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Comparing generalized median voter schemes according to
their manipulability
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Instituto de Matematica Aplicada San Luis, Universidad Nacional de San Luis and CONICET
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Departament d’Economfa i Historia Economica, Universitat Autonoma de Barcelona and Barcelona GSE

We propose a simple criterion to compare generalized median voter schemes ac-
cording to their manipulability. We identify three necessary and sufficient con-
ditions for the comparability of two generalized median voter schemes in terms
of their vulnerability to manipulation. The three conditions are stated using the
two associated families of monotonic fixed ballots and depend very much on the
power each agent has to unilaterally change the outcomes of the two general-
ized median voter schemes. We perform a specific analysis of all median voter
schemes: the anonymous subfamily of generalized median voter schemes.
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1. INTRODUCTION

Consider a set of agents who have to collectively choose an alternative. Each agent has
a preference relation on the set of alternatives. We would like the chosen alternative to
depend on the preference profile (a list of preference relations, one for each agent), but
preference relations are private information and, to be used to choose the alternative,
they have to be revealed by the agents. A social choice function collects individual pref-
erence relations and selects an alternative for each declared preference profile. Hence,
a social choice function induces a game form that generates, at every preference pro-
file, a strategic problem to each agent. An agent manipulates a social choice function
if there exist a preference profile and a different preference relation for the agent such
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that, if submitted, the social choice function selects a strictly better alternative accord-
ing to the preference relation of the agent of the original preference profile. A social
choice function is strategy-proof if no agent can manipulate it. That is, the game form
induced by a strategy-proof social choice function has the property that, at every pref-
erence profile, declaring the true preference relation is a weakly dominant strategy for
all agents. Hence, each agent has an optimal strategy (to tell the truth) that is indepen-
dent of the agent’s beliefs about the other agents’ declared preference relations. This
absence of any informational hypothesis about the others’ preference relations is one
of the main reasons why strategy-proofness is an extremely desirable property of social
choice functions.

However, the Gibbard-Satterthwaite theorem establishes that nontrivial strategy-
proof social choice functions do not exist on universal domains. Strategy-proofness is
a strong requirement since a social choice function is no longer strategy-proof as soon
as there exist a preference profile and an agent that can manipulate the social choice
function by submitting another preference relation that if submitted, causes the social
choice function to select another alternative that is strictly preferred by the agent. Nev-
ertheless, there are many social choice problems where the structure of the set of alter-
natives restricts the set of conceivable preference relations, and hence the set of strate-
gies available to agents, for instance, when the set of alternatives has a natural order in
which all agents agree. The localization of a public facility, the temperature of a room,
the platform of political parties in the left-right spectrum, or the income tax rate are all
examples of such structures that impose natural restrictions on agents’ preference rela-
tions. Black (1948) was the first to argue that in those cases agents’ preference relations
have to be single-peaked (relative to the unanimous order on the set of alternatives).
A preference relation is single-peaked if there exists a top alternative that is strictly pre-
ferred to all other alternatives and at each of the two sides of the top alternative the
preference relation is monotonic, increasing in the left, and decreasing in the right.

A social choice function operating only on a restricted domain of preference profiles
may become strategy-proof. The elimination of preference profiles restricts the nor-
mal form game induced by the social choice function, and strategies (i.e., preference
relations) that were not dominant may become dominant. Consider any social choice
problem where the set of alternatives can be identified with the interval [a, b] of real
numbers and where single-peaked preference relations are defined on [a, b]. For this
setup Moulin (1980) characterizes all strategy-proof and tops-only social choice func-
tions on the domain of single-peaked preference relations as the class of all generalized
median voter schemes.! In addition, Moulin (1980) also characterizes the subclass of
median voter schemes as the set of all strategy-proof, tops-only, and anonymous social
choice functions on the domain of single-peaked preference relations, and this is in-
deed a large class of social choice functions. A median voter scheme can be identified
with a vector x = (x1, ..., x,4+1) of n + 1 numbers in [a, b], where 7 is the cardinality of
the set of agents N and x; <--- < x,11. Then, for each preference profile, the median
voter scheme identified with x selects the alternative that is the median among the n

1A social choice function is tops-only if it only depends on the profile of top alternatives.
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top alternatives of the agents and the n + 1 fixed numbers x1, ..., x,.1. Since 2n + 1 is
an odd number, this median always exists and belongs to [a, b]. Observe that median
voter schemes are tops-only and anonymous by definition. They are strategy-proof on
the domain of single-peaked preference relations because, given a preference profile,
each agent can only change the chosen alternative by moving his declared top away
from his true top; thus, no agent can manipulate a median voter scheme at any pref-
erence profile. A median voter scheme distributes the power to influence the outcome
among agents according to its associated vector x in an anonymous way. Generalized
median voter schemes constitute non-anonymous extensions of median voter schemes.
A generalized median voter scheme can be identified with a set of fixed ballots {ps}scny
on [a, b], one for each subset of agents S. Then, for each preference profile, the gener-
alized median voter scheme identified with {ps}scy selects the alternative « that is the
smallest one with the following two properties: (i) there is a subset of agents § whose
top alternatives are smaller than or equal to « and (ii) the fixed ballot pg associated to S
is also smaller than or equal to a.

Generalized median voter schemes are strategy-proof on the domain of single-
peaked preference profiles, but are manipulable on the universal domain. There are
several papers that have identified, in our or similar settings, maximal domains under
which social choice functions are strategy-proof, but as soon as the domain is enlarged
with a preference outside the domain, the social choice function becomes manipulable.
Barbera et al. (1998), Barbera et al. (1991), Berga and Serizawa (2000), Bochet and Stor-
cken (2009), Ching and Serizawa (1998), Hatsumi et al. (2014), Kalai and Miiller (1977),
and Serizawa (1995) are some examples of these papers. Our contribution in this paper
builds on this literature and has the objective of giving criterion to compare generalized
median voter schemes according to their manipulability. We want to emphasize the fact
that the manipulability of a social choice function does not indicate the degree of its lack
of strategy-proofness. There may be only one instance at which the social choice func-
tion is manipulable or there may be many such instances. The mechanism design litera-
ture that has focused on strategy-proofness has not distinguished between these two sit-
uations; it has declared that both social choice functions are not strategy-proof, pelriod!2

Our criterion to compare two social choice functions takes the point of view of in-
dividual agents. We say that an agent is able to manipulate a social choice function at
a preference relation (the true one) if there exist preference relations, one for each of
the other agents and another for the agent (the strategic one) such that if submitted, the
agent obtains a strictly better alternative according to the true preference relation. Con-
sider two generalized median voter schemes, f and g, that can operate on the universal
domain of preference profiles. Assume that for each agent the set of preference rela-
tions under which the agent is able to manipulate f is contained in the set of preference
relations under which the agent is able to manipulate g. Then, from the point of view
of all agents, g is more manipulable than f. Hence, we think that f is unambiguously
a better generalized median voter scheme than g according to the strategic incentives

2Kelly (1977), Campbell and Kelly (2009), and Pathak and Sénmez (2013) are some exceptions. We will
refer to this more recent paper later on.
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induced to the agents. Often, it may be reasonable to think that agents’ preferences are
single-peaked, but if the designer foresees that agents also may have non-single-peaked
preferences, then f may be a better choice than g if strategic incentives are relevant and
important to the designer.

Before presenting our general result in Theorem 2, we focus on median voter
schemes, the subclass of anonymous generalized median voter schemes. In Theorem 1
we provide two necessary and sufficient conditions for the comparability of two median
voter schemes in terms of their manipulability. Let f and g be two (nonconstant) me-
dian voter schemes and let x = (x1, ..., x,41) and y = (1, ..., ¥,+1) be their associated
vectors of fixed ballots, x to f and y to g, where x1 <--- < x,y;and y; <--- < y,41. Then
g is atleast as manipulable as f if and only if [x1, x,,11] C [y1, Yua1] and [x2, x,1 C [V2, Yul-
Using this characterization we are able to establish simple comparability tests for the
subclass of unanimous and efficient median voter schemes. Using the partial order “to
be equally manipulable as” obtained in Theorem 1, we show that the set of equivalence
classes of median voter schemes has a complete lattice structure with the partial order
“to be as manipulable as”; the supremum is the equivalence class containing all median
voter schemes with x; = x = a and x,, = x,,.1 = b, and the infimum is the equivalence
class with all constant median voter schemes;i.e., forallk =1, ...,n+1, x; = o for some
a € [a, b].

In Theorem 2 we provide three necessary and sufficient conditions for the compa-
rability of two generalized median voter schemes in terms of their manipulability. The
three conditions are stated using the two associated families of monotonic fixed ballots
and depend very much on the power each agent has to unilaterally change the outcome
of the two generalized median voter schemes (i.e., the intervals of alternatives where
agents are non-dummies). Obviously, Theorem 2 is more general than Theorem 1. How-
ever, our analysis can be sharper and deeper on the subclass of anonymous generalized
median voter schemes. In addition, Theorem 1 can be seen as a first step to better un-
derstand the general characterization of Theorem 2.

Before finishing this Introduction, we want to relate our comparability notion to two
notions recently used in centralized matching markets. Pathak and S6nmez (2013) pro-
posed two different notions to compare, in terms of their manipulability, specific match-
ing mechanisms in school choice problems. The two notions are related in the sense that
one is stronger than the other, and both are based on the inclusion of preference profiles
at which there exists a manipulation. In contrast, our notion is based on the inclusion
of preference relations at which an agent is able to manipulate. In applications, prefer-
ence profiles are not common knowledge while each agent knows his preference rela-
tion (and he may only know that). To use a more manipulable generalized median voter
scheme means that each agent has to worry about his potential capacity to manipulate
in a larger set. Again, using the inclusion of preference relations as a basic criterion to
compare generalized median voter schemes according to their manipulability does not
require any informational hypothesis. Thus, we find it more appealing. Moreover, we
show that if two generalized median voter schemes are comparable according to Pathak

3When 7 is odd, this class contains the true median voter scheme.
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and Sonmez’s weaker notion, then they are also comparable according to our notion.
Furthermore, Example 1 shows that our notion is indeed much weaker than Pathak and
Soénmez’s weaker notion (and hence, also weaker than their stronger one).

The paper is organized as follows. Section 2 contains preliminary notation and defi-
nitions. Section 3 describes the family of anonymous generalized median voter schemes
and compares them according to their manipulability. Section 4 extends the analysis to
all generalized median voter schemes. Section 5 contains a final remark about the use
of median voter schemes on the universal domain of preferences and the comparison of
Pathak and S6nmez’s criteria with ours. Two appendices collect all omitted proofs.

2. PRELIMINARIES

Agents are the elements of a finite set N = {1, ..., n}. The set of alternatives is the interval
of real numbers [a, b] € R. We assume that n > 2 and a < b. Generic agents will be
denoted by i and j, and generic alternatives will be denoted by « and 8. Subsets of
agents will be represented by S and 7.

The (weak) preference of each agent i € N on the set of alternatives [a, b] is a com-
plete, reflexive, and transitive binary relation (a complete pre-order) R; on [a, b]. As
usual, let P; and I; denote the strict and indifference preference relations induced by R;,
respectively; namely, for all o, B8 € [a, b], « P; B if and only if =8 R; , and « I; B if and
onlyif ¢ R; B and B R; «. The top of R, is the set of alternatives that are weakly preferred
to any other alternative. We will restrict our attention to preferences with a unique top,
which will be denoted by 7(R;); i.e., 7(R;) P; « for all « € [a, b] \ {7(R;)}. Let U be the
set of preferences with a unique top on [a, b]. A preference profile R = (R, ..., R,) € U"
is an n-tuple of preferences. To emphasize the role of agent i or subset of agents S, a
preference profile R will be represented by (R;, R_;) or (Rs, R_g), respectively.

A subset 21" € U" of preference profiles (or the set I/ itself) will be called a domain.
A social choice function is a function f : " — [a, b] selecting an alternative for each
preference profile in the domain U". The range of a social choice function f : U" — [a, b
is denoted by r;. That is,

ry ={a €a, b]| there exists R= (Ry, ..., Ry) el st f(Ry,...,Rp) =a}.

Social choice functions require each agent to report a preference on a domain /.
A social choice function is strategy-proof on / if it is always in the best interest of agents
to reveal their preferences truthfully. Formally, a social choice function f : 14" — [a, b] is
strategy-proof if for all R e 4", all i € N, and all R’ e U,

f(Ri,R_) R; f(R},R_)). (1)

In the sequel we will say that a social choice function f : U" — [a, b] is not manipulable

by ie N at R; €U if (1) holds for all (R}, R_;) € u". To compare social choice functions

according to their manipulability, our reference set of preferences will be the full set /.
The set of manipulable preferences of agent i € N for f:U" — [a, b] is given by

M ={R; eU| f(R},R_;) Pi f(R;, R_;) for some (R}, R_;) € U"}.
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Obviously, a social choice function f : " — [a, b] is strategy-proof if and only if /\/llf =0
forall i e N. We say that f : 44" — [a, b] is more manipulable than g : U" — [a,b] fori e N
if M$ ¢ Ml

Now, we introduce our criterion to compare social choice functions according to
their manipulability.

DEerINITION 1. A social choice function f : U" — [a, b] is at least as manipulable as a
social function g : " — [a, b] if M‘f - M{ forallie N.

DEFINITION 2. Asocial choice function f : U" — [a, b] is equally manipulable as a social
function g : U" — [a, b]if f is at least as manipulable as social function g and vice versa;
ie., M‘lg = M{ forallie N.

DErINITION 3. Asocial choice function f : " — [a, b] is more manipulable than a social
function g : 4" — [a, b] if f is at least as but not equally manipulable as social function
g i.e., M‘f c M{ for all i € N and there exists j € N such that Mf G M{

Given two social choice functions f : /" — [a, b] and g : U" — [a, b] we write (i) f - g
to denote that f is at least as manipulable as g, (ii) f ~ g to denote that f is equally
manipulable as g, and (iii) f > g to denote that f is more manipulable than g. Obviously,
there are many pairs of social choice functions that cannot be compared according to
their manipulability.

Strategy-proofness is not the unique property we will look at. A social choice
function f : 4" — [a, b] is anonymous if it is invariant with respect to the agents’
names; namely, for all one-to-one mappings o: N — N and all R e ", f(Ry,...,R,) =
f(Rs(1)s--+» Romy). A social choice function f : U" — [a, b] is dictatorial if there ex-
ists Ai € N such that for all R € 1", f (Ig) R; a for all @ € ry. A social choice function
f:U" — [a, b] is efficient if for all R € 4", there is no « € [a, b] such that, for all i € N,
aR; f(R) and a P; f(R) for some j € N. A social choice function f : U" — [a, b] is unan-
imous if for all R € " such that 7(R;) =« for all i € N, f(R) = a. A social choice func-
tion f : U" — [a, b] is onto if for all « € [a, b], there is R € 4" such that f(R) =« (e,
rr = [a, b]). A social choice function f : U" = [a,b]is tops-only ifforall R, R’ € U" such
that 7(R;) = 7(R}) foralli e N, f(R) = f(R').

In our setting the Gibbard-Satterthwaite theorem states that a social choice function
f:U" — [a, D], with #r; # 2, is strategy-proof if and only if it is dictatorial (see Barbera
and Peleg 1990). An implicit assumption is that the social choice function operates on
all preference profiles on 24", because all of them are reasonable. However, for many ap-
plications, a linear order structure on the set of alternatives naturally induces a domain
restriction in which, for each preference R; in the domain, not only does there exist a
unique top but also at each of the sides of the top of R; the preference is monotonic.
A well known domain restriction is the set of single-peaked preferences on an interval of
real numbers.

DEFINITION 4. A preference R; € U is single-peaked on A C [a, b] if for all «, B € 4 such
that B <a < 7(R;) or 7(R;) <a < B, 7(R;) P; a R; B.
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We will denote the domain of all single-peaked preferences on [a, b] by SP C U.
Moulin (1980) characterizes the family of strategy-proof and tops-only social choice
functions on the domain of single-peaked preferences. This family contains many non-
dictatorial social choice functions. All of them are extensions of the median voter. Fol-
lowing Moulin (1980), and before presenting the general result, we first compare in Sec-
tion 3, the anonymous subclass according to their manipulability on the full domain of
preferences Y. In Section 4 we will give a general result to compare, according to their
manipulability, all strategy-proof and tops-only social choice functions on SP” when
they operate on the domain /".

3. ANONYMITY: COMPARING MEDIAN VOTER SCHEMES
3.1 Median voter schemes

Assume first that nis odd and let f : 4" — [a, b] be the social choice function that selects,
for each preference profile R = (Ry, ..., R;) € U", the median among the top alternatives
of the n agents; namely, f(R) = med{r(R;), ..., 7(R,)}.* This social choice function is
anonymous, efficient, tops-only, and strategy-proof on SP. Now add to the n agents’ top
alternatives, n + 1 fixed ballots: (n + 1)/2 ballots at alternative a and (n + 1)/2 ballots at
alternative b. Then the median among the » top alternatives, and the median among
the n top alternatives and the n + 1 fixed ballots coincide since the (n + 1)/2 ballots at a
and the (n+ 1)/2 ballots at b cancel each other; namely, forall R = (R; ..., R,) e U",

f(R)=med{T(R1),...,T(Rn), a,...,a , b,...,b }ZmEd{T(Rl),...,T(Rn)}.
—_—— ——

(n+1)/2 times (n+1)/2 times

To proceed, and instead of adding n + 1 fixed ballots at the extremes of the interval,
we can add, regardless of whether 7 is odd or even, n + 1 fixed ballots at any of the alter-
natives in [a, b]. Then a social choice function f : " — [a, b] is a median voter scheme if
there exist n + 1 fixed ballots (x1, ..., X,+1) € [a, b]""! such that for all R € U",

f(R)=med{7(R1), ..., 7(Rn), X1, ..., Xpt1}- 2)

Hence, each median voter scheme can be identified with its vector x = (xq, ..., x,41) €
[a, b]"*! of fixed ballots. Moulin (1980) shows that the class of all tops-only, anonymous,
and strategy-proof social choice functions on the domain of single-peaked preferences
coincides with all median voter schemes.

ProrosiTiON 1 (Moulin 1980). A social choice function f : SP" — [a, b] is strategy-proof,
tops-only, and anonymous if and only if f is a median voter scheme; namely, there exist
n+ 1 fixed ballots (x1, ..., x,11) € a, b1"t! such that forall R € SP",

f(R) = med{T(Rl)’ LR T(Rn)a X150y xn+1}-
4Given a set of real numbers {x1, ..., xx}, where K is odd, define its median as med{xi,...,xx} =y,

where y is such that #{1 <k <K | x; <y} > K/2 and #{1 <k <K | x; > y} > K/2. Since K is odd, the
median is unique and belongs to the set {xy, ..., xx}.
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Median voter schemes are tops-only and anonymous by definition. To see that they
are strategy-proof, let f : SP" — [a, b] be any median voter scheme and fix R € SP" and
ieN. If f(R) = 7(R;), i cannot manipulate f. Assume 7(R;) < f(R) (the other case
is symmetric). Agent i can only modify the chosen alternative by declaring a prefer-
ence R; € SP with the property that f(R) < 7(R}). But then either f(R) = f(R}, R_;)
or f(R) < f(R;,R_;). Hence, 7(R;) < f(R) < f(R;,R_;). Since R; is single-peaked,
f(R) R; f(R;,R_;). Thus, i cannot manipulate f. It is less immediate to see that the
set of all median voter schemes (one for each vector of n + 1 fixed ballots) coincides with
the class of all tops-only, anonymous, and strategy-proof social choice functions on the
domain of single-peaked preferences. The key point in the proof is to identify, given
a tops-only, anonymous, and strategy-proof social choice function f : SP" — [a, b], the
vector x = (X1, ..., X,41) € [a, b]"*! of fixed ballots. To identify each x; with1 < k <n+1,
consider any preference profile R € SP" with the property that #{i e N | 7(R;) = a} =
n—k+1and #{i € N | 7(R;) = b} = k — 1, and define x; = f(R). The proof concludes
by checking that indeed f satisfies (2) with this vector x = (x1,..., X,41) € [a, b]"T L of
identified fixed ballots.

To see that in the statement of Proposition 1 tops-onlyness does not follow from
strategy-proofness and anonymity, consider the social choice function f : SP" — [a, b],
where for all R € SP",

a if#{ie N|aR;b}> #{ic N |bP;a}
b otherwise.

f(R) = {

Notice that f is strategy-proof and anonymous but it is not tops-only. It also violates
efficiency, unanimity, and ontoness.

We finish this subsection with a useful remark stating that median voter schemes are
monotonic.

REMARK 1. Let f :U" — [a, b] be a median voter scheme and let R, R’ € " be such that
7(R;) < 7(R}) forallie N. Then f(R) < f(R).

3.2 Main result with anonymity

Median voter schemes are strategy-proof on the domain SP” of single-peaked prefer-
ences. However, when they operate on the larger domain &/” they may become manip-
ulable. Then all median voter schemes are equivalent from the classical manipulability
point of view. In this subsection we give a simple test to compare two median voter
schemes according to their manipulability. Given a vector x = (x1, ..., X,41) € [a, b]"*1,
we will denote by f* its associated median voter scheme on ¢/”; namely, for all R € /",

fx(R) = med{T(Rl), ey T(Rn), X1yenns xn+1}.

Given x = (x1,..., Xp41) € [a, b]"T!, we will assume that x; < --- < x,,.1. This can be
done without loss of generality because the social choice function associated to any
reordering of the components of x coincides with f*. Obviously, the range of f* is
[x1, Xp41], i€, 7px = [x1, X,41]. Any constant social choice function, f(R) = « for all
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R € U", can be described as a median voter scheme by setting, forall 1 <k <n+1,
x, = a. We denote it by f*. Trivially, any constant social choice function f is strategy-
proof on &". Then, for any « € [a, b] and any social choice function g : " — [a, b], we
have that g is at least as manipulable as f“ (i.e., g =~ f*). Furthermore, all nonconstant
median voter schemes are manipulable on ¢/". Hence, any nonconstant median voter
scheme f* is more manipulable than f¢ (i.e., f* > f*). Theorem 1 below gives an easy
and operative way to compare nonconstant median voter schemes according to their
manipulability.

THEOREM 1. Let x = (x1,...,X,41) € [a,b]" T and y = (y1, ..., yot1) € [a, b]"! be two
vectors of fixed ballots such that f* and f” are not constant; i.e., x1 < X1 and y; < yp1.
Then f7 is at least as manipulable as f* if and only if [x1, X,,11] C [V1, Yus1] and [x3, x,] C
[¥2, Ynl-

The formal proof of Theorem 1 is left for the next subsection, but we now give some
intuition about it. Whether or not agent i can manipulate f* at R; roughly depends on
the set of alternatives that may be selected by f* for some subprofile R_;, given R; (this
set is called the set of options left open by R;). How R; compares pairs of alternatives
that will never be selected by f* once R; is submitted is unrelated to the ability of i to
manipulate f*. Moreover, given f*, the set of options left open by R; depends only on
X1, X2, Xn, and x,41, and it does in a very particular way: the closer x; and x; are to g,
and x, and x,; are to b, the larger the options left open by R; will be and, hence, i will
be able to manipulate f* easily. And finally, R; has to be single-peaked on the set of
options left open by itself, because otherwise there would exists R_; such that i is able
to induce a preferred alternative further away from his top 7(R;) by declaring another
preference R’.

3.3 Proof of Theorem 1
In the proof of Theorem 1 the following option set will play a fundamental role.

DEerINITION 5. Let f: U™ — [a, b] be a social choice function and let R; € Y. The set of
options left open by R; € U is defined as

of (R))={a €la,b]| f(R;,R_;) = afor some R_; e " 1}.

If f* is a median voter scheme, we denote o/" (R;) by 0*(R)).
Before proving Theorem 1 we state three useful lemmata, whose proofs are given in
Appendix A.

Lemma 1. Let f* : U" — [a, b] be a median voter scheme associated with x = (xq, ...,
Xni1) € [a, b)Y, Then f* is not manipulable by i € N at R; € U if and only if R; is single-
peaked on o*(R;) U{7(R;), a} forall a € ry«.
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LEMMA 2. Let f* :U" — [a, b] be a median voter scheme associated with x = (x1,...,
Xn41) € [a, b1, Then

[x1, x5] ifa<7(R;) < xq
[7(Ri), xn] ifx1 <7(Rj) <x2
0" (R;) = { [x2, x4] ifxo <7(R;) < xp

[x2, T(RD]  ifxp < T(R) < Xpq1
[x2, Xp41] ifanrl <7(R;) <b.

LEMMmA 3. Let f* : U" — [a,b] and f¥ : U" — [a, b] be two median voter schemes as-
sociated with x = (x1,...,%,41) € [a,b]" and y = (y1, ..., yot1) € la, b]"*! such that
(X1, Xp1] C Y1, Yns1]l and [x2, x,] C [y2, Yul. Then o*(R;) C 0¥ (R;) forall R; e U.

Lemma 1 plays a key role in the proof of Theorem 1. To understand it, notice that it
roughly says that whether or not agent i can manipulate f* at R; depends on the fact that
R; should only be single-peaked on the set of alternatives that may be selected by f* for
some subprofile R_;, given R;. The comparison, in terms of R;, of pairs of alternatives
that will never be selected once R; is submitted is irrelevant in terms of agent i’s power
to manipulate f*. To illustrate that, consider the case where n =3, x; = a, x, = (a+b)/3,
x3=2(a+0b)/3, and x4 = b. Then rpx = [a, b]. Let R; € U be any preference with 7(R;) €
((a+b)/3,2(a+ b)/3). By Lemma 2, 0*(R;) = [(a + b)/3,2(a + b)/3]. Lemma 1 says that
R; should be single-peaked on this interval and that the preference away from 7(R;)
toward the direction of (a + b)/3 has to be monotonically decreasing until alternative
(a + b)/3, and that all alternatives further away have to be worse than (a + b)/3 but
they can be freely ordered among themselves and symmetrically from 7(R;) toward the
direction of 2(a + b)/3. Figure 1 illustrates a preference that is single-peaked on o*(R;) U
{7(R;), a} for all @ € ry+. It also shows that this set may be significantly larger than the set
of single-peaked preferences.

Proor oF THEOREM 1. First, we will prove that if [xq, x,,11] C [y1,yn+1] and [x;, x,] C
[y2, yul, then f7 is at least as manipulable as f*. Suppose that R; € M . By Lemma 1,
there exists a* € ryx such that R; is not single-peaked on o*(R;) U {r(R;),a*}. By
Lemma 3, 0*(R;) C 0”(R;). Since rpx = [x1, Xu11] C [y1, Yus1] = ryy, we have that a* €
r¢y. Hence, R; is not single-peaked on o”(R;) U {7(R;), a*}, where o* € Ryy. Thus, by
Lemmal, R; € M{ " Therefore, f7 is at least as manipulable as f~.

To prove the other implication, assume that f7 is at least as manipulable as f*.
Hence,

foc/\/l{y forallie N. 3)

1

To obtain a contradiction, assume that [x1, X411 Z [y1, Yut1]1 0T [x2, X411 € [¥2, Yu]. We will
divide the proof between two cases.

Case I: [x1, X111 Z [¥1, ya+1]. In particular, suppose that x; < y;; the proof for the
case y,41 < X,4+1 proceeds similarly and is therefore omitted. We will divide the proof
between two cases again, depending on whether x; < x; or x; = x5.
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' b R 2(a+b) ]
a ab 7(R;) 2@th) b

FiGure 1. Single-peaked preference on the relevant set.

Case 1.1: x1 < x3. Let o, B,y € [a, b] be such that x| < a < 8 <y < min{x,, y;} and let
R; € U be such that (i) 7(R;) = «, (ii) v P; B, and (iii) if p, 6 € [a, b] and y; < p < §, then
p R; 8. Since x| < 7(R;) < x and x1 < 7(R;) < y;, by Lemma 2,

0" (R) =I[7(R;),xn] and 0”(R;)=1[y1, yal-

Hence, and since 7(R;), B, y € 0*(R;) and (ii) holds, R; is not single-peaked on o*(P;)
and, forall o’ € 4y, R; is single-peaked on 0” (R;) U {7(R;)} U {a'} because rgy = [y1, Ynt1].
Thus, by Lemma 1, R; € le i \ M{ y, which contradicts (3).

Case 1.2: x1 = x,. Since f* is not constant and x; < y;, x; < min{yy, x,,+1}. Let
a, B,y € [a, b] be such that x; < a < B <y < min{y;, x,,41} and let R; € U be such that
(i) 7(R;) = v, (ii) « P; B, and (iii) if p,6 € [a,b] and y; < p < 8, then p P; 6. Since
x1 < 7(R;) <y and x1 = xp < 7(R;), by Lemma 2,

[x2, xn] ifx; <7(R;) <x,

YR —
Lo 7R iy < 7(R) <y 04 O RO =Dyt oml

0" (Ry) = {
Hence, and since «, B, 7(R;) € 0*(R;) and (ii) holds, R; is not single-peaked on o0*(R;)
and, forall o’ € 4y, R; is single-peaked on 0” (R;) U {7(R;)} U {a'} because rgy = [y1, Ynt1].
Thus, by Lemma 1, R; € le i \ M{ y, which contradicts (3).

Case 2: [x2, xn) € [y2, yul and [x1, x,,11] C [y1, yn+1]- In particular, suppose that x, <
y2; the proof for the case y, < x, proceeds similarly and therefore is omitted. Let o, B €
[a, b] be such that xy < a < B < (x2 + »)/2 < ¥, and let R; € U be such that (i) 7(R;) =
(x2 + »)/2, (ii) « P; B, and (iii) if y, 6 € [a, b] and 7(R;) <y < §, then y P; §. Since y; <
x1 < x3 < 7(R;) <y, by Lemma 2,

[x2, X,] ifx) <7(R;) < xp
0" (R) =1 [x2, 7(R)] ifx, <7(R) <xpy1 and oY (Ry) =[7(R)), yul,
[x2, Xp1l I 7(R;) > Xpp
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Hence, and since «, B, 7(R;) € 0*(R;) and (ii) holds, R; is not single-peaked on o*(R;)
and, for all &' € ryy, R; is single-peaked on o’ (R;) U {7(R;), @'}. Thus, by Lemma 1, R; €
M{ ’ \ M{ y, which contradicts (3). O

For further reference, let MVS denote the set of all median voting schemes from /"
to [a, b]. An immediate consequence of Theorem 1 is that if median voter scheme f is
at least as manipulable as median voter scheme g, then the range of g is contained in
the range of f. The improvement in terms of the strategy-proofness of median voter
schemes necessarily requires the corresponding reduction of their ranges since smaller
ranges reduce agents’ power to manipulate. Corollary 1 below, which follows from Theo-
rem 1 and the fact that for all f* € MVS, rpx = [x1, x,41], states this observation formally.

CoroLLARY 1. Let f,g e MVS. If f =~ g, thenrg Cry.

Consider a problem where the range of the social choice has to be fixed a priori to
be a subinterval [c, d] C [a, b]. Let MVS|. 4 be the set of all median voter schemes with
range [c, d] (i.e., f* € MVS|. 4 ifand onlyif x; = cand x,,; = d). Theorem 1 gives criteria
to compare the elements in MVS. 4.

COROLLARY 2. Let f7, f* € MVS;, 4.
(@) Then f* = f* if and only if [x3, xn] C [y2, yul-
(D) If y» = yn, then there does not exist g € MVSy. 4 such that f > g.

Statement (b) identifies the median voter schemes in MVS,. ;4 that do not admit a
less manipulable median voter scheme in MVS;, 4.

3.4 Unanimity

According to Proposition 1 in Moulin (1980), a median voter scheme f* : SP" — [a, b]
is efficient (on the single-peaked domain) if and only if x; = a and x,, ;1 = b; namely,
f* can be described as the median of the n top alternatives submitted by the agents
and only n — 1 fixed ballots since x; = a and x,, ;1 = b cancel each other in (2). But this
subclass of median voter schemes is appealing because it coincides with the class of all
unanimous median voter schemes (MVSy, ;) using the notation introduced in the pre-
vious subsection).’ Corollary 3 below shows that Theorem 1 has clear implications on
how unanimous and non-unanimous median voter schemes can be ordered according
to their manipulability. In particular, given a unanimous median voter scheme, there is
always a non-unanimous median voter scheme that is less manipulable. Moreover, if a
unanimous median voter scheme and a non-unanimous median voter scheme are com-
parable according to their manipulability, then the former is more manipulable than the
later.

50Observe that when unanimous median voter schemes operate on the full domain 2/ they are not any-
more efficient. In the next subsection we will provide some simple criteria to compare efficient median
voter schemes on the full domain ¢/" according to their manipulability.
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COROLLARY 3. Let f¥ € MVS be unanimous.
(a) Then, forall f* e MVS, f7 = f* ifand only if [x2, x,] C [y2, Yul-
(b) There exists a nonconstant and non-unanimous f* € MVS such that > > f*.

(c) Let f* € MVS be non-unanimous and assume f* and f” are comparable according
to their manipulability. Then f7 > f*.

ProOF. Let f¥ € MVS be unanimous. Hence, y; =a and y, 1 = b.

(a) The statement follows immediately from Theorem 1.

(b) We distinguish between two cases.

Case I: Assume y, < y, and let «, B, y € [a, b] be such that y, <a < B <y < y,. Con-
sider x = (a, B, ..., B,y) € la, b]"T!. Then [x», x,,] = {B} C [2, yu]. By Theorem 1, f is at
least as manipulable as f* and since [y, y,] € [x2, x,], f* is not at least as manipulable
as f7. Hence, f? is more manipulable than f*, and f* is neither constant nor unanimous
since a < x| < x,11 <b.

Case 2: Assume y, = y,. Furthermore, suppose that a < y,; the proof when y, < b
proceeds symmetrically and therefore is omitted. Let «a € (a, y;) and consider x =
(@, 2, ..., ¥, b) €a,b]". Then [x7, x,] = {1} By Theorem 1, f” is at least as manip-
ulable as f* and since [yi, y,+11=[a, bl € [x1, xp+1], f* is not at least as manipulable as
f?. Hence, f” is more manipulable than f*. Furthermore, and sincea < x; =---=x, <
Xnt+1 = b, f* is neither constant nor unanimous.

(c) Assume f* € MVS is not unanimous. Then [x1, x,11] € [V1, Yu+1] = [a, b]. By The-
orem 1, f* is not at least as manipulable as f¥. Furthermore, as f* and f” are compara-
ble, f¥ > f* must hold. O

We conclude this subsection with a corollary that identifies the unanimous median
voter schemes that do not admit a less manipulable unanimous median voter scheme.
The statement also follows immediately from Theorem 1.

COROLLARY 4. Let f7 be a unanimous median voter scheme such that y, = y,. Then there
does not exist an unanimous median voting scheme g such that f” > g.

3.5 Efficiency

A median voter scheme f* : 4" — [a, b] (operating on the full domain of preferences) is
efficient if and only if x| = a, x,,41 = b, and x; € {a, b} for all 2 < k < n.5 This is because
on the larger domain, if a median voter scheme f* has an interior fixed ballot xj, € (a, b),
it is always possible to find a preference profile R with f*(R) = x; such that there exists
an alternative y that is unanimously strictly preferred by all agents; namely, y P; f*(R)
for all i € N. Moreover, all efficient median voter schemes are unanimous.

6Hence, an efficient median voter scheme f* : " — [a, b] has the property that for all (Ry, ..., R,) eU",
FY(Ri,...,Ry) e {7(RD), ..., T(Ry)}.

Miyagawa (1998) and Heo (2013) have studied this property under the name of peak selection.
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We now present simple criteria that are useful to compare efficient median voter
schemes with other unanimous median voter schemes according to their manipulabil-
ity. But before, we need a bit of additional notation.

Let k be an integer such that 1 < k < n and (ay,...,a,) € [a,b]". Denote by

7% (ay,...,a,) the kth ranked number; namely, #{a; € {a1,...,an} | @; < %y, ...,
an)) <n—k+1and #{a; € {ay,...,an} | a; > 7*(ay, ..., an)} <k.In particular, for k =1
and k =n,

7Tl(a1, eoo, ap) = max{aq, ..., oy},

7 (ay,...,a,) =min{ay, ..., a,).
Let f* : U™ — [a, b] be an efficient median voter scheme. Thenx =(a,...,a,b, ..., b) for

N— e — —

some 1 < k <nand, forall R e 4", k nl—k

FX(Ri,...,Ry) =7 (7(Ry), ..., T(Rn)).

We denote the efficient median voter scheme f* with k fixed ballots at a by f*.

COROLLARY 5. Let fk :U" — [a, b] be an efficient median voter scheme such that k ¢
{1, n}. Then the following statements hold.

(a) Forany f* € MVS, f* = f*.

() If1 <k’ <n, then fk ~ f¥.

(c) We have f* = f! and f* > f".

(@) If f* is non-unanimous, then fk = fx.

(e) There exists a non-efficient and unanimous f* € MVS such that f* > f*.

Corollary 5 says the following. Statement (a) states that any efficient median voter
scheme f ¢ {f!, f} belongs to the set of the most manipulable median voter schemes.
Statement (c) states that the two efficient median voter schemes f! and f” are less ma-
nipulable than any other efficient median voter scheme f ¢ {f', f"}. Statement (d) states
that any non-unanimous median voter scheme is less manipulable than any efficient
median voter scheme f ¢ {f!, f}. Statement (e) states that given an efficient median
voter scheme f ¢ {f!, "}, there is always a (non-efficient) unanimous median voter
scheme that is less manipulable. Moreover, Corollary 5 has the following two impli-
cations when » is odd. First, for any f* € MVS, f (n+1)/2 >~ f*, and second, for all non-
unanimous f* € MVS, f#+D/2 o £x,

ProOF oF COROLLARY 5. Let y be the vector of fixed ballots associated to fX. Since
k ¢{1,n},

yi=y»=a and y,=y,41=0>. 4)
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(a) It follows from (4) and Theorem 1.

(b) It follows from (a).

(c) Let z be the vector of fixed ballots associated to f!; namely, zy =aand z; = --- =
zy+1 = b. Hence, by (4) and Theorem 1, f k is more manipulable than f L Using a similar
argument, it also follows that f* > f".

(d) Let f* be anon-unanimous median voter scheme. Then either a < xq or x,, 1 < b.
Hence, by (4) and Theorem 1, f* is more manipulable than f*.

(e) Consider any « € (a, b) and define x = (a, @, ..., a, b, ..., b). Then f* is unani-
——
k—1 times

mous but it is not efficient. By (4) and Theorem 1, f ko f*. O

COROLLARY 6. Let f € MVS be efficient and such that f  {f', f"}.
(a) Then there exists a non-efficient and nonconstant f* € MVS such that f > f~*.

(b) If f* and f are comparable and f* is non-efficient, then f > f*.

Corollary 6 says the following. Statement (a) states that there exists a non-efficient
and nonconstant median voter scheme that is less manipulable than f! (or f”). State-
ment (b) says that if the efficient median voter scheme f L (or f™ and a non-efficient
median voter scheme f are comparable according to their manipulability, then the for-
mer is more manipulable than the later. Corollaries 5 and 6 make clear the well known
trade-off between strategy-proofness and efficiency.

PrROOF OF COROLLARY 6. Consider f! € MVS and let y = (a, b, ..., b) be its associated
vector of fixed ballots. The case f” € MVS proceeds symmetrically.

(a) Define x = (a, a, b, ..., b), where « € (a, b). Then, by Theorem 1, f! > f* and it is
clear that f* is non-efficient.

(b) Since [y», y.] = {b}, and f* and f' are comparable, Theorem 1 implies that

£l fx. O

3.6 Complete lattice structure

Using Theorem 1 we can partition the set of median voter schemes MVS into equiva-
lence classes in such a way that each equivalence class contains median voter schemes
that are all equally manipulable. Denote the (quotient) set of those equivalence classes
by MVS/ ~. Furthermore, we can extend =~ on MVS to the set of equivalence classes
MVS/ =~ in a natural way. Denote this extension by [Z]. In this subsection we will show
that the pair (MVS/ =, [Z]) is a complete lattice; namely, any nonempty subset of equiv-
alence classes in MVS/ ~ has a supremum and an infimum according to [7]. Formally,
given f* € MVS, denote by [f*] the equivalence class of f* with respect to ~; i.e.,

[f*1={geMVS|g~ f*}.
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Let [c] be the class of all constant median voter schemes.” Assume that [f*] # [c]. By
Theorem 1, [f*] can be identified with the four-tuple (x1, x2, X5, X;41)-

Denote by MVS/ ~ the set of all equivalence classes induced by ~ on MVS and con-
sider the binary relation [>Z] on MVS/ ~ defined as follows. For any pair [f*], [f’] €
MVS/ =, set

[f11z11f’1 ifandonlyif f* = f7.

Since 77 is a pre-order on MVS, it follows that [] is a partial order on MVS/ ~. Further-
more, by Theorem 1, if [f*] # [c] and [f”] # [c], then

[ 1121171 ifandonlyif xy <y1,x2 <y2,xn > ypand X,41 > Ypi1-
We can now state and prove the result of this subsection.
ProrosITION 2. The pair (MVS/ ~, [Z]) is a complete lattice.

PRrROOF. Let @ # Z C MVS ~. Define

Sz .SZ SZ : :
(xl 5x2 ’ n ’ l’l-‘rl)_( lnf xla lnf x2> Sup Xns sup xl’l+1)
xl:[fx]EZ x2:[fX]EZ xn:[foEZ xn+1:[fX]€Z
and
1Z
(xl 7x2 ’ n ’ n+1)

_ | (SUpy (pxjez X1 SUP [ priez X2, iy priez Xn, infy, | prjez X)) if[c] ¢ Z
[c] if[c]e Z.

Observe that if [fx] € Z, then x; € [a,b] forall k = 1,2, n n —|— 1. Hence, (x3%, x5%,

52 x n+1) and (x{%,x1%, x1%, xIZ ) are well defined and x3 %, xtZ € [a, b] forSdel Igz—

1,2,n,n+1. C0n51der the equ1valence classes [f54] and [f!#] associated to (x7%, x37,
x;glz, x0Z) and (x}%, x1%, xI%, xIZ), respectively. That is, f7 € [f54] if and only if y, =
Z fork=1,2,n,n+1and f’ ¢ [f’Z] ifand only if y;, = xiZ fork=1,2,n,n+ 1. Since

xiz, xtZ €la,b]forallk =1,2,n,n+ 1, we have that

X

[FS2), [f1%1 e MVS/ ~ . (5)

Moreover, if Z = MVS/ =, then [f54] = (a, a, b, b) and [f/4] = [c].

Now we show that (MVS/ ~, [Z]) is a complete lattice. Let & £ Z C MVS/ ~. By (5),
(541, [f14] e MVS/ =~. By Theorem 1 and the definition of [f541and [f!4],lub Z = [f5%)]
and lIb Z = [f!#] are, respectively, the least upper bound and the largest lower bound
with respect to []. Hence, sup;-) Z = [f54] and infj-) Z = [f14]. Thus, (MVS/ =, [7]) is
a complete lattice. O

Two immediate consequences follow from the proof of Proposition 2. First, and
since [c] is the smallest equivalence class in MVS/ ~ according to [Z], all constant me-

“Remember that all constant median voter schemes (excluded in the statement of Theorem 1) are equally
manipulable since all of them are strategy-proof on ¢/".
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[fz]
\ < Unanimous
re =la, b]
=A4n { n —
rp=ia, b7 Y] — / T4 | 1z
range 1 / \ / |

[c]

F1GURE 2. Lattice structure.

dian voter schemes are less manipulable than any other nonconstant median voter
scheme (i.e., [c] = inf[i] MSV/ =). Second, and since the equivalence class containing
all median voter schemes identified with the four-tuple (a, a, b, b) is the largest equiva-
lence in MVS/ ~ according to [7] (i.e., this equivalence class is the Sup| > MSV/ =), any
median voter scheme f* such that x; = x, = @ and x,, = x,,41 = b is more manipulable
than any other MVS outside this class. Observe that this class includes all efficient me-
dian voting schemes except f! and f” and it has the property that the set of options
left open by any preference is the full set [a, b] and, hence, its admissible domain is the
smallest one. As soon as the extreme fixed ballots move toward more intermediate al-
ternatives, the options sets left open by any preference become smaller and therefore
more non-single-peaked preferences are admissible in the domain of the correspond-
ing median voter scheme so as to remain non-manipulable. Thus, although somehow
disappointing, the class of unbiased median voter schemes is the most manipulable one
precisely because it is more sensible to agents’ preferences (the options that they leave
open are larger).

Finally, if » <3 and f* € MVS is nonconstant, then [f*] = {f*}. Thus, the pair
(MVS, ) is like a complete lattice (it is not because the equivalence class of constant
median voter schemes is not degenerated).

Figure 2 summarizes the complete lattice structure of the pair (MVS/ =, [Z]) for any
n > 2, whose properties have been collected among Corollaries 3, 4, 5, and 6.

4. COMPARING ALL GENERALIZED MEDIAN VOTER SCHEMES
4.1 Generalized median voter schemes

Median voter schemes are anonymous. All agents have the same power to influence
the outcome of a given median voter scheme f*, although this power depends on the
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distribution of its associated fixed ballots x = (x1, ..., x,11). Generalized median voter
schemes admit the possibility that different agents may have different power to influence
its outcome. This power will be described by a monotonic family of fixed ballots, one for
each coalition (subset) of agents. To develop a useful intuition to understand the class of
all generalized median voter schemes, consider first the case n = 2. Given a monotonic
family of fixed ballots {p1 2y, pq1}» Pi2}» Pio)}, one for each coalition of agents, such that
a < ppay < pyy < P < Pz < b, we define the social choice function f : 4? — [a, b] as
follows: for each R € 142,

P2 if7(Ry), 7(R2) < p1,2y
7(Ry) if 7(Ry) < p1,2y < 7(R2) < ppy
Py if 7(Ry) < py1,2) < py < 7(R2)
med{7(Ry), 7(R2), pi1y} if py12y < 7(Ry) < ppyy

f(R)=1] 7(Ry) if piy <7(R1) < ppy
med{7(Ry), 7(R2), ppy}  if ppy < 7(Ry) < pioy
)20) if pigy < 7(Ry) and 7(R3) < pyy
T(R2) if ppy < 7(R2) < pioy < 7(Ry)
Pio) if pa) < 7(R1), 7(R2).

Observe that r; = [p1,2), pie;]. We can interpret this function as a way to assign
to agents 1 and 2 the power to select the alternative in the subset r; = [p(1,2), p(z}]. For
instance, agent 1 can make sure that the outcome is at most py; by voting below p(;, and
at most 7(R;) by voting above p(y;, and agent 1 is a dictator on [py}, pyz] (i.e., f(R) =
7(R1) whenever 7(Ry) € [py1), pi2y))- Itis easy to check that f can be rewritten as

R — i R ) .
fR) sin, max(r(Ry), ps}

To present the characterization of all strategy-proof and tops-only social choice
functions on the domain of single-peaked preferences for all » > 2, we say that a col-
lection {ps}gcon is @ monotonic family of fixed ballots if (i) ps € [a, b] for all S € 2N and
(i) T c Q implies pg < pr. The characterization is the following.

ProrosiTioN 3 (Moulin 1980). A social choice function f : SP" — [a, b] is strategy-proof
and tops-only if and only if there exists a monotonic family of fixed ballots { ps}g.on such
that for all R € SP",

f(R) = min max{T(R;), ps}.
Se2N ieS

The social choice functions identified in Proposition 3 are called generalized me-
dian voter schemes. A simple way to interpret them is as follows. Each generalized me-
dian voting scheme (and its associated monotonic family of fixed ballots) can be un-
derstood as a particular way to distribute the power among coalitions to influence the
social choice. To see that, take an arbitrary coalition § and its fixed ballot ps. Then
coalition S can make sure that, by all of its members reporting a top alternative below
ps, the social choice will be at most pg, independently of the reported top alternatives
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of the members of the complementary coalition.® An alternative way to describe this
distribution of power among coalitions is as follows. Fix a monotonic family of fixed
ballots {ps}¢cov (i.e., a generalized median voter scheme) and take a vector of tops
(t(R1), ..., T(Ry,)). Start at the left extreme of the interval a and push the outcome to
the right until it reaches an alternative « for which the following two things happen si-
multaneously: (i) there exists a coalition of agents § such that all its members have re-
ported a top alternative below or equal to « (i.e., 7(R;) < « for all i € §) and (ii) the fixed
ballot pg associated to S is also located below « (i.e., ps < @). Median voter schemes are
the anonymous subclass of generalized median voter schemes. Hence, the fixed ballots
of any two coalitions with the same cardinality of any anonymous generalized median
voter scheme are equal. From a monotonic family of fixed ballots { ps}s.,v associated
to an anonymous generalized median voter scheme f : 4" — [a, b] we can identify the
n + 1 ballots x; < --- < x,,1 needed to describe f as a median voter scheme as follows:
foreach 1 <k <n+ 1, x; = pg for all S € 2V such that #S = n — k + 1. Moreover, the
onto social choice function f : /" — [a, b], where agent j € N is the dictator (i.e., for all
R eU", f(R) = 7(R})), can be described as a generalized median voter scheme by set-
ting pr =aforall T ¢ N such that j € T and pg = b forall S C N such that j ¢ S. Then,
for any R € U", (i) max{7(Rj), p(j} = 7(Rj), 7(Rj) < maxjer{7(R;), pr} forany T C N
such that j € T, and (iii) max;cs{7(R;), ps} = b for any S C N such that j ¢ S. Thus,
ming oy maxyes {7(Ry), ps'} = 7(R;).

Given a monotonic family of fixed ballots p = { ps}scn, let fP denote the generalized
median voter scheme associated to p.

4.2 Main result

Our main result will provide a systematic way to compare non-constant and non-
dictatorial generalized median voter schemes according to their manipulability. It turns
out that to perform this comparison it is crucial to identify, for each agent i € N, the
subintervals where i is a non-dummy agent; i.e., the subset of alternatives that are even-
tually chosen at some profile but agent i is able to change the chosen alternative by
reporting a different preference relation. Below, we define formally the general notion
of anon-dummy agent at an alternative in a social choice function.

DEFINITION 6. Let f:U" — [a, b] be a social choice function. Agent i is non-dummy at
a € [a, b] in f if there exists R € " and R;. € U such that

f(Ri,R_,') =a and
F(R,, R_) # .

The lemma below characterizes non-dummyness at an alternative in a generalized
median voter scheme f? : /" — [a, b] in terms of the monotonic family of fixed ballots p.
This characterization will be useful in the sequel.

8See Barbera et al. (1997) for a similar interpretation for the case of a finite number of ordered
alternatives.
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LEMMA 4. Let fP :U" — [a, b] be a generalized median voter scheme. Then i is non-
dummy at a in f? if and only if there exists S C N such thati € S, ps < ps\(iy and ps <

& = Ps\(i}-

For the proof, see Appendix B at the end of the paper.
The set of all « € [a, b] such that i is non-dummy at « in f? : U" — [a, b] is denoted
by NDfD. By Lemma 4,

ND}, = U [Ps, ps\iiy]- (6)
{SCN|ieS and ps<ps\m}

We are now ready to state the main result of the paper.

THEOREM 2. Let p = {ps}scn and p = {ps}scn be two monotonic families of fixed ballots
and assume that the two associated generalized median voter schemes fP : U" — [a, b]
and fP :U" — [a, b] are neither constant nor dictatorial. Then

[pn> Pi]NNDY, C [pw, pry]l N ND, 7
[PN\(i)> Pizy] D ND; C[pmys Pyl N ND., 8

and
[Piiy> PM\()] C NDJ; 9

hold for alli € N if and only if f? is at least as manipulable as fP.

Before presenting three lemmata used in the proof of Theorem 2, a few remarks are
in order.

First, conditions (7), (8), and (9) say that the relevant information to compare two
generalized median voter schemes according to their manipulability for agent i € N lies
in the values of the fixed ballots associated to coalitions N, N \ {i}, {i}, and {@} and in i’s
non-dummy sets.

Second, observe that condition (9) is only relevant when py;; < pn\(; because if
PN\{i} < Pli} then [Py, PN\ = 9, and if PN\{i} = Pli} then (9) follows from (7) and
(8) since f? is not constant and pw\(;y = py;) € ND;.

Third, if the nonconstant generalized median voter schemes associated to the
monotonic families of fixed ballots p = {ps}s.ov and p = { ps}scn are anonymous, then
ND; =[pn, P2yl ND}, = [pN, Piz)] (i is non-dummy in the full ranges of f? and f?),
PN\(i) < Py, and pyyy < py;y for all i e N. Therefore, conditions (7), (8), and (9) are
equivalent to

[pn, Pyl C PN, Pyl

and

[pN\(i)» Prey] C LPN\Gi)» Pioy]
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or

[pN> Pioy] C PN, Pioy]

and

(e Pyl C LoV Pyl
Now, if x and y are the n + 1 vectors associated to f? and f?, respectively, then x; = py,

X2 = PN\{i}» Xn = P{i}» Xn+1 = P{@}» Y1 = PN» Y2 = PN\{i}» Yn = P(i}» and y,11 = pig). Thus,
conditions (7), (8), and (9) are equivalent to

[x1, Xpt1] C Y15 Yuy1]
and

[x2, xn] C [¥2, Yul,

which is what Theorem 1 says. Hence, Theorem 1 can be seen as a corollary of
Theorem 2.

We will say that an interval I; = [c, d] with ¢ < d is a non-dummy interval for i in f?
ifl; C NDi Whenever we refer to an interval as a non-dummy interval we exclude the
poss1b1hty that the interval contains only one alternative. If i € S with pg < pg\(;;, then
[ps, ps\(j] is @ non-dummy interval for i in f? and we denote it by 7. $. We will write I
when the median voter scheme used as a reference is f7 instead of f7. »

We state now the three lemmata, whose proofs are given in Appendix B, that will be
used in the proof of Theorem 2. To simplify notation, given p = {ps}scny and R; € U, we
denote o/” (R)) by 0?(R;).

LEMMA 5. Let f? :U" — [a, b] be a nonconstant generalized median voter scheme. Then
fP is not manipulable by i at R; if and only if, for all Il.S, R; is single-peaked on (o”(R;) N
IHU{T(R)), a*} forall a* € I},

LEmMMA 6. Let p ={ps}scn be a monotonic family of fixed ballots and let R; € U.
If piy < PN\ then

[pNs Pyl ifa<t(R;) < pn
[7(Ri), piiy] if pN <7(R)) < ppiy
0P (R)) = { {T(R)} if priy < 7(R) < pN\(iy

[Py T(RDT i paviiy < T(R)) < pioy
[P\ Piey]  if prey < T(R).

If pn\(iy < Py, then

[pNs Pyl ifa<7(R)) < pNn
[T(R)), piy] if py < 7(R;)) < PN\(i)
oP(Ri) = { [pnvvs Pyl i Py < T(RD) < piiy
[P\ T(RDT Tf pay < T(Ri) < Py
[P\ Prey] Bf pray < T(R)).
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LEMMA 7. Let p = {ps}scn and p = {ps}scn be two monotonic families of fixed ballots
such that fP and fP are not constant. Assume (7), (8), and (9) in Theorem 2 hold. Then,
for any non-dummy interval Il.S and for all o* € Il.S, there exists a non-dummy interval I;
foriin fP such that a* € I; and (0P(RHN Il.S) c (0P(R)N fi)forall RieU®

DErINITION 7. Let f:U" — [a, b] be a social choice function. Agent i is a dictator at
a € [a,b] in f iffor all R; € U such that 7(R;) = a,

f(Ri,R_)=a forallR_;eu" .

Let fP :U" — [a, b] be a generalized median voter scheme and let i € N be an agent.
Denote the set of all @ € [a, b] such that i is a dictator at @ in f7, by DTfD. By Lemma 6,

DT; = [p(i}> PN\(ij]- Observe that if py\(j < pyi), then i is not a dictator at any « € [a, b]
in f?. Furthermore, if Diiy < PN\{i}» then, by InOIlOtOIliCity, PN\(j} = Pliy < PN\{i} = Py}
for all j # i. Therefore, if p(;y < pn\(i), then j is not a dictator at any « € [a, b] in f? for all
J#L

DEFINITION 8. Let p = {ps}scy and p = {ps}scn be two monotonic families of fixed

ballots. The generalized median voter scheme f? : " — [a, bJ is at least more (or more)
dictatorial for i than the generalized median voter scheme f? : " — [a, b] if & # DT’]3 C

DT/, (or @ # DT S DTY).

Proposition 4 below formalizes the trade-off between dictatorialness and
manipulability.

ProPOSITION 4. Let p = {ps}scn and p = {ps}scn be two monotonic families of fixed
ballots. Assume that fP : U" — [a,b] and fP : U" — [a,b] are nonconstant, non-
dictatorial, and comparable according to their manipulability. If f? is more dictatorial
forithan fP?, then fP is more manipulable than f?.

PRrOOF. Since f? _is more dictatorial than f? for_i, @+ D:[fﬁ ¢ DT;. Then [y, ﬁfv\{i}] c
[piy> P\l and pyy < paygiy- Therefore, pyy < py and paiy < paiy Or py < piy and
]_JN\{i} < PN\{i}- Assume that Py < Dy and ]_7N\{i} < PN\{i} hold; the proof for the other
case proceeds similarly and therefore is omitted. Since DT), # & and p = {ps}scn is
monotonic, ND;, =[pn, iz}l holds by (6). Thus,

[pw Pl NND, = [pn, py)-
Similarly, and since DTi-7 # O,
[N, Pl NND} = [pn, pril.
Since f? and f? are comparable according to their manipulability and Py < Py
[N, Pyl NND), = [pn, piy] G 1PN, Pyl = [pw, Pl NND.
Thus, by Theorem 2, f P is more manipulable than f7. O

9Note that [; does not necessarily have to be written as I is/ for some §' > i.
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5. FINAL REMARKS

Before moving to the omitted proofs we finish with two final remarks.

The reader could ask about the meaning of applying a median voter scheme to the
universal domain of preferences.!® One could argue that if preferences are unrestricted
itis like having no order on the set of alternatives. We also share this point of view. Under
the universal domain of preferences median voter schemes lose their appeal. However,
they still can be understood as a particular process for defining a specific subclass of
social choice functions. Each ordering on the set of alternatives and each median voter
scheme relative to this ordering defines a social choice function on the universal do-
main of preferences. This procedure becomes meaningful only when the structure and
characteristics of the set of alternatives induce a natural order on it. But then if we want
to design strategy-proof social choice functions on any domain that contains the set of
single-peaked preferences (relative to this natural ordering), we have to look only inside
the class of median voter schemes (this is a consequence of Moulin’s 1980 characteri-
zation); otherwise, the social choice function would be manipulable. Our approach is
relevant if agents, in addition to single-peaked preferences, may have additional prefer-
ences. The key point is to understand that a median voter scheme does not necessarily
become manipulable under this larger domain. This depends very much on the iden-
tity of the agent, the particular properties of the additional preferences, and the median
voter scheme under consideration. Lemmata 1 and 5 in the proofs of Theorems 1 and 2
identify exactly the class of extra preferences that an agent may have and simultane-
ously preserve the strategy-proofness of the median voter scheme. And again, this class
depends very much on the particular median voter scheme and, if it is not anonymous,
depends on the specific agent to whose domain these additional preferences have been
included. Our main contribution is then to compare, in terms of their manipulability,
some pairs of median voter schemes by using the setwise inclusion criterion on the cor-
responding extra classes of admissible preferences.

The second remark relates our comparability notion with two alternative notions
proposed by Pathak and Sonmez (2013) to compare two different matching mechanisms
(in school choice problems) according to their manipulability. Following Pathak and
Sénmez (2013), the profile R is vulnerable under the mechanism f if f is manipulable by
some agent at R; i.e., there existi € N and R} € U such that f(R}, R_;) P; f(R;, R_;). First,
and following their definitions in Section 1, a mechanism f is at least as manipulable as
mechanism g according to Pathak and S6nmez (at least as PS-manipulable as, for short)
if any profile that is vulnerable under g is also vulnerable under f:

o If there exist i € N and R} € U such that g(R], R_;) P; g(R;, R_;), then there exist
je N and R}.’ € U such that f(R;.’, R_j) Pj f(Rj,R_)).

Second, and following their definitions in Section 3, a mechanism f is at least as
strongly manipulable as mechanism g according to Pathak and Sénmez (at least as

10We are grateful to a referee who did ask this question. This first remark may help the reader to better
understand the meaning and interest of our contribution.



570 Arribillaga and Massé Theoretical Economics 11 (2016)

strongly PS-manipulable as, for short) if for any profile where g is vulnerable, f is also
vulnerable by any agent who can manipulate g:'!

e If there exist i e N and R; € U such that g(R}, R_;) P; g(R;, R_;), then there exists
R} eU such that f(R}, R_;) P; f(R;, R_;).

REMARK 2. If f is at least as strongly PS-manipulable as g, then f is at least as PS-
manipulable as g.

Proposition 5 below shows that if a generalized median voter scheme f is at least as
PS-manipulable as a generalized median voter scheme g, then f is at least as manipula-
ble as g.

ProrosITION 5. Let f and g be two generalized median voter schemes and assume that
f is at least as PS-manipulable as g. Then f is at least as manipulable as g."?

Proor. Fixie N andletR; M;.g. This means that there exists (R}, R_;) € " such that
g(R;,R_;) P; g(R;, R_;). Since g is tops-only, we may assume that R_; € SP"1. By as-
sumption, there exist j € N and R;.’ € U such that

f(R},R_)) P; f(R}, R_)). (10)

If j # i, (10) implies that j can manipulate the generalized median voter scheme f at a
profile R, where R; is a single-peaked preference, a contradiction with either Lemma 1
or Lemma 5. Hence, j = i. But then, by (10), R; € M{ Thus, R; € M{ whenever R; € M‘f,
which implies that f is at least as manipulable as g. O

Example 1 below shows that the reverse implication does not hold; i.e., there exist
two median voter schemes f and g such that f is at least as manipulable as g but f
is not at least as PS-manipulable as g (and, by Remark 2, f is not at least as strongly
PS-manipulable as g). Therefore, Example 1 shows that our notion of being at least as
manipulable as is different than the two notions proposed by Pathak and Sénmez (2013).

ExamPLE 1. Let n =3 and let f* and f” be two median voter schemes associated to
x = (0, %, %, 1) and y = (0,0, 1, 1), respectively. By Theorem 1, and since [x1, x,11] C
[¥1, Ynr1] and [x2, x,] & [¥2, yul, f? is atleast as manipulable as f*. On the one hand, con-
sider any profile R = (R, Ry, R3) € U3 and any preference R’ € U such that (i) 7(R;) =1
for i=1,2, (i) 7(R3) = § and 3 P3 1, and (iii) 7(R;) = 3. Therefore, f*(Ry, Ry, R;) =
% Ps % = f*(R) and, hence, R is vulnerable under f*. Moreover, f¥(R) =1 and R is not
vulnerable under f¥. Thus, f” is not at least as PS-manipulable as f* and, hence, by

110bserve that the notions of “at least as PS-manipulable as” and “at least as strongly PS-manipulable
as” are relative to the inclusion of the sets of vulnerable profiles, while our notion of “at least as manipulable
as” is relative to the inclusion of the sets of manipulable preferences.

12In light of Remark 2, the statement of Proposition 5 also holds after replacing “g is at least as PS-
manipulable as f” by “g is at least as strongly PS-manipulable as f.”
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Remark 2, 7 is not at least as strongly PS-manipulable as f*. On the other hand, con-
sider any profile R= (1? 1 ﬁz, ﬁ3) € U? and any preference I% € U such that (i) T(ﬁ )= %,
(ii) T(I%z) = %, (iii) 7-(1%3) = % and }—J%%, and (iv) T(Ii’é) = %. Therefore, fx(ﬁ) = % and R
is not vulnerable under f*. Moreover, f” (R, Ry, I§’3 = 1153% =f7 (R) and, hence, R is
vulnerable under f”. Thus, f* is not at least as PS-manipulable as f” and, hence, by Re-
mark 2, f* is not at least as strongly PS-manipulable as f”. Therefore, f* and f” are not
comparable according to the two notions proposed by Pathak and Sénmez (2013). ¢

Example 1 illustrates the fact that our comparability notion is based on the inclusion
of the maximal domains of preferences under which each of the two generalized median
voter schemes are strategy-proof. In this case, the maximal domain of preferences under
which f” is strategy-proof is the set of single-peaked preferences on [0, 1] while f* ad-
mits a much larger maximal domain, the union of the three sets: {R; e/ | 0 < 7(R;) < %,
TR)<a<B<i=aR B andi<a=iRa}, (RiclU|i<TR)=<1, j<B<a<
T(R)=aR;B,anda < § = $ R;a},and (R; e U | 7(R;) = 3}

APPENDIX A

PrROOF OF LEMMA 1. (=) Suppose there exists a* € r7x such that R; is not single-peaked
on 0" (R;) U {7(R;), a*}. We will prove that there exist R} e/ and R_; € U"1 such that
YR}, R_;) P; f*(R;, R_;). We will divide the proof into three different cases.

Case 1. Suppose a* € 0*(R;) and there exists B € 0*(R;) such that o* < 8 < 7(R;)
and o* P; B; the other case where 7(R;) < «* < 8 and B P; o* is similar and therefore is
omitted. Let R € U" be such that T(ﬁj) =a* forall j € N. Since a* € 0*(R;) and f* is a
median voter scheme, f*(R;, R_;) = «*. Similarly, let R € 4" be such that 7(R;) = 8 for
all j e N. Since B € 0*(R;), f*(R;, R_;) = B. Since f*(R;, R_;) = a* P; B = f*(R;, R_;), by
the definition of f*, there must exist S ¢ N \ {i} and j' ¢ S such that

[ (R;, ]%j’, Rs, R_suii ) Pi f*(Ri, Ry, Rs, R_suiij))- (11)

Now, let R; € U be such that 7(R}) = f*(R;, Ry, Rs, R_su( ). Since 7(Rj) =a* < =
7(Rj) forall je N,
T(Ry) = ot = f*(Ri, R_y)

< f*(Ri, Ry, Rs, R_sui )

< f*(Ri, Ry, Rs, R_supi)

< f*(Ri,R_) (12

=p

=1(Rj)

< 7(R)).
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Then, by (12) and the definition of f*,

f*(Ri, Ry, Rs, R_suijy) = X (Ri, Rjry Rs, R_gupij))-
Hence, by (11),

fX(R;, Rjr, Rs, R_sui i) Pi f*(Ri, Rjr, Rg, R_sui,j))-

Thus, f* is manipulable by i at R; with any R’ with the property that 7(R}) = f*(R;, R i
Rs, R_sujij))-

Case 2. Suppose o* ¢ 0*(R;) and there exists 8 € 0*(R;) such that o* < 8 < 7(R;)
and o* P; B; the other case where 7(R;) < B < o* and o* P; B proceeds similarly and is
therefore omitted. Let R € &" be such that T(Rj) = Bforall j € N. Since 8 € 0*(R;),

fY(Ri,R_)=P. (13)

Let R € U" be such that T(ﬁj) = B forall j € N. If there exist S c N \ {i} and j’ ¢ S such
that

f*(Ri, Ry, Rs, R_suijy) Pi fX(Ri, Rjr, Rs, R_supi ) (14)
holds, the proof proceeds as in Case 1. Hence, assume that there do not exist S ¢ N \ {i}
and j’ ¢ S satisfying (14). Let N \ {i} = {j1, ..., ju—1}- Then
B=f*(Ri,R_)) by(13)
R; fx(Ri,Iéh,R,{i,h}) consider §1 = @, j = j; ¢ S, and —(14)
R; f*(Ri, R, Rj,, R_(j,)uiij)) consider Sy = {j1}, /' = jo ¢ S2, and —(14)
Ri f*(Ri, Rjy, Rijy. o), Rjy. jyutijz)  consider S3= {j1, jo}, /' = js ¢ S3, and ~(14)

Ri f*(Riy Rjy 53 Rijy 31 Rt s 310 )
consider S,,_1 = {j1, 2, -++» ju=3}s J = ju_2 & Sy—_1, and —=(14)
Ri f*(Ri, R}y s Rijy ooty Rt 21 1)
consider S, = {j1, j2, .., jn—2}, ' = ju—1 ¢ Sn, and —(14)
=f*(Ri, R-) {1, j2s -+ -» jn-2} U lis ju1} =N.
Hence, as o* P; 3,
o P; f*(Ri, R_)). (15)

Since a* € ryx, fx(ﬁi, R_;) = a*. Thus, by (15), fx(ﬁi, R_)P; (R, R_;), which means
that f* is manipulable by i at R; with any R; such that ﬂr(ﬁi) =a*.

Case 3. Suppose o* ¢ 0*(R;) and there exists 8 € 0*(R;) such that 8 < a* < 7(R;)
and B P; o*; the other case where 7(R;) < o* < 8 and B P; a* proceeds similarly and
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is therefore omitted. We will prove that this case is not possible. Consider the pro-
file R such that T(ﬁj) =a* for all j € N. Since o* ¢ 0*(R;), B € 0*(R;), and 0*(R;)
is an interval (see Lemma 2), f(Ri,ﬁ_i) < a*. Furthermore, and since o* < 7(R;),
f"(]?i,li‘_i) < fx(R,-,I?_i) < a*. Hence, fx(R) < a. Thus, a* ¢ ryx, which contradicts
the initial hypothesis.

(«<) Suppose f* is manipulable by i at R;; that is, there exist R; e/ and R_; € un-1
such that

FY(R;, R_j) Pi f*(Ri, R_)). (16)

Consider the case 7(R;) < 7(R;); the other case is similar and therefore is omitted. We
distinguish among three different cases.

Case I: 7(R;) < f*(R;, R_;). Since f* is a median voter scheme and 7(R}) < 7(R;),
YR, R_;) = f*(R;, R_;). But this contradicts (16).

Case 2: 7(R;) = f*(R;, R_;). Then f*(R;, R_;) P; f*(R}, R_;), which also contradicts
(16).

Case 3: f*(R;,R_;) < 7(R;). Since 7(P]) < 7(R;) and (16) hold, f*(R},R_;) <
f*(Ri,R_;). Hence, f*(R;,R_;) < f*(Ri,R_;) < 7(R;) and 7(R;) P; f*(R},R_;) P;
f*(Ri, R_;). Thus, and since f*(R;, R_;), 7(R;) € 0*(R;) U {7(R;)} and f*(R}, R_;) € ryx,
R; is not single-peaked on o* (R;) U {7(R;), f*(R}, R_;)}. O

Proor oF LEMMA 2. We divide the proof into three cases.

Case I: 7(R;) < x1. The case x,,11 < 7(R;) is symmetric and its proof proceeds simi-
larly; therefore, it is omitted. We prove that o*(R;) = [x1, x,]. Let « € 0*(R;) be arbitrary.
Then there exists R_; € 4"~ such that

l’IlEd{T(Rl), ceey 'T(Rn), X1yeeny xn+1} =a.

Redefine y = (y1,..., Yons1) = (T(R1), ..., T(Rp), X15 - ., Xpp1) € [a, b1 If yo < xq,
and since 7(R;) < x1 < --- < Xpyq, #ls e {l,...,2n + 1} | ys > y+} > n + 2. Hence,
a # ys. If x, < y+ and since 7(R;) < x1 < xp < -+ < xp, #{s € {l,...,2n + 1} |
ys < ye«} > n + 2. Hence, a # ys«. Thus, a € [x1, x,]. Now, let a € [x1, x,], I?,- =R,
and, for all j e N \ {i}, let ﬁj € U be such that T(ﬁj) = a. Redefine y = (y1, ..., yopt1) =
(T(R1), .., T(Rp), X1,y - . . Xpi1) € [a, b]"TL. Since a < x, < xpy1, #{s € {1,...,2n+ 1} |
vys > a} > n+ 1. Furthermore, and since 7(R;) < x; <a, #{se{l,...,2n+ 1} | ys < a} >
n+ 1. Hence, #{s e {l,....2n+ 1} |ys>a}=#{se {l,....;2n+ 1} | s <a} =n+ 1.
Thus, med{ﬂr(ﬁl), ...,T(ﬁn),xl, ...y Xpa1) = a. Since IQ,- = R;, a € 0°(R;). Therefore,
0" (R;) = [x1, xnl.

Case 2: x1 < 7(R;) < xp. The case x, < 7(R;) < x,41 is symmetric and its proof
proceeds similarly; therefore, it is omitted. We prove that o*(R;) = [7(R;), x,41]. Let
a € 0°(R;) be arbitrary. Then there exists R_; € U1 such that

IIlEd{T(Rl), . T(R,,),xl, Ce ,xn+1} =a.

Redefine y = (yi, ..., y2n41) = (T(R1), ..., T(Rp), X1, ..., Xpq1) € [a, b1 Iy < 7(Ry)
and since 7(R;) < xp < -+ < xu41, #{s€{1,...,2n + 1} | ys > y+} > n + 2. Hence,
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a# ye. If x, < ye« and since 7(R;) < x3 < -+ < xpp1, #{se{l,...,2n+ 1} | ys < ys=} >
n + 2. Hence, a # ye. Thus, a € [7(R;), x,]. Now let a € [7(R;), x,], R; = R;, and,
forall je N \ {i}, let R € U be such that T(R]) = a. Redefine y = (y1,..., Yons1) =
(T(R1), ..., T(Rn), X1, .., Xpi1) € [a, b]*". Since a < x, < xp41, #{s € {1,...,2n+ 1} |
ys>a)>n+1. Furthermore and since x1 <7(R)) <a, #{se{l,...,2n+ 1} | ys < a} >
n+ 1. Hence, #{se{l,....2n+ 1} |ys>a}=#{se{l,....;.2n+ 1} |y <a}=n+ 1.
Thus, med{r(ﬁl), ...,T(ﬁn),xl, .eesXpy1) = a. Since I§,~ = R;, a € 0°(R;). Therefore,
0" (R;) = [1(R;), xn].

Case 3: xy < 7(R;) < x,. We prove that 0*(R;) = [x7, x,]. Let @ € 0*(R;) be arbitrary.
Then there exists R_; € 4"~ ! such that

med{T(Rl), ey T(Rn), X1yeeny x,,H} =a.

Redefine y = (yi,..., Yous1) = (7(R1), ..., T(Ry), X155 Xpy1) € [a, b1 If yo < X9,
and since x; < --- < x,41 and x; < 7(R;), we have that #{s € {1,...,2n + 1} | ys >
ys+} > n + 2. Hence, @ # ys+. If x, < ye, and since x; < --- < x, and 7(R;) < x,,
we have that #{s € {1,...,2n + 1} | ys <y} > n+ 2. Hence, a # ys«. Thus, a €
[x2, x,]. Now let a € [xz,xn] R- =R;, and, for all j e N \ {i}, let R € U be such that
7(Rj) = a. Redefine y = (y1,..., y2n11) = (7(R1), ..., T(Rn), X1, .., Xny1) € [a, bJP"T1.
Since a < x, < x,41, #{s € {1,...,2n+ 1} | ys > a} > n + 1. Furthermore and since
x1<xy<a #{se{l,...,2n+1}|ys<a}>n+1. Hence, #{s e {1,...,2n+ 1} | ys > a} =
#{se{l,...,2n+ 1} | yy <a} =n+ 1. Thus, med{ﬂr(lé1),...,7(1§n),x1,...,xn+1} = a.
Since R; = R;, a € 0*(R;). Therefore, 0*(R;) = [x2, x,]. O

Proor or LEMMA 3. We divide the proofinto five cases.
Case I: 7(R;) < x1. Then, by Lemma 2, o*(R;) = [x1, x,]. Since 7(R;) < x1 < x5 < Vn,

(Y1 ynl if 7(Ri) <n
0¥ (Ri) = | [T(R), ya] ify1 <7(Ri) <y»
[y2 ynl if y» < 7(R;) < yn.
Hence, 0*(R;) C 0Y(R;).
Case 2: x1 < 7(R;) < x3. Then, by Lemma 2, 0*(R;) = [T(R;), x,]. Since y; < x1 <
T(Ri) < X2 < Xp < Yn,

[T(R), yn] ify1 <7(Rj) <y

y ) =
o (Ri) = { 2, yul iy < 7(Rp) <y

Hence, 0*(R;) C 0”(R;).

Case 3: xp < 7(R;) < x5. Then y, < 7(R;) < y,. By Lemma 2, 0*(R;) = [x3, x,] and
0¥(Ri) = [y2, yn]. Hence, 0" (R;) C 07 (R;).

Case 4: x, < 7(R;) < x,11. Then, by Lemma 2, 0*(R;) = [x3, 7(R;)]. Since y; < x; <
Xp <7(R;) < Xnt1 = Yn+1»

[¥2, Yul ify) <7(R) <

y ) —
o ko= { 2, T(RD] i yn < 7(Ri) < Yus1.

Hence, 0*(R;) C 0”(R)).
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Case 5: x,,11 < 7(R;). Then, by Lemma 2, 0" (R;) = [x2, X,,41]. Since y» < xp < x,41 <
T(R)),

[¥25 ynl ify, <7(R)) <yn
0’ (R;) =1 2, T(R)]  if yu < 7(R}) < Yy
[y2, yus1l i Y1 < 7(Ry).
Hence, 0*(R;) C 0Y(R;). O

APPENDIX B

We start with two preliminary notions and several remarks.

First, a generalized median voter scheme f? : /" — [a, b] can alternatively be repre-
sented by a monotonic family of right fixed ballots p” = { p}s.,~, where (i) for all S e 2N,
Py € la, b, (ii) § € T implies p < p, (iii) forall S € 2V, Ps= PNn\s, and (iv) forall R e ",
fP(R) = maxg v minjes{7(R)), ps} = [ (R).

Second, a non-dummy interval /; is a maximal non-dummy interval for i if there is
no non-dummy interval I; such that /; C I;. Since the number of coalitions that contain
a player is finite, any maximal non-dummy interval /; can be written as the union of a
family of intervals; namely, I; = Ul,fz1 If", whereie S, forallk=1,...,K.

Before moving to the proof of the four lemmata used to prove Theorem 2, we state
without proof the following facts.

REMARK 3. Let fP :U" — [a, b] be a generalized median voter scheme and let R; € U.
Then R; is single-peaked on (o?(R;) NI;) U{7r(R;), a*} for all «* € I;, for all maximal non-
dummy interval /; if and only if R; is single-peaked on (o”(R;) N Il.S) U{7(R}), o™} for all
a*el ZS , for all non-dummy interval 1 IS .

REMARK 4. If py < p(ey, then [py;y, pie)] is a non-dummy interval for i in f7 : 4" —
[a, b]. If py < pn\(i), then [py, pa\(3] is @a non-dummy interval for i in f7.

REMARK 5. If @ € [pn, pavvia], B € [pyiy» Prey], and I; is a maximal non-dummy interval
foriin f?:U" — [a, b] such that o, B8 € I;, then I; = [pn, p(=)].

REMARK 6. If pi;y < pn\(ip, then [py, pie)] is a (maximal) non-dummy interval for i in
fP:U"*— la,b].

REMARK 7. If py = p(iy < pn\(i} = Pio), then iis a dictator in f? : U" — [a, ).

PRrROOF OF LEMMA 4. Let f? :U" — [a, b] be a generalized median voter scheme. We will
denote f? simply by f.

(=) Assume i is non-dummy at « in f. Then there exist R € 4" and R] € U such that
f(Ri, R_;) =aand f(R], R_;) # a. We distinguish between two cases.

Case 1: f(R;,R_;) =a < f(R], R_;). Since f is a generalized median voter scheme,
T(R)) <a < 7(R)). Let S ={j € N | 7(Rj) < a}. Observe that i € S. First, we prove that
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ps < a. Suppose otherwise, « < pg; then max;cs{7(R}), ps} = ps > a. By the defini-
tion of § and f, f(R;, R_;) > «, a contradiction with f(R;, R_;) = «. Now we prove that
a < ps\(ij- Suppose otherwise, pg\(;; < a. Forall j e S\ {i}, T(R;-) = 7(Rj) < a. Hence,
manES\{i}{’T(R}), ps\iy} < @. Thus, f(R;,R_;) < a, a contradiction with f(R], R_;) > a.
Therefore, ps < a < ps\(;)- Since f(R;, R_;) < f(R}, R_;), ps < ps\(i)-

Case 2: f(R;,R_;) < a = f(R;,R_;). The proof proceeds symmetrically to Case 1
using the right fixed ballots representation of f.

(<) Assume there exists S C N such thati € S, ps < ps\;;), and ps < a < pg ;. We
distinguish between two cases.

Case 1: ps < a < ps\(;)- Let R e " be such that 7(Rj) =a forall j € S and 7(Rj) =b
for all j ¢ S. Then f(R) = . Let R; € U be such that « < 7(R}) < ps\;;. Hence,
f(R},R_;) =71(R}) # . Thus, i is non-dummy at @ in f.

Case2: ps < a < ps\(jj- Let R e U" be such that 7(R;) = pgforall j € S\ {i}, 7(R)) =q,
and 7(Rj) =bforall j ¢ S. Then f(R) = a. Let R; € U be such that pg < 7(R;) < . Hence,
f(R},R_;) = 7(R)) # a. Thus, i is non-dummy at « in f. O

Proor or LEmmA 5. We will denote f” and o” (R;) simply by f and o(R;), respectively.

(=) Assume f is not manipulable by i at R; and let Il.s =[ps, ps\(i] be anon-dummy
interval for i in f. Fix a* € If and let B8 € (o(R;) N IZ.S) U {7(R;)}. We distinguish among
four cases.

Case 1: o € (0(R;) ﬂIl.S) U{r(R))}and a* < B < 7(R;) (if B < a*, the proof is similar,
changing the role of o* and B). We will show that 8 R; o*. If B = 7(R;), the statement
holds immediately. Assume 8 < 7(R;). Then o*, B € Iis . Hence and since o* < B, ps <
a* < pg\()- Considerany R_; € U"=! with the property that for every j e N \ {i},

o ifjeS\{i)

T(Rf)z{ﬁ ifjeN\S.

Let R € 4" be such that T(Rj) =B forallje N\ {i} and 7(R;) = 7(R;). Since B € o(R;) =
o(R)), f(R) =B. As 7(R)j) < T(R,-) for j € N, by Remark 1, f(R) < f(R) = B. Moreover,
o* < f(R). Hence,

o* < f(R) <.

IfS” € S\ (i}, then o* < pg\(;y < ps because p is monotonic. Hence, max;cs {7(R)), ps'} >
o If§" £ S\ {i}, then max;cg{7(R;), ps} = B > a*. Thus, a* < f(R) < B. We proceed by
distinguishing between two subcases.

Subcase 1.1: f(R) = B. Consider any I%i € U such that T(]é,’) = a*. Since a* < f(R),
a* < f(ﬁ,-,R_,-). Furthermore, since pg < a* = 7(R;) and T(Rj) =a* forall j € S\ {i},
f(Iél-, R_;) < a*. Hence, f(ﬁi,R_i) = o*. Since f is not manipulable by i at R;, 8 R; o*
holds.

Subcase 1.2: f(R) < B. Then f(R) ¢ {a*, B, 7(R)} = {7(R}) | j € N}. Thus, f(R) €
{ps|S c N}. Set R! =R and al = f(RY). Observe that a* < @] < B and since f is not
manipulable by i at R;, a} = f(R!) R; &* (because f(Ii’i,Rl_i) — o* if 7(R;) = &*). Since
{ps | S C N} is finite, we apply successively the previous argument starting with o < 8
and obtaining R!, R?, ..., RK, where (i) K <2", (i) Rf = R; forallk = 1, ..., K, (iii) o* <
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f(R*) < f(RKt1y < Bforallk =1,...,K — 1, (iv) f(R!) R; «* and f(R*) R; f(R*~1) for
alk=1,...,K, (v) f(Rk) € {ps|S c N}, and (vi) f(RK) = B. Then, by transitivity of R;,
B R; a*.

Case 2: o* € (o(R;) N IZ.S) U {r(R;)} and 7(R;) < B < «*. The proof proceeds as in
Case 1 using the right fixed ballots representation of f.

Case 3: o* ¢ o(R;) and o™ < B < 7(R;) (f 7(R;) < B < a*, the proof is similar us-
ing the right fixed ballots representation of f). We will show that 8 R; o*. If B = 7(R)),
the statement holds immediately. Assume B < 7(R;) and consider any profile ReUur,
where, for every j € N, T(R]') = a*. Since a* € If Cry, f(R) = a*. We will show that
o* < f(R;,R_;) < B. Let R = (R;, R_;). Since o* < fr(ﬁj) forall je N, a* < f(ﬁ). Con-
sider any subprofile R_; ", where, for every j € N\ {i}, T(Rj) = B. Since B € o(R;),
f(Ri,R_})=B.As7(Rj) =a* < B=1(R)) forall j € N\ {i}, by Remark 1, f(R;, R_;) < B
Since f is not manipulable by i at R; and f(R;, R_;) # o* (because o* ¢ o(R;)), we have
that f(R;, R_;) R; f(R) = a*. Define o/ = f(R;, R_;). Notice that ¢/ < B < 7(R;) and
o €o(R)N If. Therefore, by Case 1, 8 R; «’. By transitivity of R;, B R; a*.

Case 4: o* ¢ o(R;) and B < a* < 7(R;) (if 7(R;) < &* < B, the proof is similar, chang-
ing the role of a* by B). We will show that this case is not possible. Consider any
profile R" € " such that T(R;-) =o* for all j € N. Since o* ¢ 0o(R;), B € o(R;), and
o(R;) is an interval, f(R;, R" ;) < o*. Furthermore, as o < 7(R;) and Remark 1 holds,
f(R,,R" ) < f(R;,R";) < a*. Hence, f(R') < a*. Thus, a* ¢ ry, which contradicts the
fact that o* € I].

(«<) Assume f is manipulable by i at R;. Then there exist R, e/ and R_; € U" 1 such
that

f(R,R_) Pi f(Ri, R_}). 17)

We assume that T(R;.) <7(R)) (f 7(R;) < ’T(R;-), the proof is similar using the right fixed
ballots representation of f). Set R’ = (R}, R_;). We distinguish among three cases.

Case I: 7(R;) < f(R). Since f is a generalized median voter scheme and 7(R) <
T7(R;), f(R") = f(R), which contradicts (17).

Case2: 7(R;) = f(R). Then f(R) R; f(R'), which also contradicts (17).

Case 3: f(R) < 7(R;). Since 7(R)) < 7(R;), by Remark 1, f(R') < f(R), and (17),
f(R") < f(R) holds. Hence, f(R') < f(R) < 7(R;) and 7(R;) P; f(R) P; f(R). Thus,
as f(R), 7(R;) € o(R;) U {r(Rj)}, R; is not single-peaked on o(R;) U {7(R;), f(R)}. We
will show that there exists § ¢ N such that i € S and f(R’), f(R) € If = [ps, ps\iil- Set
a*=f(R') < f(R) = B. Since f(R') < f(R) and f is a generalized median voter scheme,
7(R)) < f(R") = a*. Define S = {j € N | 7(R;) < *}. Then i ¢ § and because = f(R),

Ps =B (18)

Set S = S U {i}. Hence, S = {jeN| T(R}) < a*}. Suppose ps > o*. Then, for all &' c
SmanGS/{T(R}), ps'} > ps > ps > o*and forall S* ¢ S, manes*{T(R}), ps+} > a* because
if j ¢ S, then T(R;-) > o*. Thus, a* < f(R’), which is a contradiction. Hence pg < o*.
Therefore, i € S and

ps <a* < B < ps\
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since S\ {i} = S and (18) hold. Thus, there exist a non-dummy interval [pyg, Ps\(iy]
and o* = f(R') € [ps, ps\(j] such that R; is not single-peaked on (o(R;) N[ps, ps\i]) U
{T(R)), a™}. U

The proof of Lemma 6 is omitted since it consists of verifying that the option set can
be written as stated.

PrROOF OoF LEMMA 7. Letie S C N, let If be a non-dummy interval for i in f7, and let
a*el; S be arbitrary. The proof proceeds by looking at different cases that can be grouped
into two main cases depending on whether py\(;y < py;) (Case 1) or p{,} < pn\(iy (Case 2).

Case I: pn\iy < pgy- Since [pn, pil U [paniy» Piey] = rp and I - ND’ C ry, either
a* € [pn, pil N ND;J or o* € [pn\(i}» Prey] N ND;,. Hence, by (7) and (8), either o* €
(DN, DN NDE;-7 or o* € [pn\(i}> PleylN ND;-,. Thus, there exists a non-dummy interval I;
for i in f? such that o* € I;. Let I; be a maximal non-dummy interval for i in f? such that
I, C I We have that o* € I We will show that (o?(R;) ﬂIS) C (0P(R})) ﬁI )forall R; e U,
showing that for all 8 € o”(R;) N 17, § two things happen simultaneously: 8 € I; (Claim a)
and B € o (R;) (Claim A) for all R; € U.

Cramma. Be I;.

Proor. We distinguish among five cases.

Casea.l: a* € [pn, piy]\ [pN\(i}» Poland py < B < p(;. Assume B < o (the proof of
the other case proceeds similarly). As 8, a* € [pn, pi1N IZ.S and IZS is ainterval, [B, a*] C
(PN, p@1NI} . Hence, by (7), [B, @*] C [pw, piy]NND), C[pn, ps] NND’. Then [B, a*] C
ND%. As fi is a maximal non-dummy interval and a* € fi, [B,a*] C fi. Therefore, 8 € fi.

Case a.2: a* € [pN, piiy] \ [PN\(i}> Pizy] and pgy < B < piz). AS pn < o < pN\i}
Py < B < pioy, and Il.S is a non-dummy interval such that o*, 8 € IiS, we have that by
Remark 5, ND!, = [pw, pgyl. Then, by (7) and (8), [pn, pij] C [pN, Pl N ND% and
[PN\(i}> Piay] C [PN\(i}s Play]l N ND%- Hence, [pn, pi]l Y [pni, Preyl C NDi_J. Thus,

o*, Bl C NDf,-,. As [; is a maximal non-dummy interval and o* € I [, Bl C I;. There-
fore, B € fi.

Case a.3: a* € [pn\(i)> P12yl \ [PN> priy] and py\(y < B < pie). Assume o* < B (the
proof of the other case proceeds 31m11arly) Since B, o* €[ PN\{i}> P2} 0 I and IS is an

interval, by (8), [a*, B] C [PNn\(i}» p{g}]ﬂl Clpn)» Ple) ]ﬂND C [PM\(i)s p{g}]ﬂND-.
Hence, [a*, B] C ND;-,. As I; is a maximal non- dummy interval and o* € I, [a*, Bl C I..
Therefore, B € I;.

Case a.4: o* € [pn\(y), Pizy] \ [PN> Pyl and py < B < pn\giy. Since ppiy < a* < pigy,
PN < B < pn\(i), and Il.S is a non-dummy interval such that o*, 8 € IiS, by Remark 5,

ND), = [pn, pie)l. Hence, by (7) and 8), [pn, piy] C [P Pyl "ND% and [pay s piey] C
[ﬁN\{i}a [_7{@}] N NDfE' Hence, [pN, p{i}] U [PN\{i}: p{@}] - 1\1Df1—7 and [B, a*] C ND%' As fi is
a maximal non-dummy interval and a* € I, i [B,a*] C I, ;- Therefore, B8 € I i

Case a.5: a* € [pPn\(iy> Pyl N IPNS Pl Hence, a* € PNy Pl D ND;. Thus, by
(7) and (8), a* € [pn\(i}» Pioy] N IDN, Pyl N ND;. Assume a* < B (the proof of the other
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case proceeds similarly). Since py\(; < @* < B < p(gy and I} is an interval, [a*, B] C
[PN\(i)s Pyl N I3 . Hence, by 8), [, B1 C [Pa\(i» Doyl N ND’. Thus [, B] C ND};. As
I; is a maximal non-dummy interval and a* € I, [, Bl c I;. Therefore, Be I;. <

CrLaIM A. B € oP(R)).

Proor. We proceed by first distinguishing between Case A.1 and Case A.2, and in turn
for each one of them, the proof is divided in five subcases.
Case A.1: pn\(iy < pyi)- By Lemma 6,

(PN, Pyl ifa<7(R) <pn
[7(R)), piy] if py < 7(R) < pn\(j)
oP(R) =1 [pnviy> iyl if pavy < 7(Ry) < piy
[PM\(> T(RD] if priy < 7(Rp) < preyy
[PM\(i}> Piey] i prey < T(Ry),

and
(PN, Pyl ifa<t(R;) < pn
) [7(Ri), Pyl if py < 7(Ri) < Pnviiy
oP(Ri) =1 [pny> Pyl i pavvy < T(R) < pyyy (19)

[Pn\@y> T(RD] i py < 7(Rp) < pyoy
[PM\(i)> Pioy] i oy < T(R)).

Case A.1.1: a < 7(R;) < py. Then B € [pn, pi;]. Since B € IiS, Belpn, pilN NDfD.
By (7), B €[pn, piiyl- Then B € [7(R;), piy] and py < B. Therefore, by the first three rows
in (19), B € 0?(R;) holds.

CaseA.].Z: PN <T7(R;) < PN\{i}- Then B € [7(R;), Pl Since B € II»S, Belpn, piln
ND;,. By (7), B € [pn, Pl Then B € [7(R;), p;jy] and py < B. Therefore, by the first
three rows in (19), 8 € 0”(R;) holds.

Case A.1.3: PN\{i} < T(R,') < 208 Then B € [pN\{,'},p{i}]._ Since ﬂ € I;g, ﬁ €
[PN\(i}> Piiy] N NDY,. By (7) and (8), B € [pn\(iy» Priy]- By (19), B € 0P (R;).

Case A.1.4: Py < T(R;) < Do) Then B € [pN\{i},T(R,')]. Since B e I;-g, B <
[PN\(i}> Piey] NNDY,. By (8), B € [pn\(i» Pol- Then B € [pnyiy, T(R)] and B < piey.
Therefore, by the last three rows in (19), 8 € 0”(R;) holds.

Case A.1.5: piz) < 7(R;). Then B € [pn\i}, Piey]- Since B € If, B € [pn» Piey]l N
ND;,. By (8), B € [Pn\(i} Pal. Then B € [pn(i, T(R)] and B < p(g). Therefore, by the
last three rows in (19), B € 0P (R;) holds.

Case A.2: piy < pn\(i)- By Lemma 6,

(DN, Piiy] ifa<7(R;) <pn
) [7(Ri), piy]l  if py <7(R)) < pyy
oP(R;) = { {T(R)} if py < 7(R) < Pa\(i)

[Pn\i> T(RD] if paviy < T(R)) < pioy
[PN\iy> Prey]  if pray < T(R)).

Case A.2.1: a < 7(R;) < py. The proof proceeds as in Case A.1.1.
Case A.2.2: py < 7(R;) < pn\ji)- The proof proceeds as in Case A.1.2.
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Case A.2.3: PN\(i} < T(Rl') < Piiy- Then B € [pN\{,‘}, p{,'}]. By (), 8), and B € NDi , B €
[P\ Pl N ND%, contradicting that p(;; < pny\(j. Then, in this case, Il.S NoP(R;) =g
and the proof is trivial.

Case A.2.4: piiy < 7(R;) < pg}. The proof proceeds as in Case A.1.4.

Case A.2.5: pizy < 7(R;). The proof proceeds as in Case A.1.5. <

Case 2: Assume p;; < pn\(jj- Then, by Remark 6, NDiJ = [pn, Pi=y] and itself is
a maximal non-dummy interval for i in fP. As [pn, piey] = [PN, Pyl YU [Py, Phi] Y
[PN\(i}> Piey], by (7), (8), and (9), we have that there exists a non-dummy interval for i in
fP such that [py, Pl C fi. Let a* € [pn, p(z)] be arbitrary. Then o* € fi. We will show
that

(0P (R) N[pw, piey)) C (0P (RN I;) forall R; eU. (20)

Then, and since IiS C [pN, piz)] for any S C N, the statement of Lemma 7 will follow
immediately since (0”(R;) N IL.S) C (0P(R) NI[pN, piz]) C (0P(R) N I}). To prove that
(20) holds, observe first that o”(R;) N [pn, pizy] C fi. It remains to be proven that if
B € oP(R;) N[pn, pi=y], then B € 0P (R;). We proceed by distinguishing between two
cases.

Case2.1: PN\(i} < P{i)- By Lemma 6,

(PN Pl ifa<7(R;) <pn
[7(Ri), piiy] if py <7(Ry) < pyy
o (R)) = { {7(R)) if pyy < 7(R) < pn\(j)

[pm\iy> T(RD] if pyvy < T(R)) < pioy
[PM\(iy> Pyl if pray < T(R))

and
[PN> Pl ifa<7(R;) <pn
) [7(Ri), Pyl if py < 7(Ri) < PNy
oP(R)) =13 [Pniy» Pyl i pavgy < T(Ri) < pyyy 21)

[Pn\(iy> T(RD] i py < 7(R;) < Prey
[PM\(i}> Piey] i proy < T(R)).
We distinguish among five subcases.

Case2.1.1: a < 7(R;) < pny. Then B € [pn, pi]. Since B8 elf, B €l[pn, p{i}]ﬂNDi,. By
(7), Belpn, piiy)- Then B € [7(R;), pyi] and py < B. Therefore, by the first three rows in
(21), B € 0P(R;) holds.

Case 2.1.2: pny <7(R)) < prjp. Then B € [7(R)), pgy]. Since B € 115, B elpn, pil N
ND’p. By (7), B € [pn, pi]- Then B € [7(R;), prjy] and py < B. Therefore, by the first
three rows in (21), 8 € 0P (R;) holds.

Case 2.1.3: piy < T7(R;) < PN\(i}- Then B_: T(R;) €[pNn, piey)] C fi C[pn, piel. Since
B=1(R;) €[pN, Pz], B € 0P(R;) because f? in unanimous on rep =[PN, Pl

Case 2:1.42 PN\(i} < T(R,') =< D{@}- Then B € [pN\{i}» T(Ri)]. Since B S IZS’ B S [pN\{i}:
paln NDZP. By (8), B € [pn\i)> ﬁ{g}]. Then B € [P\, T(R))] and B < Pio)- Therefore,
by the last three rows in (21), 8 € o (R;) holds.
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Case 2.1.5: pizy < 7(R;). Then B € [pn\(i}, piz)]. Since B e Iis, B € pn(iy» Pizy] N
NDZP. By (8), B € [PN\(i)> ﬁ{@_}]. Then B € [PN\(i)s 7(R))] and B < P(2)- Therefore, by the
last three rows in (21), 8 € 0P (R;) holds.

Case 2.2: pyiy < pn\(i)- By Lemma 6,

(DN, Piiy] ifa<7(R;) <pn
) [7(R:), piy]l  if py <7(R)) < pyy
oP(R;) = { {7(R)} if py < 7(R) < P\

[Pn\iy> T(RD]if paviy < T(R)) < Proy
[PN\ip> Prey]  if pray < (R)).

The proof follows arguments similar to those already used in Case 2.1. O

ProoF oF THEOREM 2. (=) Suppose R; € /\/lifp. By Lemma 5, there exist a non-dummy
interval I? = [ps, ps\(3] for i in f? and a* € I{ such that R; is not single-peaked on
(0P(RHNI f ) U {7(R;), a*}. Hence, by Lemma 7, there exists a maximal non-dummy
interval ; for i in f? such that o* € [; and (0?(R;) N Il.S) U {7(R)), a*} C (oP(R) N I;) U
{T(R;), a*}. Thus, R; is not single-peaked on (0?(R;) NI;) U{7(R;), «*}. Then by Lemma 5
and Remark 3, R; € M{p.

(<) Assume f7 is at least as manipulable as f”. Then

MM forallieN. (22)

To qbtain a contradiction,.assume [pN, PiIN ND;, Z PN, Pl N ND% or [pan\i}» Pieyl N
NDLP g [ﬁN\{i}a ﬁ{g}] N ND;—J or [p{i}, PN\{i}] 7,@_ ND;—’. We proceed by distinguishing among
the three cases.

Case 1: [pn, pil N ND‘p Z [pN, Pyl N ND;-J. Then there exists a Amaximal non-
dummy interval [ for i in f? such that [py, py]l NI € [Pn, Pyl N NDlﬁ‘ Let o1 < o
be such that [py, piy1N 1 =[oy, o2]. Let {I_,"},zl,m,r be the collection of all maximal non-
dummy intervals for i in f?; in particular, by the definition of ND’; and the fact that
they are maximal intervals, ND; = J,_; _/jandforallz,#'=1,..., T such thats#7,

IinI', = @. Then, for any maximal non-dummy interval I} for i in f5, we have that

(a1, 021 ¢ (PN Pl N IE (23)

We distinguish between two subcases.

Case l.a: NDfI-7 = @. Two further subcases are possible.

Case l.a.l: o1 < oy. Leta, B,y €[a,bl and R; e besuch that oy <a < B <y < 07,
7(R;) = @, and y P; .13 Hence, 7(R;) € [ay, 02] C [pN, p(i]- By Lemma 6,

[pn\iys Pyl i pnvy < T(R) < pyyy

PR —
of(R;) = { [T(R)), P{i}] otherwise.

Then, and because B, y € [01, 021 C I and B, y € [7(R;), 02] C [7(R;), p(i] C 0P (R;), R; is
not single-peaked on (0P (R;) NI) U {r(R;)} since y P; B. Butforallr=1,...,T and all

13The R; is defined in any arbitrary way in [a, b] \ {, B}.
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o €I}, R; is single-peaked on (o” (R;) N I}) U {7(R;), /} trivially since o” (R)) NI} = @.
Thus, by Lemma 5, R; € M{ ! \ M{ p, which contradicts (22).

Case 1.a.2: o1 = oy. Since I C [pn, piey], [pN, piy) N1 = {01} and [ is a (non-
degenerated) interval (since I is a non-dummy interval), p;; = o1 = 0. Therefore,
I =[pyiy, piey] because I C [pw, piey], I is a maximal non-dummy interval, and by Re-
mark 4, [py;), pie)] is anon-dummy interval of i in f”. Hence, as / is a nondegenerated
interval,

Py = 01 < P{o)-

Two subcases are possible.

Case 1.a.2.a: pn\(iy < p(z)- Let a, B,y € [a,b] and R; € U be such that max{pn;,
P} <a<B<vy<pue) r(R) =7y and a P; B."* Hence, 7(R;) € [max{pn\(i}, P(i}}> Pio)]-
By Lemma 6,

of(R)) =[pn\iiy> T(R)].

Then and because «, B8, 7(R;) € 0P (R;) N1 U{7(R;)}, R; is not single-peaked on 0”(R;) N
TU{r(R;)}since a P; B. Butfort=1,..., T and all « € I, R; is single-peaked on (o? (R;) N
I_f) U{7(R;), '} trivially since o (R;) ﬂl_f = @. Thus, by Lemma 5, R; € M{p \/\/l{p which
contradicts (22).

Case 1.a.2.b: p(y < pN\(iy = P(w). Then, by Remark 6, [pn, p(e)] is a non-dummy
interval of i in fP. As I =[py;, p{e)] is a maximal non-dummy interval of i in f7, we
must have I = [py, p(z)]. Therefore, py = py;;. Hence, py = pyy and py\(;y = pio). By
Remark 7, i is a dictator in f”, which is a contradiction.

Case 1.b: ND; # @. Then [pn, pyl NIl # @ forall t =1,...,T. To see that, ob-
serve that it holds immediately if p;;; = p(z). Assume p(;; < pie). Then there exists
I 2 I_l.{i} = [P} Pio)] because, by Remark 4, [p(;}, pie)] is @ non-dummy interval for i
in f7. Then [py, piy]l NI, # @. Furthermore, for all ¢ # ¢, [pn, pyy] N I} # 9, since
IinI' =@.Foreacht=1,...,T,letn! < n) besuch that[py, p3]NI =7}, n5]. Then,
by (23), [01, 021 Z [0}, n5lforallz=1,..., T. Hence,

0'1<*r]’l or 0'2>77§ forallt=1,...,T. (24)

Assume, without loss of generality, that n% < ”’7% << an (and 7)% < n% << ng). We
distinguish among four different cases.

Case 1.b.1. There exists ' € {1, ..., T} such that oy < nﬁ/ <o < ng. This ¢ is unique,
because the family {I!},—;, 7 is pairwise disjoint. Let

N2 = { max{a € I_f/_l} ift/ £1
ifty =1
and

n = {min{ael_;,ﬂ} ift £T
b ift =T.

14The R; is defined in any arbitrary way in[a, b] \ {«, B}.
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Thus, n; < ni/ (if ny # a, then the proof is trivial and if n, = a, then a < oy < ni’) and
n1 > ”’75- Let R; ¢ U4 and a, B, y € [a, b] be such that (i) max{o1, m} <a< B <7y < ni’,
(i) 7(R) = a, (ii) vy P; B, (v) if p,8 € [a,b] and n! < p < §, then n! R; p R; §, and
(v) if p, 6 € [a, b] and & < p < max{o, 72}, then max{o, 12} R; 8 R; p.'> Hence, 7(R;) €
(o1, 02) ClpnN, pyland 7(R;) < ni’ < p(iy, where the last inequality follows from the fact
that [pn, ppl N1, = [ntl/, ng]. By Lemma 6, and since if pg;; < pnyji), then py < oy <
7(R;) < 02 < pyiy < pn\(ip and if piiy < pangiy, then < 7(Ry) < ! < iy < Py

oP(R;) = [pnvys Pl i pvvy < T(Ri) < pyyy
Y7 7(R), piy]  otherwise 05)
) (PN, Pyl if7(R;) < pn
oP(Ri) = { [Pnay» Pyl i Py < 7(Ri) < priy
[7(R)), piiy]  otherwise.

Then R; is not single-peaked on (0?(R;) N I) U {7(R;)} because B,y € [01, 03] C I and
B,y €l7(R;), 02] C [T(R)), piy] C oP(R;). We will now show that, forall t=1,...,T, R;
is single-peaked on (o”(R;) N I) U{r(R;), @} for all & € I}. We distinguish between two
subcases.

Case 1.b.1.a: t # t'. By the definition of R; and the fact that either I’ C [py, 2] C
[pN, max{ay, na}] or I} C [m1, piey] C [n1, Prey] C (%, prenl, Riis single-peaked on I'u
{r(R))}. Thus, R; is single-peaked on (o”(R;) N I}) U{r(R;), o'} forall & € I}.

Case 1.b.1.b: t = t'. By (25), 0P (R;) C [P, p(y]. Hence, o?(Rj) NI, C [n}, n]. Thus,
by its definition, R; is single-peaked on (0?(R;) N1')) U {7(R;)}. Let &’ € I’,. Two further
subcases are distinguished.

Case 1.b.1.b.1: &' € [pn, pyiyl. Then o« € [n!, 0] because ' € I'.. Hence, by the def-
inition of R; and the fact that o?(R;) N I}, C [nil, ng], R; is single-peaked on (o”(R;) N
I) U{r(R)), a'}.

Case 1.b.1.b.2: o ¢ [pn, pyiy]- Thena' > py;y > ng > ni/. Hence, by the definition of R;
and the fact that o? (R;) N1}, C [ni’, 7]5]: R; is single-peaked on (o” (R;) ﬂfﬁ,) U{r(R), a'}.

Then, by Lemma 5, R; € M{ ! \ M{ ", which contradicts (22).

Case 1.b.2: There exists t' € {1, ..., T} such that n{/ <o < 7)5 < o0y. This ¢ is unique,
because the family {I_f},zl,m,T is pairwise disjoint. The proof of this case is similar to
Case 1.b.1, because the problem is symmetric, and therefore it is omitted.

Case 1.b.3: [0y, ox] N [nin5l =@ forallt € {1,..., T}. The proof of this case is similar
to Case 1.a and therefore it is omitted.

Case 1.b.4: Assume that neither Case 1.b.1 nor Case 1.b.2 nor Case 1.b.3 hold. By (24),
forallte{l,..., T},

ni>o; and 1} <o.
Letn; = 71% and 1, = 712T- Then
o1 <M =M <0y

15The R; is defined in any arbitrary way in [max{o7, 12}, ni,] \ {7, B}
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Let R; e U and «, B,y € [a, b] be such that (i) o1 < a < B <y < 11, (i) 7(R;) = «a,
(iii) vy P; B, and (iv) if p, & € [a, b] and n; < p < 8, then n; R; p R; 6.1 Hence, 7(R;) €
[o1, 2] C[pN, piyl and 7(R;) < m1 < py;). By Lemma 6 and similarly as in Case 1.b.1,

(PN Pyl ipr\{i} <7(R) < p@
[7(R)), puiy]  otherwise

) (PN, Pyl I T(R) < PN

oP(Ri) = | LPNviiy> Pyl i pvyiiy < 7(Ri) < Py
[7(R)), piy]  otherwise.

of (Rj) = {

Then R; is not single-peaked on (0?(R;) N I) U {7(R;)} because B,y € 0P (R;) N 1. We will
now show that, forallt =1, ..., T, R; is single-peaked on (o? (R;) N I}) U {7(R;), &’} for all
o eIl Fixt=1,...,T. Since o”(R;) C[pn, pgij), 0P (R) N1} C [n}, n5]1 C [n1, m2]. Then,
by its definition, R; is single-peaked on (o” (R;) N I}) U {7(R;)}. We will now show that R;
is single-peaked on (0? (R;) N I_,") U{r(R)), '} forall o € I_[". We distinguish between two
subcases.

Case 1.b.4.a: o/ € [pn, pjyl. Then o € [0}, n5] because o € Ii. Hence, o’ € [11, n2].
Therefore, by definition of R; and the fact that o? (R;) N I} C [0y, n2], R; is single-peaked
on (0P (R) NIH U{r(R)), @'}

Case 1.b.4.b: & ¢ [pn, piiyl. Then o > pijy = 2 = my because o’ € I} C ryp. Hence,
by definition of R; and the fact that o?(R;) N I_f C [n1, m2], R; is single-peaked on
(0P (R) NI U{r(R), o} ]

Therefore, by Lemma 5, R; € M{ ! \ M{ p, which contradicts (22).

Case 2: [ pn\(i}> Piz)] N ND; Z [PN\(iy» Pleyl N ND%. Since the problem is symmetric,
the proof is similar to the one used in Case 1.

Case 3: [p{,'}, PN\{i}] 7,@_ ND;—). Then §40! < DPN\(i}- We proceed by distinguishing among
four subcases.

Case 3.a: p(iy = pn\(i)- Then we can apply either Case 1 or Case 2.

Hence, assume py; < pn\i and let y € [pgiy, pyyiy] \ ND.

Case 3.b: Either p(;; = y or py\(;y = v holds. Then we can apply either Case 1 or
Case 2.

Case 3.c: piiy <v < pn\iy and py < ppiy. Let R; e and let «, B € [a, b] be such that
(i) py <a < B < ppy, (i) 7(R) =« (iil) y P; B, and (iv) if p, 6 € [a,b] \ {y}and e < p < &
or é < p < «, then p R; 6. By Lemma 6,

oP(R)) =[7(R), piiy]-
Since puy < PN\ ND{’ = [pn, p{z}] holds. As R; is not single-peaked on
P
(0P (R) N [pN, piey)) U {7(Ry), v} and vy € [py, pizy] = ND?, by Lemma 5, R; € M{
Furthermore, as R; is single-peaked on [a, b] \ {y} and v ¢ ND%, by Lemma 5, R; ¢ /\/lifp.

Thus, R; € M{ ! \M{ p, which contradicts (22).
Case3d: py <y < pn\iiyand py = pg;). Then py\(;y < p(o) (otherwise i is a dictator).
LetR; ed and a, B € [a, b] be such that (i) py\(iy < B < @ < pgy), (i) 7(R;) = «, (iii) y P; B,

16The R; is defined in any arbitrary way in[a, n1]\ {v, B}.
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and (iv) if p, 6 € [a,b]\ {y}and e < p < 6 01 6 < p < a, then p R; 6. By Lemma 6,
of (R)) =[pn\giy> T(R)].
Since pg; < pavip, NDY = [pn, piey] holds. As R; is not single-peaked on
P

(0P(R) N[pN, pzy]) U {7(R;), v} and y € [pn, pz)] = ND?, by Lemma 5, R; € M,f
Furthermore, as R; is _single—peaked on [a, b]\ {y} and y ¢ NDL, by Lemma 5, R; ¢ ./\/ll.fp.
Thus, R; € M{ ! \M{ p, which contradicts (22). O
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