property ICR-3 applied to the set ICR* implies that v{; < I(p", vy, v{") for all n. But this
leads to a contradiction:

1
—¢ (v, v, v)—c' >0.

du

B.3.4 ICR* contains ICR payoffs Define the set I C [0,1] x R3 as the smallest closed set
such that

_ n: *_ k *:
%l_r)EIOUU Ip" vy, v)=v—1Q,v5,v7)

(@) ICRC1I

(b) forany k €{0,1}, Ex € I(k)
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(c) I satisfies FE-1 and FE-3.

The set I is well-defined as the intersection of all closed sets with properties (a)-(c).
I show that I € ., which implies that ICRC I C ICR*.

Property ICR-1 holds by Corollary 1. The next two subsections establish properties
ICR-2 and ICR-3.

B.3.5 I satisfies property ICR-2. For each ¢ € ® and ¢y # 0, for k = 0,1 define c(’; =
sup e, v @ - v- Define I’ [0,1] x R3 by

I'(p)= ﬂ {fp-v<(1 —p)cg +pcé}.
Pedd

Then, I’ is closed. Clearly, it satisfies properties (a), (b), and FE-3. Property FE-1 follows
from Proposition 5. For each k =0, 1, I’(k) € Ei. Also, by definition, I € I’. Hence, for
k=0,1,I(k) S I'(k) C Ej.

B.3.6 I satisfies property ICR-3. 1show that the correspondence I satisfies ICR-3 with
inequality “<” (the other case is analogous). I start with a lemma.

LeEmMA 12. Suppose that for each py < p1 and biaffine function I, if
vy < l(pj,vo, v1) foreachv €I(p;)uV andj=0,1,

then vy < I(p, vy, v1) for each v € ICR(p) and p € (po, p1). Then the correspondence I
satisfies property ICR-3.

Proor. Suppose to the contrary that there are po < p1, a biaffine function [, p € (po, p1),
and v € I(p) such that UJU < l(pj,vé,v{) for each v/ € I(p;)uV and vy > I(p, vo,11).
Define I’ € [0,1] x R3 by

I'={(p, vy, vo, 1) €I :if po < p < p1, then vy < I(p, vo, 1)}

Then, I’ & I and I’ is closed. By the hypothesis of the lemma, I’ satisfies property (a).
Clearly, I’ satisfies property (b) and FE-3. An application of Lemma 11 shows that I’
satisfies property FE-1. But this contradicts the definition of I as the smallest closed set
that satisfies properties (a)—(c). O

Therefore, if I violates ICR-3, then there are £ > 0, pg < p* < p1, a biaffine function
[, and v € ICR(p*) such that v{, < Il(pj, vé, v{) for each v/ € I(pj)JuVand j=0,1, and
vy = l(p*, vy, v1)+11¢e. Choose sequences 6, — 1 and (p”, vj}, vy, v{') € ICR;, such that

(p", v, vl v — (p* vy, vy, vy) € ICR

v, > 1(p*, v, vy)+10¢

and, for any n,

1_6"2192),

5. (B.6)

(p", v, v, v )€ argmax vy — (l(p, Vo, V1) —
po<p=<p1(p,vu,vo,11)€ICR5,
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where D is the constant defined in equation (B.4). For each n, let (a}, ag,a}') be the
profile of first-period mixed actions, let v"(ay, ar) be the continuation payoffs, and let
p"(ar)be the posterior beliefs (posteriors are well-defined only after the action is played
with positive probability). For any ay € Sy, a; €Sy, and any type k =0, 1, define

1
wilay,ar)=vi(ay,a)+ E[Vk —(1—0n)gklay,ar)—6,vi(af, anl. (B.7)

These continuation payoffs would make the two types of player I indifferent between
any action a;. Observe that, for any a;,

wi(ag,ar) = vi(ag,ar)
wi(ap,an)=v{(a},ap), if p"(ar) €(0,1)U{k}. (B.8)

I show below (Section B.3.7) that for all sufficiently high =, if a; is played with positive
probability and p"(ar) ¢ (po, p1), then

viaf,an)—1p"(an), wi(ay,an), wi(ag, ar) <e. (B.9)

The proof is concluded in the same way as the proof of Proposition 5. As in Sec-
tion B.2, one can show that for a high enough 6, inequality (17) holds for any ICR payoff
(vy, vy, v1) € ICR5(p), po < p < p1, such that vy — I(p, vy, v1) > €. In particular, there is
an a; such that

-6, D
vt an— (1" @0, wy e, an, wi (@, an) - =" 2(p"(@)})

On
—0nC ny2
5, ;(P))

1
>vp = (1", v, v -
Because of (B.9), p™(ar) € (po, p1)- Then, by (B.8),

(U{}(OZU, ar), Wg(dU, ar), Wln(aU; ar))= (V{}(dU, ar), V(;l(dU, ar), Uln(dU, ar))

is a continuation ICR payoff for all a; played by U with positive probability. Hence there
is a profile (ay, ay) after which ICR continuation payoffs satisfy

1-6,C
viay,ap) = (1" @), v @v,an), v @v,a) - =~ (" (@)
1-6,C
n__ n o,,n ,ny_ ~ 12
> vy (l(P,vo,vl) 5, 8(P))

and p"(ap) € (po, p1). But this contradicts the choice of (p”, v]}, v, v{') as the maximiz-
ers of expression (B.6).

B.3.7 (B.9)is satisfied for a high enoughn Suppose not. Then one can find an action a;
and subsequences (denoted further as a sequence of ns) such that a; is played with pos-
itive probability for all n, p™(ar)— p*(ar) ¢ (po, p1), af; — aj;, vi(ay,ar) — viay, ar),
and w}(ay,ar)— wi(ay,ar), and such that

e <vylay,an)—U(p*(ar), wy(ay, ar), wilay, ar)).
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Assume without loss of generality that p*(a;) < po < 1 (the other case, p*(ar) > p, is
treated analogously). By definition (B.7), |lw}(a}},ar) — (v§, vl < 2M(1 - 6,)/6, for
each n. This implies that w(aj;, a;) = (v, vy) and

e <vj(ay,ar)—L(p*(ar) vy, v7).

Lemma 13. (vyi(aj;, ar), vy, vi) € I(p*(ar)).

Proor. Suppose first that p*(a;) > 0. Because p*(a;) < 1, this means that for suffi-
ciently large n, a; is played with positive probability by each type of player I. Thus
(vi(af, an), vy (ag,ar), vi'(af;, ar)) is a convex combination of payoffs in ICR profiles.
Moreover, each type of player I has to be indifferent between a; and any other equilib-
rium action. Because the first-period payoffs from playing a; converge to 0 when n —
0o, this means that lim,, . v} (af), ar) = v,t for each k =0, 1. Hence (v};(a};, ar), vg, Vi) €
ICR(p*(an) € I(p*(ar)).

Next, suppose that p*(a;) = 0. By property (b) of the set I, it is sufficient to show that

(ilat, an), vi,vi) € Eg=IRNE€(0).

Clearly, vj,(aj, ar) = lim,_v{j(a},ar) > my and (vg,vy) = lim, (v, v]") €
projIR.

Let v"(af};, (as,00)) denote the vector of expected payoffs if player I chose a; in the
first period and then mimicked the strategy o of type 0 (the expectation is taken with
respect to the mixed action ay; of player U). Observe that v"(ay;,(a,00)) € V. Because
the difference between vjj(a}},(ar, 0¢)) and v{j(ay;, a;) is not higher than the first-period
payoffs,

n

H vj(al,(ar,00)—vj(ag, aI)H <2M for each n.

n

Because a; is played with positive probability by type 0, for each n,
vy (afy,(ar,00))= vy and vi'(ay),(ar, 09)) S vf'

Let v* = lim, . v"(ay), (a1, 00)) € V (note that the limit exists, possibly after taking
subsequences). Hence 7}, = v;j(aj;,ar), ¥y = vy, and 77 < v{. This implies that we
have (v};(aj;, ar), vy, vy) € EFIC(0). O

Define
po—p*ar)
p*—p*(ar)

P*—Po *

V= v,
p*—p'lar)

(vi (g ar), vy, vi)+
Observe that 7 € I(py) because p*(a;) < po < p* and because of the above lemma, the
fact that v* € I(p*), p*(a;) < po < p*, and the fact that the correspondence I satisfies
property FE-1. By the choice of a biaffine function [/, 7y < I(po, ¥, 71). However, notice
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that

0> vy — l(po, Vo, 1)
_ po—p*ar)
- p*—p*an)
S PO—P*(01)€+ P*—po
“p*=par)  p*—pilar)

* __
(vz‘,(au,al)—l(p*(af),vg,vfmp’” PO (wr — 1(p*, v, v))

*—p*ar)

10e > > 0.

The contradiction shows that for a high enough #, if p™(a) < po or p"*(a;) = p1, then
(B.9) must hold. This ends the proof of the proposition.
C. PrROOF OF LEMMA 5

This section is devoted to the proof of Lemma 5. Section C.1 proves some geometrical re-
sults. Section C.2 defines all the constants and states a helpful assumption. Section C.3
proves the lemma given the assumption. Sections C.4 and C.5 fill in some missing steps.
Section C.6 shows how to extend Theorem 3 to games that do not satisfy the assumption
in Section C.2.

C.1 Geometrical results

Suppose that A € R? is a (not necessarily bounded) set with finitely many extreme
points Aexr S A. Then there exists a finite set of unitary vectors &4 C ®2 such that

A=Nyeo, 4 €R2: ¢ a < supyey ¢ -a'h

LEMMA 14. Suppose that A C R? is a (not necessarily bounded) set with finitely many
extreme points Aexr C A. Suppose that B C R? is a finite set such that AnNcon B =g. Then
there is a constant Cp < 0o such that for any a* € A, if

Ancon(BU{a*})=1{a"}, (C.1)
then, forany b € con B and a € [0,1],

a<Cg inf H(l —a)a*+ab —a’”.
a’eA

Proor. Given the assumptions about the sets A and B, there is a finite set &% C &2 of
unit vectors so that, whenever a* € A and (C.1) holds, there is ¢ € @E so that

supp-a’=¢-a*<ming-b.
a’cA beB

Indeed, for any a € Aexr, either ANcon(BU{a}) # {a} or there is ¢, such that
ca= -a’ <mi -b.
o =maxpa-a’ <pigga
Define

oy ={pa:Ancon(BUfa})={a}}u{p €®s :n}az<¢-a’<%1€ig¢ -b}.
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It is easy to check that &} has the required property.
Suppose now that (C.1) holds for some a* € A. Then, for any b € con B, a € [0,1],
and any ¢,

1nf“(1—a)a +ab—a ||>qb (1—a)a*+ab)—sup¢-a’

a’eA

alinf ¢ -b'—sup¢p-a’l+(1—a)[¢p-a —sup¢) al.

b’eB a’eA

By the remark above, there exists ¢p € ®} so that the first term in the last line of the
inequality is strictly positive and the second term is equal to 0. For such ¢,

1

<
mingep @b’ —supyc @ -a’

sup“(l—a)a +ab—a ||

Define 1
Cp= max E
@ED min,pr ¢-b'>sup 1y P-a’ n’llnbleg ¢ b’ — —SUP,rep (p -a
This constant is well-defined, as a maximum over finitely many finite constants. O

Say that v* € R3 is represented by tuple (v,a,p), v € R3,a € [0,1], p € AB, where
B C R3 is a finite set, if
v¥= aZ bp(b)+(1—-a)v.

beB

LemMA 15. Suppose that v* is represented by (U, a, p) for some a €(0,1). Then there is an
open neighborhood U > ¥ such that for any v’ € U Ncon(supp p U{#}), v* is represented
by (v/,a’, p’) for some o’ < a and p’ € A(supp p).

Proor. Let Uy C con(supp p U{7}) be defined by

Uy = {a" Z vp”"(W)+(1—a”)i: a” €[0,a),p” € Asuppp,
vesuppp’

(1 ) /7

a(l—a"’

Then 7 € Uy and Uy is open relative to con(supp p U {7/}). Hence, there exists an open

set U CR3 such that Uy = U N con(supp p U{D}).
Take any 7’ € Uy and 7’ # ¥ and find a” € [0, @) and p” € Asupp p such that

and p(v) > p”(v) for each v € supp p. }

vV=a" Z vp"()+(1—a")o
vesupp p’
(1-a)” ,

a(l= ) p"(v)foreach v esuppp.

pv)>

Let
a— a//

l_a//'
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which is less than a because a < 1, and

/ _ 1 _ 1/ _ _ 7 1
p'(0)= ——la(l-a")p(v) - (1 - @)ap" ()] >0

Then p’ € A(supp p) is a probability measure with support contained in supp p and
(?/,a’, p’) represents v*:

’ ’ Nl — 1 o (1 " "
¢ D wpWHl-d) =d—— > vlal-a")p)-(1-a)dp"(v)]

vesuppp’ vesuppp’
l1-a _
+1_—a”(a” Z Up//(U)+(l—(X/,)U) =v*. O
vesupp p’

C.2 Assumption and constants

Throughout Sections C.3, C.4, and C.5 of the Appendix I make the following assumption.
AssuMPTION 2. proj IR has finitely many extreme points.

This assumption implies that there is a finite set of unitary vectors ®;z C ®2 such that

projIR= ﬂ {(vo, 1) ER?: p - (vo, v1) > my(@)}-
QDR

The assumption is restrictive. Initially, I prove that Lemma 5 holds for all games that
satisfy the assumption. Together with the analysis of Section 5, this demonstrates The-
orem 3 for all games satisfying the assumption. In Section C.6 I extend Theorem 3 to all
games.

Define the closed sets

Vt=vVni{v:vy>myland V- =Vniv:vy < my}.

Both sets are convex and spanned by finitely many vertices. Let V1.

Lot and V., consist of
the vertices of, respectively, V* and V. Let

V= Vi U Ve
Then V* is finite. Let 8 be the set of all finite subsets of proj V* C R? such that con BN
projIR = @. For any B € %, let Cp be the constant from Lemma 14 applied to the set
A = projIR. (Notice that proj IR satisfies the hypotheses of the lemma because of the
assumption.) Let
Cr=maxCpg <o00. (C.2)
Be#

Consider a finite class of closed convex sets indexed by subsets ® C ®:

S(@®)= (e V:¢-(vo,v) < mi(¢).

IS
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Observe that for each ® € @, S(®) is spanned by a finite set of vertices Syert(®). Define
Cr=my - max{vy : (vy, vo, V1) € Sver(®), vu < My} > 0. (C.3)
=%IR

The number Cj is strictly positive because @ is finite and each Sy (®) is finite.
Define

(C.4)

|u! (w0, v1)(1) = u! (g, v)(1))
L= sup YR
(vo,v1),(vg, vy )Eproj ICR*(1) ”(VO; Vl) - (V()’ Vl)”

The constant L is finite because the set ICR*(1) = Ej is the convex hull of finitely many
vertices.
Recall that M is the uniform bound on the stage-game payoffs defined in (1). Let

2 LM
Co =max [L(1 +MCF)+2MCF],2—) (C.5)
(1—P” 11—p)C;

. . [(1-pu 1 1
0" =min , s
2Cy L(1+MCg) Cy
. 1 (1-p*)C; 1
d* =min , y
2(Cr LM +1) 2LM Co
D 4M?(2Co+2+ L)

(1—pu)?C?

+2Cp. (C.6)

C.3 Proof of Lemma 5 (given Assumption 2)

In order to shorten the notation, I write vg; = (v, v1) € R? for any v = (vy, vy, v1) € R3.
Assume that the hypothesis of Lemma 5 is satisfied and, in particular,

p’—p<d*and 6(p)<6*.
Denote
0 =06(p).
Take any y! € I;(p’) for some p’ > p. I show that there is y ¥ € F(p’) such that

[va: = vE |l < (04 DO+ (0" = p)0 +(p' = P (W' Wyy ) - my).  (C.7)

This establishes (22) and the lemma.

The main objective of the proof is to bound the distances between a number of
payoff vectors. It is helpful to list all the variables involved, together with the rela-
tionships between them. There are two types of payoff vectors: for those associated
with prior beliefs p, I write x!, x4, x5 € R3, and for those associated with p’, I write
yLylba yF yba eR3. The following hold:

x{)‘,l:y&‘1 foranyA=1,(I,a),F(Fa)
=alvi+(1—al)xl®
yl=alv! +(1—al)yha
yF=af vl +(1—aF)yFa
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for some v! € Vand a!,af €0,1].
The rest of the proofis divided into six steps. All constants are defined in Section C.2.
Lemmas 16 and 17 are proved in Sections C.4 and C.5, respectively.

Step 1. Define x! = (uI(p)(y(il),y({I). Because y! € I;(p’), it must be that uI(l)(y({l) >
my. Then
xg; = u'(p)yy,) < mu; (C.8)

otherwise, by part (iii) of Lemma 2, u/(p’ )(yo{ 1) > my, which contradicts y! € I;(p’).
LEMMA 16. There exist x'% € I,(p), a! €[0,1], and v € V such that v < my— C; and
xl=alv!+(1-al)x!e.
For future reference, note that
[xo s —xi, || < e’ M. (C.9)
Step 2. Due to the concavity of the function u! in vy,

alvl+01—a)x —xU—u’(P)(xo1)>a’u’(p)(v01)+(1— au'(p)ayy
UU+(1—aI)xU

and all inequalities can be turned into equalities. Note that
xU = u"(p)(x0 )=my,

because x!% € I(p). Therefore, part (iii) of Lemma 2 implies that

/
(P )= mo+ (W g ) - ] (.10
By the definition of the constant L in (C.4) and by (C.9),

u! (1)(xg) < w! Mg+ Lxg = x5, || < w' Wy P+’ LM (C.11)

The above conditions and the convexity of u! in p imply that

my =J’[IJ = ul(p’)(xé,l) < li/__ P pl uI(p)(xéyl)
_p P ! (1)(x )+p/—l9a LM+ - (1_ o )xhe 1_—’9/0511/{]
1-— 1-p 1—p
=mu+ l;’_—p [”1(1)(’“5,’?)— mU] —a [llip/(mu— v)— ll_f;/LM
=u'(p)xpy) ! [ll:p/(mU— vl)— 11__ZILM].
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This leads to a bound on a!:
I / I,a _
(ZI<(ZI*= u (P )(x(),l) my
- 1-p’ Iy_p=p
p (my—vy)— = LM
u!(1)(xg ) — my

= (r'=p)
(1-p)Ymy—v{)—(p'— p)LM
where the equality in the second line comes from (C.10).
Step 3. The bound (C.12) implies that
1 Lay
I~ u ( )(xo,l) mU(p,_p)

1(1=p*)Cy

for p’—p <d*<(1—p*)C;/(2LM). Because of (C.11) and the equality y({l =x

u! )y ) — mu = (1= 3Co(p’ = p)) (u!(D)(xg 1) — my).

(C.12)

(Recall the definition of the constant Cy in (C.5).) For p’ —p < d* < 1/Cy, we have

(1—3Co(p’— p))' <(1+ Co(p’ — p)). Hence
u! (Dxg' D) — my <A+ Co(p’ — pHu' (Dyy,) — mu).
Step 4. By the hypothesis of the lemma, there is x©# € F*(p) such that

i —xgie]| < (' (D )~ mo)e.

Lemma 17. u!(p")xg ) — uF(p)(xg1) < Colp’ — p)u! (1)(xg ) — mu).

By (C.10)
/ a ]‘ a /
w2 mu+ (75 = G0 ) () = mu)p’ = p) = mo,

where the last inequality holds for 8 < 8* <(1—p4)/Cy.
Define payoff vectors

yFe =W (o) %1
yi(a):=av! +(1 - a)yhe.
Clearly, y %4, yF(a) € con(FE*(p)U V). Define
S (1= Co(1 = p)O)u!(D)xy{)— mu)(p’ - p)
(1= Co(1 = p)O)(u!(1)(xy () — mu)(p’ = p)+ (1= p)my — v)
Then (C.15) implies that

Fa
aF*<yU -

< " Fa
Yy —V

(Notice that (x — a)/(x — b) is increasing in x for a < b.) Therefore,

y(a) e F¥(p) for each a < a’™.

(C.13)

(C.14)

(C.15)

(C.16)
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Step 5. Use (C.12) and (C.16) to bound the difference:

a*—af* _ ul(1)(xg ) — my (1= Co(1 = p)O)(u'()(xy ) — my)

p'—p ~(-pNmy—vl)—(p'—=p)LM  M(p'—p)+(1—p)my —vf)
For p’—p <d*<(1-p*)C(/(2LM),
M(p'—p)+(1—p)Xmy—v)<(1-p")C;
(1= pYmy—vy)=(p'=p)LM <(1-p*)Cy.
Hence
al—a 2(u!(1)(xg) - my)

’_ _ 1
P —p ST (-ppc (M(p" = p)+ (1= p)imy —vy))

—(1=Co(1=p)O)(1 — p'Ymy — v])—(p’ = p)LM)]
- 2(u!(1)(xg ) - my)

= C%

(1+2Co0)[Co(1—p)O(M(p' —p)

+(1—p)M)+(p’ - p)2M + LM))
_ 2[Co(1 = pIMO +(2+ )M (p’ — p)](1 +2Co0)
< &

(u! ()(xg) — my)

D—-2Cy
<
- 2M

(0 +p' — p)u'W)(xL,)—my),
where the constant D is defined in equation (C.6).

Step 6. Compute the distance between y;, and y; (a):

Hy({l —y(fl(a)H = ||a1 UO{1 +(1- al)xé:f - owg'1 +(1- a)y({'l’l”
=" = @)wg , +(1 = a")xgf — yoi') (@ — @lyy 7|

< |a1 - a}ZM-i— Hxéf _yOI,ylﬁZ”'

Steps 4 and 5, inequality (C.14), and the last inequality imply that one can find af so
that yF(af) € F(p) and

[¥a1 = Yo (@) < (8 +(D—2Co)(6 +(p' = p)& +(p' = p)*) (w' (V) xg1) — muy).
Finally, use inequality (C.13) to obtain

Hyol,l —y(fl(aF)H
< (0 +(D=2Co)(0+(p' = p)+(p'—p)*) (1+ Colp — ") (' (Dyg,) — mu)
<(0+D((p' = p)0+(p' = pP) (u' vy ) — mu).

This ends the proof of (C.7) and the lemma.
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C.4 Proofof Lemma 16

The proof of the lemma is divided into two parts.

LEMMA 18. There exist x'* € ICR*(p), al €[0,1], and p' € AV such that

xlzaIvaI(v)+(1—aI)x1'“, (C.17)

vev
L,a __
x;" =my, and vy < my — Cy foreach v esuppp!.

Any tuple (x4, !, v!) such that x/# € ICR*(p), a’ €[0,1], p! € AV, and (C.17) holds
is called a representation of x!.

Proor. There exists at least one representation (x,a,p) of x! € con(ICR*(p) U V).
Among all such representations, choose (x4, !, p) to minimize a!. Such a represen-
tation exists by a simple compactness argument.

I show that x{,’“ = my. Consider the following three cases.

1. Ifa! =0, then my < xl[]'“ =x{] < my by (C.8).
2. Suppose that 0 < af < 1. Ifx{]'“ > my, then construct

I,a

X —my
xl W =xhep U —— —(x" —x"),
Xy —*u

/
By construction, xll]'”/ > my. Because xéll,xé"f € proj IR, we have xé:f € projIR.
Hence x'%’ € IR and there is ' < a! such that (x/%,a’, p) is a representation of
x!. This contradicts the choice of (x/¢, a!, p) as the representation that minimizes
I
al.

3. Ifa! =1, then any x/¢ € I;(p) satisfies (C.17).

Recall the definition of C; and the set Syert(®’), where ® C ®z. (These definitions
may be found in Section C.2.) Define

=3 vpl)

veV
(I)I={¢ cdbpp: ¢ -(l/é), Uf)f mi(@)}
S=Svert(¢l)-

Then v € conS and there exists p! € AS such that (C.17) holds.

I show that for each v € supp p!, vy < my. By the definition of the constant C; in
(C.3), this implies that for each v € supp p!, vy < my — C;. On the contrary, suppose
that there is v € supp p! with vy > my. There are two cases to be considered.
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1. If there is ¢p € @z such that ¢ -xé:f = mi(¢) and ¢ - vy,; < m;(¢@), then, by the
definition of the set S(®1), ¢ - Vop,1 < mj(¢). But then, for any ¢ € [0, 1],
¢-[(1—a)xé;f+av51] <mi(¢) (C.18)
(1-a)xyy +avl, ¢ projIR.
Recall that x{ ; =y, € projIR. Hence (C.18) contradicts the fact that (x4, a’, v°)

is a representation of x!.

2. Next, suppose that ¢ - vg 1 < m;(¢) for any ¢ € ®;z such that ¢ -xé:f =mj(¢). This
implies that for small £ > 0,

La La :
Xo1 +&(vo1 —xy7) €projIR.

Because vU,x{,’“ > my, it must be that x{]'“ +e(vy — x{,’“) > my. One concludes
that for small € > 0,
xP¥ =xl (v —xI ) elR

But then, by Lemma 15, there is a representation (x4, @, vP) such that a’’ < a!.

This contradicts the choice of (x4, a!, vP) as the representation that minimizes
I

at. O

LemMma 19. x1@ e I1(p).
Proor. Ineed to show that
ul(p)(xé:f) =my, and xé;f € proj ICR*(1). (C.19)

First, suppose that the first part of (C.19) is not true. Because xlI]'“ = my, it must be
that ul(p)(xé:f) > my. Define

x=(1- a’)(ul(p)(xé:f),xé:f)+al Z vpl(v).
veV
Because (x4, a, p) is a representation of x/, xo; = xé}l. By the above equation, we have
ul(p)(x§,) > xy > x{,. But this contradicts (C.8).
Next, I show that the second part of (C.19) holds. By (C.8), uf( p)(xéll) = x{]. Hence

ul(p)xd ) =xb=1—-ahxf*+a! Y vyp'(v)

veV

=(1-amy+a' Y vyp'(v)

veV

< mU_aICI’

where the last inequality follows from the fact that vy < my — Cj for each v € supp p?.
By the definition of the constant L in (C.4),

u! (e ) < ! (g )+ L, — x|

< u!'(D0xy) +a' LM.
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The function u’! (.)(xévl) is convex in p (part (iii) of Lemma 2). Hence

my=u'(p')(x;,)

1-p p'—p

< - u'(p)(xg,)+ = u'(1)(xg,,)
1_ / 1_ / !/ __ !/ __

<P my—od =L+ B2yl + B2yl L, (C.20)
1-p 1-p 1-p ' 1-p

Suppose that xé:f ¢ proj ICR*(1), or, because xé:f € proj IR, u!(1)(x§,) < my. Then

/ /_
u+ uuf(l)(xg'f . (C.21)
—p 1-p )

l-p
my >
v

Subtract both sides of (C.21) from the corresponding sides of (C.20) and multiply by
(1—p)/al toget(1—p’)C; <(p’—p)LM and

’ S LM
PPz ea-p)y
Therefore, if p’ — p < LM /(C(1 — p%)), then
xé:f € proj ICR*(1) and x"% € I(p). O

C.5 ProofofLemma 17
LEMMA 20. There exist x € FE*(p), af' €[0,1], and pF € AV such that

xF'“:aFZ vptf(w)+(1-af)x (C.22)

veV

and

af <Cr inf HUO,l - vé}iH
R . )
Vy,1 €P1Oj IR.

A tuple (x,af, pF) such that x € FE*(p), at € [0,1], p¥ € AV, and (C.22) holds is
called an F-representation of x©4.

Proor. Ishow that there is a representation (x, a”, p ') of x£4 such that

proj con(supp pf U {x})Nproj IR= {xq,} (C.23)
proj con(supp pf)Nproj IR=g
supppf c vt UV

vert vert”

(The sets VI, U V.

fert U Voo are defined in Section C.2.) By Lemma 14,

af<cC

. R
< Csupppr , inf HVOJ_VO,IH'

Uéﬁ €proj IR.

The lemma is a consequence of the definition of the constant Cr in equation (C.2).
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Recall that xF¢ € F*(p), which implies that x;* > my. If xF4 € IR, then xFa e
FE*(p), and the lemma is trivially true. From now on, assume that x?¢ ¢ IR. There
exists at least one representation (x/,af, p) of x£4 such that (C.22) holds. Among all
representations, choose the one with the lowest value of af and denote it by (x,a”, p).
Such a representation exists by a simple continuity argument, and a” > 0 because x ¢ ¢

FE*(p). Let
vP = Z vp(v).

veV

If v¥) < my, then vP € V~ = con Vg, and there is a representation (x,af, p¥) so that
supppF C V. Similarly, if vf, > my, then there is a representation (x, af, pF) so that

+

suppp’ € Vo
I discuss separately the different cases.

Case aF = 1. There is no representation such that af < 1. I can assume that

suppp C V1, because xF¢ = vP and x/;* = v}, > my.

I show that
con (supppf)NIR=2. (C.24)

If not, then there exists v € con(supp pF)NIRC VN IR. Because supp p’ C V!, it must

be that vy > my and v € FE*(p). A simple geometric argument shows that for any
v’ € intcon(supp pF), there is a representation (v, af’, p’) with af’ < 1. Because xF¢ €
intcon(supp pt), this leads to a contradiction.

Because a! =1, equation (C.22) is satisfied by any any x € FE*(p). Choose x so that
con(supp pf U {x})NIR= {x}. Such a value of x exists by (C.24).

Because for each v € supp pf, vy > my, the above argument implies that (C.23)
holds.

Case 0 < af <1 and xy > my. By Lemma 15 and the choice of af, there is an open
neighborhood U > x such that

Uncon (supppUix}) NFE*(p)=0.
There is an open neighborhood U’ 5 x such that x7;, > my for any x” € U’. Hence
U'n{x": x;, € proj IR} € FE*(p).
These two observations imply that
UnNU’ Ncon (suppp’ufx})nix’: Xg,1 € proj IR} = @. (C.25)

Suppose that condition (C.23) does not hold and there is v € R3 such that (vy, v;) €
proj IR and either v € consupp p or v € con(supp pF U{x})\ {x}. Then, for small y,

yv+(1—71)x€UNU Ncon (suppp’Uix})
Yo, + (1 —7)x0,1 € proj IR,

which contradicts (C.25).
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Case 0 < af <1 and xy = my. By Lemma 15 and the choice of af, there is an open
neighborhood U > x such that

Uncon(supppf U{x)NFE*(p)=2.

Because x{}“ > my, it must be that v? > my and suppp? C V..

This implies that
con(supppfufxhnix’: Xy, € proj IR} C FE*(p).
These two observations imply that
Uncon(supppfuix)nix’: x(’),1 € proj IR} = @.
The same argument as in the previous case shows that condition (C.23) musthold. O

Next, I prove Lemma 17. Use Lemma 20 to find an F-representation (x, af, pF) of
xFa_ Then
o < Cr|xgt — xg || < Cru' (D(xg ) — mu)6, (C.26)

where in the second inequality I use (C.14). Denote v? =Y _, vp(v).
By the definition of L in equation (C.4),

u" (1)) — w"(1)(x0,0) < Lf|xgf — x0,1]
< L(|}xoy _x01||+||x01 — x|
< L(OLFM+“x01 —xO1 H
< L1+ MCp)u' ()(xg}) — my),
where in the last inequality I use (C.14). For sufficiently small 8 < 8*=1/L(1+ MCp),
" (Dx0,1) = my 2 (' (D(xgy) — mu)(1 — L(L+MCr)§) 2 0.

By part (iii) of Lemma 2, the function u!(p’ )(xé:f )is convex in p’. Hence

1-—
u!(p ) < <= pu%M%f pu%m%f (C.27)
1_ /
Sl AP il p ! (1)l
1-p 1-

where I use the fact that x¢ € I;(p) and u! (p)(x01 = my. By Lemma 2, the function
ut is concave in p and x, ;. Hence,

uFquxéf)zaFv5+41—mUuFquxon

> o+ - a5 ulp)x

2 i (1)(x0,)
—-pP

F_p

afu P u®(1)(x0,1)

aFﬁ p(uFUXxon afvh).
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Recall that xF¢ € F*(p), hence my < xﬁ“ < (1 — a")uf(p)(xo1) + afvl). Also,
|(uF(1)(x0,1) — @ vf))| < 2M. Hence,

p

/ / _ / __
mu+ L uF1)(x0) - af L
p 1-p 1

1 —_

uF(p)xo) = 1= 2M. (C.28)

One can put (C.27) and (C.28) together. Using the second inequality in (C.26), one
gets

p'—p

1-p

af2Mm

u! (P - uF ()P < %(u’(l)(xégf)— wF(1)(x0)+

<
= l—pu

[L(1+ MCF)+2MCFl(u' (1)(xy1) — mu)(p’ — p)6.
The lemma follows from the definition of Cy in equation (C.5).

C.6 Approximation argument

So far, I have shown that Theorem 3 is true if Assumption 2 holds. Here I argue that
Assumption 2 is unnecessary. The idea is that any game can be approximated by games
that satisfy Assumption 2.

Recall that the correspondences FE* and ICR* are defined as functions of the sets
V of non-revealing payoffs and IR of individually rational payoffs. Precisely, consider
two collections of closed subsets of [-M, M]3: ¥ consisting of all convex sets and . %Z
consisting of all convex sets with the property that for any IR ¢ % there is my € R such
that for any (vy, vo, v1) € IR, (v[;, vy, v;) € IRif v}, > vt and v{; > my. For any V € ¥ and
IRe ¥, define sets Ex(V, IR) as in equations (6) and (5). Using the sets Ex, I may restate
Assumption 1: it holds if there are two open sets Ay € Ej such that projAy = projA;.
This allows me to define correspondences FE*(V, IR) and ICR*(V,IR) as in Sections 3.3
and 4.2.

Theorem 3 can be interpreted as follows. Suppose that Assumption 1 (as stated in
this section) holds for some V € ¥ and IR€ .¢Z. Then FE*(V, IR) = ICR*(V, IR). Till now,
I have shown that Theorem 1 is true, if, in addition, Assumption 2 is satisfied.

Suppose now that Assumption 1 holds for some V € ¥ and IR € .$%. Consider an
approximating sequence of closed sets IR, € .¢ Z, such that Assumption 2 is satisfied for
all sets in the sequence, IR, C IR, and IR, converges to the set IR in the sense of Hauss-
dorf distance: lim,_ IR, = IR. Such a sequence clearly exists. Then Assumption 1
holds for a high enough n and

FE*(V,IR,) = ICR*(V, IRy,).
By monotonicity, FE*(V, IR,) € FE*(V, IR) for all n. Two simple lemmas end the proof.
LemMA 21. lim,_.. FE*(V, IR,) = FE*(V, IR).
Proor. This is because I can take

FE* =cl U FE*(V,IR,,)
n

and show that it satisfies all the properties in Section 3.3. O



Theoretical Economics 3 (2008) Repeated games with incomplete information 81

LEmMMA 22. lim, o ICR*(V, IR,) = ICR*(V, IR).
Proor. Indeed, define the correspondence ICR* for any p € [0, 1] by
ICR*(p)= IR, N ICR*(V, IR)(p)
and show that it satisfies all three properties in Section 4.2. As a consequence, ICR** C
ICR*(V, IR,). O
D. PROOFS FOR SECTION 5.3

I need the following auxiliary result.

LEmMA 23. For any (vo, v1) and any sequence p,, — p such that limy,_« ¥ (p,)(vo, v1) >
muy,
1 (p)(vo, 1) = lim 15 (pn)(vo, 1)

Proor. Because the set FE* is closed, (lim—o [ ¥(pn)(vo, v1), vo, 1) € FE*(p). Hence
1F(p)(vo, v1) < lim ¥ (pn)(vo, v1).
Suppose that the inequality is strict, and define
vy =max{my, 1" (p)(ve, v1)] < lim 1%(pn)(vo, v1).

Note that (v];, vo, v1) € FE*(p). By part (iv) of Lemma 2, for any n and any p,, € [p, px]
(assuming without loss of generality that p, > p),
Pm—Pp Pn—Pm

maxlF(pn)(vo, v1)+ vy
n— n—p

15 (pm)(wo, v1) <
But then, keeping n fixed and letting p,, — p,
lim inf 1¥(pm)(vo, 11) < vy < lim 1 (py)(vo, v1).
This creates a contradiction. O

D.1 Proof of Lemma 6

If IF(p)vo, 1) < my + %H(p, vy, 1), then there is nothing to prove. Suppose not and
define

Po = sup {lF(P/)(Uo, v)<my+ %9(17/, vo, 1)}
p'<p

p1= pi/r;g {15(p")(wvo, v1) < my + %9(19/, vo, 1)}

with the convention that py =0 or p; =1 if the respective sets are empty. Then py < p <
p1, and because of Lemma 23,

1¥(pi)(wo, v1) = my + 50(pi, v, v1) for i =0, 1.



82 Marcin Peski Theoretical Economics 3 (2008)

By part (iv) of Lemma 2, [ ¥ is convex (hence continuous for interior ps) above my. Thus
the inequality turns into an equality whenever p; # 0,1. Using Lemma 2 again, for any

p’ € [po, p1l,
p' -

o/
P 0(po, v, v1).

00’ vo,v1) < Z"P20(p1, vy, 1)+ 2
Po P1—Po

This means that there is p’ € {py, p1} such that
0(p’, vo,v1)>0(p, vy, v1)>0.
Because 0(k, vy, v1) =0 for k =0, 1, it must be that p’ ¢ {0, 1}. By the above argument,
¥ (p")(vo, v1) = my +30(p’, vo, 1),
which implies that
' (p")wvo, 1) < my — %9(17/: Vo, V1).
D.2 Proofof Lemma 7

By the definition of the function I/, there is v’ = (vy;, vy, v]) € ICR*(p), a € [0,1], and
v € V such that

ll(p)(v('), v))=vy and H(p)vo, v1)=avy+(1 - a)vy;. (D.1)

Because v{; > my, it must be that vj, — I1(p)(vo, v1) > %B(p, Vo, U1). Because vj; — iy <
2M, it must be that
o vy, — (p)(wo, v1) S 0(p,vo, v1)

D.2
U{] — l)U aM ( )
Because 7 € con(FE*(p)u V),
1 (p)(@o, 1) < By =1 (p)(@o, 1) < 1F ()0, 1)
and all the inequalities can be replaced by equalities. In particular,
0([9, 170, 171) =0.
By the convexity of [ ¥ in (v, v1) (part (ii) of Lemma 2),
1E(p)(wo, v1) < al*(p)(do, 1)+ (1 — )" (p) vy, v))
=ai+(1-a)l (p)v], v)).
Because of (D.1),
0(p,vo, v1)= lF(P)(Uo, V1) — ZI(P)(VO, v1)
<(1-a)8(p, vy vy). (D.3)

Inequalities (D.2) and (D.3) lead to

4M
4M — 9(p7 Vo, Ul)

0(p, vy, vy) > 0(p, vo, 11).
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