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We analyze price transparency in a dynamic market with private information and
interdependent values. Uninformed buyers compete inter- and intra-temporarily
for a good sold by an informed seller suffering a liquidity shock. We contrast
public versus private price offers. With two opportunities to trade, all equilibria
with private offers have more trade than any equilibrium with public offers; un-
der some additional conditions, we show Pareto dominance of the private-offers
equilibria. If a failure to trade by the deadline results in an efficiency loss, pub-
lic offers can induce a market breakdown before the deadline, while trade never
stops with private offers.

KeywoRrbDs. Adverse selection, transparency, distress, market design, volume.
JEL crLAssIFicATION. D82, G14, G18.

1. INTRODUCTION

When designing an exchange venue or regulating markets, an important consideration
is to what extent sellers’ willingness to sell or buyers’ willingness to buy are reflected in
information available to other market participants. One natural and important source
of available information is the set of previous offers that were not accepted. For exam-
ple, venues referred to as “dark pools” hide information about the order book, while
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order books are visible in the New York Stock Exchange (NYSE).! Similarly, eBay now al-
lows buyers and sellers to negotiate on the side without displaying those negotiations to
other prospective bidders. Importantly, the lack of transparency about unconsummated
offers changes the ability of a seller to endogenously signal her type by not accepting a
given offer. We analyze the consequences of this on trading dynamics and welfare within
a dynamic market for lemons with deadlines.

We consider a problem of an owner of an indivisible durable asset who suffers a
liquidity shock. Due to the liquidity shock, the seller’s present value of the good drops
to a lower level than the true value of the good. Hence, she would like to sell the asset
to a buyer who is not facing a liquidity shock. The problem is that, usually, the owner
of the asset is better informed about its quality. Thus, although there are gains from
trade, buyers face an adverse selection problem. As first stressed by Akerlof (1970), if
there is only one opportunity to trade, competitive buyers are only willing to pay the
expected valuation of the asset conditional on the seller accepting the offered price. If
the adverse selection problem is sufficiently strong, some types will choose not to sell
in equilibrium. In Akerlof’s model there is only one opportunity to sell the asset. In a
dynamic setting, in which sellers get several chances to sell their goods, the alternative
to not selling in the current period is to sell in the future. As a result, inefficiencies can
arise from either failure to trade or delay in trade with some seller types.

When deciding whether to delay trade, the seller considers the current price offer
and future expected prices. In turn, to set prices, buyers must form beliefs about the type
of seller they are facing. The observability of past price offers clearly affects the available
information buyers have based on which they update their beliefs. If the seller knows
that future buyers will not observe today’s price offers, then she cannot use rejections of
high price offers to signal to those buyers that she is a high type. Thus, observability of
price offers can change equilibrium dynamics and total welfare dramatically.

We analyze a two-period model with a long-lived, privately informed seller and a
competitive market of buyers in every period (modeled as a number of short-lived buy-
ers competing in prices in every period). We consider two opposite information struc-
tures: transparent (public offers), in which all buyers observe past price offers and
opaque (private offers), in which buyers do not observe past rejected offers.

Moreover, by allowing for a fraction of surplus to be lost at the deadline, we capture
an additional notion of the seller’s distress. For example, financial distress can lead to
forced liquidation at some deadline if liquidity cannot be restored by selling assets. In
such a case, when the deadline is reached, the opportunity to trade disappears. Simi-
larly, a profitable investment opportunity that the seller wants to finance with the pro-
ceeds from the sale of the asset can diminish at a deadline, in which case distress is
caused by a temporary opportunity rather than the fear of default. This can create a
deadline effect resulting in the seller trading with a high probability just at the dead-
line. On the flip side, the deadline could represent the time at which a report about the
quality of the asset becomes public, such as the granting or denial of Food and Drug

IBloomberg reports that off-exchange platforms including dark pools handled a daily average of 34 per-
cent of U.S. stock trading in 2015.
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Administration (FDA) approval, restoring symmetric information and allowing efficient
trading at that point. This reduces the eagerness to trade just before the deadline. By
introducing a parameter for the degree of distress at the deadline, we illustrate a novel
difference between transparent and opaque markets: With public offers (see Proposi-
tion 1), distress at the deadline endogenously leads to a trading impasse (illiquidity) be-
fore the deadline. In contrast, with private offers (see Proposition 2), there cannot be a
trading impasse (i.e., there is trade with positive probability in every period). Thus, price
transparency is a particularly important issue if distress at the deadline is present.

We also analyze the welfare consequences of price transparency (see Theorem 1).
First, we show that in an opaque market, prices in the second period are higher, result-
ing in more total trade. This implies that all seller types that would have traded in the
second period in a transparent market must be better off. If, in addition, there are also
weakly higher prices in the first period, then the opaque market Pareto-dominates the
transparent market. This is the case when not trading by a deadline imposes an effi-
ciency loss and discounting between periods is low (trading is frequent). We also obtain
a complete characterization of equilibria when gains from trade are linear in valuation
and the distribution of valuations is uniform (see Theorem 3). In that case, private of-
fers strictly Pareto-dominate public offers if discounting between trade opportunities is
sufficiently low, even if missing the deadline would not additionally reduce welfare. If
discounting between the two periods is large, the two information structures yield the
same equilibrium outcome. Only if discounting between opportunities to trade is small
will equilibrium prices with private offers differ from those with public offers, with buy-
ers randomizing between several price offers so that market prices appear volatile.

What makes the markets operate differently in these two information regimes? In a
transparent market, buyers can observe all previous price offers and thereby learn about
the quality of the good through two channels: the number of rejected offers (time on the
market) and the price levels that have been rejected by the seller. By rejecting a high
offer, the seller can send a strong signal to future buyers that she is of a high type. For
example, in transparent exchanges, sellers try to influence prices by taking advantage of
the observability of order books. In contrast, in an opaque market, in which buyers can-
not observe previously rejected prices, the seller signals only via delay. Intuitively, pri-
vate offers generate more trade because the seller’s continuation value is independent
of the current price offer, while with public offers it increases in prices. Thus, sellers are
more reticent to accept public offers than to accept private offers (leading to less trade
in the transparent market).?

For the difference in equilibrium dynamics, the frequency of trade (or, equivalently,
the discounting between periods) plays an important role. Any effect on future offers

2In light of the existing literature, this paper reveals that the effect of transparency on price dynamics
depends on the microstructure of the market. For example, in our model, the observation that any pure-
strategy equilibrium prices in a game with private offers are also supportable as equilibrium prices in a
game with public offers is true because we have assumed intra-period competition. In Kaya and Liu (2015)
there is one buyer per period and hence competition is only inter-period. In that case the games with
private and public offers have different pure-strategy equilibria. The reason for the difference is that a
monopolistic buyer would have a profitable deviation to a lower price if prices became transparent. In our
model intra-period competition implies that a lower-than-equilibrium price is rejected for sure.
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will be more relevant the closer is the next opportunity to trade. We show that trans-
parency only affects the amount of inefficient delay whenever the time between price
offers is small (see Theorem 2). As we show, the intuition of Theorem 2 extends to a
general multiperiod setting: pure-strategy perfect Bayesian equilibria (PBE) with pub-
lic offers always exist and they coincide with PBE with private offers if the discounting
between two periods is large (see Theorem 4). However, there cannot be pure-strategy
PBEs in the game with private offers if the discounting between two periods is small, be-
cause in a pure-strategy equilibrium, sellers are willing to accept higher prices with pri-
vate offers (not being able to signal to tomorrow’s buyers), which makes it profitable for
today’s buyers to deviate to higher prices. Consequently, the two information structures
result in different trading patterns only in high-frequency markets. Given this result and
the intuition for our welfare results, we believe that the welfare results also extend to a
multiperiod model. We are able to show that the Pareto ranking holds strictly for suffi-
ciently high discount factors and some distress at the deadline (see Remark 2). However,
due to multiplicity of equilibria (in particular with private offers) we have not been able
to formally establish that the ranking is never reversed for infrequent trading.

Related literature

The closest paper to ours in the economics literature is Horner and Vieille (2009) (HV
hereinafter). They are also interested in comparing trading dynamics in a dynamic
lemons market with public versus private offers. Our model differs from theirs in that
we allow for a deadline effect and we consider multiple buyers in every period. The
lack of intra-period competition in HV introduces Diamond paradox effects (Diamond
1971), making it much more difficult to isolate the effect of transparency and resulting
in a “paradoxical” equilibrium with public offers: the first offer is rejected with positive
probability and all other offers are rejected with probability 1. Instead, in our model,
in the equilibrium with public offers, trade occurs gradually over time. By eliminating
the Diamond paradox effects and adding a deadline, we can derive additional welfare re-
sults. Although HV show that private offers lead to more trade, in general it is not obvious
whether their model would lead to an efficiency ranking. It is possible that the endoge-
nous trading impasse that arises with public offers in their model is actually valuable
since it serves as a commitment device where sellers know that they either trade in the
first period or never again. Indeed, as shown in Fuchs and Skrzypacz (2015), efficiency
is actually enhanced when the privately informed seller is exogenously restricted to only
one opportunity to sell. Last, due to the infinite horizon model, in HV’s work there are
no counterparts to our results regarding distress at the deadline.

Another interesting prior comparison between private and public offers goes back
to Swinkels (1999). He looks at a dynamic version of the Spence signaling model where
potential employers are allowed to make private offers to the “students” at any time.
Swinkels shows that in this case the unique equilibrium outcome is a pooling equilib-
rium with all students being hired at time 0. This, he points out, is in direct contrast to
Noldeke and Van Damme (1990), who show that, with public offers, the unique equilib-
rium to survive the NWBR refinement is a separating equilibrium where the high types
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go to school just long enough to credibly separate themselves from the low types. The
main difference between both these papers and ours is similar to the difference between
Spence and Akerlof. In our model, the adverse selection problem is stronger and hence,
the buyers would not be willing to buy at the price necessary to get all sellers to sell, even
if offers were private.3

Our result about the nonexistence of pure-strategy equilibria in the private-offers
case is related to the result in Kremer and Skrzypacz (2007), who study a dynamic ver-
sion of the education signaling model with private offers, a finite horizon, and the type
being (partially or fully) revealed in the last period (which endogenously creates adverse
selection). They show that there do not exist fully separating equilibria in a game with
a continuum of types and continuous time. The intuition in their proof for why sepa-
ration is not possible is similar to our intuition for why pure-strategy equilibria do not
exist. In particular, with private offers, sellers follow a reservation price strategy and the
reservation prices are equal to the continuation payoffs, which are independent of cur-
rent prices. Kremer and Skrzypacz (2007) show that if the equilibrium was separating,
in continuous time the reservation prices would have zero derivative at the lowest type,
resulting in a perfectly elastic supply. That in turn would lead to a profitable deviation
for the buyers (who with a very small price increase could attract strictly better types).
In our discrete-time model we show that if the candidate equilibrium of the game with
private offers is in pure strategies, and the discount factor is high enough (or periods are
short enough), then equilibrium supply is sufficiently elastic to create similar profitable
deviation for the buyers.

More recently, Kim (2015) compares three different information structures in a con-
tinuous time setting in which many sellers and buyers, who arrive over time at a constant
rate, match randomly. In every match, the buyer makes a price offer that the seller can
accept or reject. The type space of the seller is binary. Instead of looking at observabil-
ity of past offers, he compares steady state equilibria in settings in which buyers do not
observe any past histories to settings in which the time on the market or the number of
past matches can be observed by buyers. The welfare ordering is not as clear cut as in
our paper. He shows that with small frictions, the setup in which only the time on the
market is observable is optimal, while with large frictions, the welfare ordering can be
reversed.

For repeated first-price auctions, Bergemann and Horner (2014) consider three dif-
ferent disclosure regimes and show that if bidders learn privately whether they won,
welfare is maximized and information is eventually revealed. Kaya and Liu (2015) com-
pare public versus private offers in a setup with independent values with a long-lived
seller and one buyer per period. Asriyan et al. (2015), in contrast, are concerned with
the transparency of transactions and the effects of the ensuing information spillovers if
there are several assets being sold and their values are correlated.

Besides our contribution regarding the implications of transparency, our paper also
contributes to the literature on dynamic lemons markets in general. Deneckere and
Liang (2006) consider an infinite horizon bargaining situation, i.e., one long-lived buyer

3This is also what causes delays in trade in the bargaining model by Deneckere and Liang (2006).
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and one long-lived seller, with correlated valuations. They show that even in the limit
as the discount factor goes to 1, there can be an inefficient delay of trade unlike that
predicted by the Coase conjecture.* Janssen and Roy (2002) obtain similar results with a
dynamic competitive lemons market with discrete time, infinite horizon, and a contin-
uum of buyers and sellers. While in their model both market sides compete, we assume
that there is only one seller. Unlike most previous papers that consider slightly different
market structures, we are able to provide a more complete characterization of equilibria
in mixed strategies with private offers. This makes it possible to understand these kinds
of equilibria in more detail. For example, we show that “non-offers,” i.e., offers that are
never accepted, are always part of an equilibrium in the first period if offers are private
and offers are frequent.

A number of recent papers work directly in continuous time and, rather than mod-
eling buyers as strategic, they assume there is some competitive equilibrium price path.
This paper is a complement to those papers. For example, one can understand the No
Deals Condition in Daley and Green (2012) as arising from private offers and the Mar-
ket Clearing Condition in Fuchs and Skrzypacz (2015) as arising in a setting with public
offers.’

The finance literature has also looked at transparency questions. In particular, our
model is more directly related to what is referred to as pre-trade transparency. Most
of the theoretical and empirical work has focused on order book transparency.® The
two main trade-offs regarding transparency within this literature are the “advertising”
and the “information” effects. The former refers to the notion that when the desire to
trade is made public, then it is beneficial because more potential counterparties become
aware and might participate. The latter effect refers to the information revealed about
the underlying asset that the poster of the offer has. Importantly, it leads to less trade
with a public order book since traders do not want to reveal private information to the
market. Neither of these effects is present in our model since the size of the market is
fixed and all the information is in the hands of the seller, who does not make any offers.
This allows us to highlight the novelty of the dynamic signaling effect we uncover in our

paper.

2. MODEL AND PRELIMINARIES
2.1 General setup

A seller has an asset that she values at ¢, which is her private information and which is
distributed according to a cumulative distribution function F on [0, 1]. One can think
of the asset as giving an expected cash flow each period and as ¢ being its present value
for the seller.” There are two opportunities to trade with two short-lived buyers arriving

4See also Fuchs and Skrzypacz (2013b).

5We have benefited from discussions with Brett Green on these issues.

63ee, for example, Buti and Rindi (2013), Flood et al. (1999), Boehmer et al. (2005), Madhavan et al. (2005),
and Pancs (2014).

7Alternatively, and mathematically equivalently, the model can be rewritten so that ¢ can be thought of
as the cost of producing the asset.
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in each period ¢ € {1,2}.28 The buyers make simultaneous price offers to purchase the
asset.? The value of the asset for the buyers is given by v(c) with v'(c) > 0, v(1) =1, and
gains from trade v(c) — c are strictly positive for all ¢ € [0, 1).1° The gains from trade can
arise from the fact that the seller has received some liquidity shock and thus values the
asset below its fundamental value. The game ends as soon as the good is sold. If trade
has not taken place by the end of the second period, then the seller obtains a fraction of
the gains from trade: (1 — a)(v(c) — ¢) with « € [0, 1]. One can think of « as a measure of
distress at the deadline. If @ = 0, there is no efficiency loss once the deadline is reached,
i.e., the only source of inefficiency is delay in trade. For example, this could capture the
possibility of the private information being short-lived, the deadline representing the
time at which the private information becomes public. This could be the result of some
government stress test or the uncertainty of regulatory approval (e.g., by the FDA) being
resolved. If & > 0 there is additional efficiency loss if trade does not take place before
the deadline. This can arise in a situation in which financial distress can lead to forced
liquidation at the deadline. If the deadline is reached, the value of assets is evaluated
and the assets are sold while only a fraction of the proceeds from sale are credited to
the seller. When there is no opportunity to trade after period 2, we have @ = 1. This
captures, for example, a situation in which the seller has an investment opportunity and
is required to raise the necessary funds by a certain date.

The seller discounts payoffs according to a discount factor 6 € (0, 1). All players are
risk neutral. Given the seller’s type is ¢ and agreement over a price p is reached in period
t, the seller’s (period 1 present value) payoff is (1 — 6'~!)c + 8'~! p; a buyer’s payoff is
v(c) — p if he gets the good and 0 otherwise. If there is no trade, the seller’s payoff is
c+8%(1—a)(v(c) — ¢). Without loss of generality, we restrict prices to be in [0, v(1)] since
it is a dominant strategy for the seller to reject any negative price, and for any buyer it is
a dominated strategy to offer any price higher than v(1).

We explore two different information structures. In the public-offers case, period 2
buyers observe rejected offers from period 1. In contrast, with private offers, period 2
buyers are aware that the seller has rejected all offers in period 1 but do not know what
those offers actually were.

Period 2 buyers’ beliefs about the seller types they are facing is characterized by a
cumulative distribution function (cdf) denoted by F,(c). Without loss of generality, we
assume that the seller responses are independent of buyer identity. That is, conditional
on receiving the same price offer, she treats both buyers equally.

Finally, we make a regularity assumption that

f(o)

W(U(C) —c) (1)

8In Section 4 we extended some results to more than two periods.

9The analysis is the same if there are more than two buyers since the buyers compete in a Bertrand
fashion.

10In most of the paper we assume v(1) = 1 to rule out the possibility of trade ending before the last period.
This allows us to avoid making assumptions about out-of-equilibrium-path beliefs if the seller does not sell
by ¢ even though in equilibrium all seller types are supposed to trade. If v(1) > 1 but § is large enough so
that not all types trade in equilibrium, our analysis still applies.
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is strictly decreasing and that
v’(¢) > 0. 2)

This implies that a one-shot game would have a unique equilibrium and that a zero-
profit condition must be satisfied in both periods for both information structures.!!

2.2 Equilibrium notion

We are interested in characterizing perfect Bayesian equilibria (PBE) of the two games.
A PBE of a given game is given by (possibly mixed) pricing strategies for the two buyers
in each period, a sequence of acceptance rules of the seller, and the buyers’ beliefs F, at
the beginning of period 2, satisfying the following three conditions:

Cl1. Any price offer in the support of a buyer’s strategy must maximize the buyer’s
payoff conditional on the seller’s acceptance rule, the other buyer’s strategy, and
the buyer’s belief F;(c), where Fi(c) = F(c) is the common prior.

C2. Buyers’ beliefs F, are updated (whenever possible) according to Bayes’ rule taking
the seller’s and the other buyers’ strategies as given. In the public-offers game,
beliefs are updated conditional on the offered prices in period 1.

C3. The seller’s acceptance rule maximizes her profit taking into account the impact
of her choices on the agents’ updating and the future offers she can expect to
receive as a result.

In the game with private offers, equilibrium strategies and beliefs depend only on the
calendar time. In the game with public offers, period 2 strategies and beliefs depend also
on the publicly observed prices offered in period 1. With public offers, deviations from
equilibrium price offers are observed by future buyers and induce different continuation
play. With private offers, off-equilibrium price offers do not change the continuation

play.

2.3 Preliminaries

As in other similar dynamic games, in equilibrium, the seller’s acceptance rule can be
characterized by a cutoff strategy. More precisely, given any history and highest price
offer p, there exists a cutoff k;(p) such that sellers with valuation above cutoff k;(p)
reject a price offer p in period ¢ while sellers with valuation less than k;(p) accept it.
In the bargaining literature, it is the better types that accept first and this property is
known as the skimming property. Since here it is the worse types that trade first, we call
it reverse skimming instead.

LeMmma 1 (Reverse-skimming property). In any continuation equilibrium with either
type of information structure, the following statement must hold: For any highest price
offer p in period t, there exists a cutoff type k(p) such that a seller of type c accepts p if
¢ < ki(p) and rejects p if ¢ > k,(p).'?

1f @ = 1, assumption (2) can be dropped.
12Note that k,( p) is independent of the price history.
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See the Appendix for a formal proof. This lemma holds independently of the infor-
mation structure in place (although the cutoffs may differ). The intuition for the lemma
is straightforward. If a type-c seller is willing to accept a price that, if rejected, would
induce a given future price path, then all lower type sellers would also be willing to ac-
cept that price rather than wait for a price on that path because their flow payoff from
possessing the asset is smaller.

A buyer’s expected profit conditional on his offer being accepted is given by'3

kt(P)
M,(p: Fy) = /0 (v(c) — p)dF(c).

Thanks to the reverse-skimming property, if past prices are observed publicly, the
belief about the remaining seller types in period 2 is given by a single cutoff k(p).
Therefore, with public offers, if p is the highest price offer observed in period 1, then F,
is just F; truncated to [k1(p), 1]. In contrast, with private offers, if period 1 buyers play
mixed strategies, period 2 buyers have nondegenerate beliefs over the possible cutoffs
induced by period 1 prices. In that case, we denote the cdf representing the distribution
of cutoffs after period 1 from period 2 buyers’ point of view by K; : [0, 1] — [0, 1]. The
probability density function (pdf) of the equilibrium belief, f,(c), is then given by Bayes’
rule:

c 1 »
= | ———dK (k).
fa(0) /0 —r R 1(k)

LEmMA 2 (Zero profit). In any equilibrium, buyers must make zero profits in both periods
with both information structures.

We prove this lemma together with the following lemma, which shows that in equi-
librium each cutoff can only be induced by a single price. Let k; (k) be the period 2 cutoff
of the continuation equilibrium given the period 1 cutoff is believed to be k (which we
show is unique).

Lemwma 3 (Inverse supply). (i) Private offers. With private offers, on equilibrium path,
there exists a unique price p,(k) that results in a given cutoff seller type k. The
function p,(-) = k;l(-) is increasing and continuous, and is given by

1 ~ ~
pito=o| ([ b))+ Katbpao |+ a0k @
k \‘/—J
utility from keeping the good

continuation payoff
where K, represents the cdf of the distribution of period 2 equilibrium cutoffs and

pa(k) =81 —a)v(k) + (1 — (1 — a)d)k. (4)

13The expected profit of the buyer is the probability that he has the higher offer, or that he wins in case
of a tie, times I, (p; Fy).



1112 Fuchs, Ory, and Skrzypacz Theoretical Economics 11 (2016)

(ii) Public offers. Consider an equilibrium with public offers. After any history, there
is a unique price p;(k) at which the type-k seller is the highest type accepting the
price. The function p,(k) is increasing and is given by

p1(k) =06pa(ka(k)) + (1 -8k

and

p2k)y=6(1—a)v(k)+ (1 -1 —a)d)k.

The formal proof of the two lemmas is presented in the Appendix, but we provide
some intuition here. From now on we call p,(-) the inverse supply function defined
in this lemma. It is derived from the seller’s indifference condition in each period as
described in this lemma.

In period 2, the unique price that results in cutoff type k is the same for both infor-
mation structures (since the seller continuation payoff is independent of the history).
However, in period 1, the seller’s strategy and, hence, p; (k) are different across informa-
tion structures.

With private offers, period 1 prices do not affect F, or the continuation play. As a
result, the continuation payoff in (3) is independent of past cutoffs. The first part of the
continuation payoff |, kl pa(k)dK,(k) is nothing but the expected price the seller can get
if she sells the asset in period 2. The term p; (k) is the expected payoff that a type-k seller
can expect if she does not sell tomorrow either, which happens with probability K, (k).
The term (1 — 8)k represents the payoff of a type-k seller if she held on to the good for
exactly one more period. This total expected benefit from waiting must correspond to
the payoff from selling today (at p;(k)).

With public offers, however, period 1 prices can affect period 2 price offers, which
makes the argument more evolved. We show that the period 2 cutoff of the continuation
game, given that period 2 buyers believe the cutoff type after period 1 is &, increases in k.
As aresult, k;(p) is increasing and an inverse supply function exists.

As a consequence of Lemma 3, one can think of buyers essentially choosing cutoffs
instead of prices given the seller’s cutoff strategy k:(-). More precisely, we can write a
buyer’s expected profit conditional on his offer being accepted, if he bids a price p =
k7 '(k), and given that buyers believe that current cutoffs are distributed according to a
cdf K, as

k pc 1 5
(ks K = fo /0 T KB 0@ — k) ferde.

If K has its entire mass on a singleton ¢ (which is always the case with public offers), then
we write m¢(k; £) instead of m;(k; K), abusing notation slightly. In particular, in period
1, m(k;0) = fok(v(c) — p1(k)) - f(c)dc, where pq(k) varies across the two information
structures.
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3. DISTRESS, TRANSPARENCY, AND WELFARE

In this section we present all our main results. We are interested in two types of ques-
tions. First, how do the two information structures compare in terms of welfare (Theo-
rem 1) and second, how do equilibria differ with the two information structures (Theo-
rems 2 and 3).

3.1 General results

A full characterization of equilibria, in particular with private offers, is difficult because,
as we show, buyers play mixed strategies and the equilibrium is generally not unique.'*
Nevertheless, even without an explicit characterization of equilibria with private and
public offers, we can show that all equilibria with private offers result in more trade than
all equilibria with public offers. We also present sufficient conditions under which the
private-offers regime Pareto-dominates the public-offers regime.

THEOREM 1. Consider an arbitrary equilibrium with public offers and an arbitrary equi-
librium with private offers. Then the following statements hold:

(i) Expected second period prices are (weakly) higher and there is more total trade
with private offers.

(ii) All types that, with public offers, either trade in the second period or wait until the
deadline are in expectation (weakly) better off when offers are made privately.

(iii) If the first period expected prices are weakly higher in the equilibrium with pri-
vate offers, then that equilibrium Pareto-dominates the equilibrium with public

offers.

(a) For any given a > 0, there exists a 6**(«) such that if § > §**(«), then the first
period expected prices are weakly higher in the equilibrium with private offers
and the private-offers equilibrium strictly Pareto-dominates the public-offers
equilibrium.

(b) Forc~ Ul0, 1] and linear v, there exists a 6* such that the first period expected
prices are weakly higher in the equilibrium with private offers and the private-
offers equilibrium strictly Pareto-dominates the equilibrium with public of-
fers for any « € [0, 1] and & € (6*,1]. For 6 < &%, both equilibrium outcomes
coincide.

Note that the statements in this theorem are true for any two equilibria with public and
private offers, respectively, which allows us to provide comparisons for the whole sets of
equilibria instead of relying on any selection.

We present the proof of (i) and (ii) here and show only the first part of (iii), i.e., the
Pareto-ranking under the premise that the expected price in the first period with private

14An explicit characterization of equilibria if valuations are linear and costs are uniformly distributed is
presented in Section 3.3.
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offers is weakly higher than the expected price with public offers. We then show in Sec-
tions 3.2 and 3.3, that the premises in (iii) (a) or (b) imply weakly higher expected prices
in period 1 with private offers.

Proor oF THEOREM 1. First, note that with public offers, we can restrict attention to
pure-strategy equilibria because for any mixed-strategy equilibrium, one can construct
a pure-strategy equilibrium that Pareto-dominates it. Such a pure-strategy equilibrium
can be constructed as follows. The period 1 price pj is the largest price in the support
of period 1 prices in the mixed-strategy equilibrium and must also result in the largest
period 1 cutoff k}. By the regularity assumption that (1) is decreasing and (2), there is
only one price p, that satisfies the period 2 zero-profit condition, given any period 1
cutoff k1. Then, given any period 1 cutoff £ > k1, profits are greater than zero at p,.
Hence, the period 2 price pj following the period 1 cutoff k7 must be the largest period
2 price that is chosen with positive probability in the mixed equilibrium. As a result, the
pure-strategy equilibrium given by price offers p} = p1(k}) and p; = p»(k3) exists and
Pareto-dominates the mixed equilibrium.

Let us consider a public-offers equilibrium with cutoff types k7 and k3. If offered
the equilibrium price pj in period 1, the continuation payoff of type c after rejecting the
offer is given by

V(c; p}) = dmax{p3, pa(c)} + (1 - d)c.

Note that by definition V' (k7; p}) = pj. In a private-offers equilibrium, the continuation
payoff of type c after rejecting an offer in period 1 is independent of the price in period
1 and is given by

1 ~ ~
W(c) = pi(c) = 5[(/ pz(k)dKz(k)> +K2(C)pz(6)} + (1 —=d)c.

Assume W (k}) <V (k7; p}) = pj can be shown to lead to a contradiction.!®> We can
thus focus on the case W (k}) > V(k]; p}). In this case, for all ¢ < k7, since the equilib-
rium with private offers might involve mixing in the second period and might result in
the seller deciding not to sell (if the second period realized offer is low), the derivative of
the continuation value with respect to type is higher:

%W(C) =1-86+0K(c)(1=64+ad+(1—a)dV'(c))>1—-6= %V(c; )29}
Hence, all seller types k € [k}, k3] have a better outside option with private offers when
rejecting the period 1 price, which implies that all types k € [k}, k}] are better off with
private offers. Sellers with k > k% wait until the deadline with public offers. They al-
ways have this option with private offers as well and can even be better off if they see a
preferable price before. Thus, there must be more trade with private offers in period 2.

154 lower continuation value with private offers would imply acceptance by types higher than k7 in the
first period, which in turn must imply higher prices in period 1 and, therefore, also in period 2. This would
imply W(ky) >V (k]; p])-
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Sellersin [k?, 1] are better off since buyers break even and surplus for the seller is derived
from trade, where more surplus can only be achieved with more trade. Given that the
seller’s reservation price in the second period is independent of the information struc-
ture, more trade can only be achieved with higher average prices, concluding the proof
of (i) and (ii). If expected period 1 prices are higher with private offers than with public
offers, then all seller types k < kT are also better off with private offers.

The proof and intuition for (iii)(a) is deferred to Section 3.2 where we discuss the
role of distress «. The proof and intuition for (iii) (b) is deferred to Section 3.3 because it
requires a full characterization of mixed-strategy equilibria that is presented there. [

Intuitively, we believe that this result is more general because, given that in expec-
tation the pool of sellers in period 2 is higher with private offers, there should be more
trade (and thus, higher prices) in period 1 with private offers. Nevertheless, this is hard
to prove. The difficult step is to show that seller types k < k7 are weakly better off. Ex-
cept for the case of distress with high é (see Section 3.2 below) in general, this requires
an explicit characterization of the distribution of first period prices (for all possible equi-
libria) with private offers. Constructing all mixed-strategy equilibria with private offers
is extremely challenging and we have not been able to do so beyond the linear case. In
the linear case (see Section 3.3 below) payoffs become quadratic functions, which give
us sufficient structure to pin down expected period 1 trade and to show that it is higher
than k7.

REMARK 1. A noteworthy consequence of Theorem 1 is that there can exist at most one
pure-strategy equilibrium with private offers. This follows because any private-offers
pure-strategy equilibrium corresponds to a public-offers pure-strategy equilibrium and
all public-offers pure-strategy equilibria can be ranked in terms of the amount of trade.
Since Theorem 1 establishes that every equilibrium with private offers has weakly more
trade than any equilibrium with public offers, only the pure-strategy equilibrium with
the most trade is a candidate for a private-offers equilibrium outcome.

We have shown that if equilibria differ in the two information structures, then there
is more trade with private offers. Next, we show that equilibria with private and public
offers do not always coincide. In particular, they must differ when the seller discounts
future periods only a little. A high discount factor can alternatively be interpreted as
frequent opportunities to trade as discussed in Section 4.1. We show that in this case,
pure-strategy equilibria cease to exist with private offers.

THEOREM 2. (i) With public offers, a pure-strategy equilibrium always exist.

(i) With private offers, there exists a 6* such that for all 5 > 6* no pure-strategy equi-
libria exist.

Proor. (i) The existence of public-offer equilibria follows by backward induction.
A buyer’s expected period 2 profit conditional on his offer being accepted is given by

ky

1
m(kas k1) = T(kl) " (U(C) —((1=8)kr + SU(kz)))f(C) dc.
pa(k2)
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Since in equilibrium buyers must make zero profits (Lemma 2), any equilibrium cut-
off of the continuation game (k1) must satisfy

m(ka(k1); k1) =0.

Note that such a continuation cutoff «, (k1) always exists and is smaller than 1 because
v(1) = 1. So as to attract a cutoff type k; in the first period, buyers need to bid at least
p1=(1—28)k; + 6pa(ka(k1)). Hence, buyers’ profits in period 1 can be written as

m(k1;0) = /Ok1 (v(e) — (A — &)k + pa(ka(k)))) f(c) de.
pi(ky)
Then
Kk = sup(k € [0, 1| (k: 0) > 0)

(with k7 = 0 if the set is empty) and k} = k»(k}) supports an equilibrium. From now on
we denote the equilibrium cutoffs in the game with public offers by &7.
(ii) First, recall that period 1 buyers’ profits with private offers

k1
mkri0) = [ (v0) = (1= k1 + dpatks ) e de
are differentiable in k; and the zero-profit condition

E[v(o)|c € [0, k1]l = p1(k1) ®)

must be satisfied for all k; in the support of the equilibrium strategy of period 1 buyers
(Lemma 2). Similarly, profits must be equal to zero in period 2 and buyers must have
correct beliefs about the period 1 cutoff.

Suppose the game with private offers has a pure-strategy equilibrium that induces
the same cutoffs £} that we found in the game with public offers. Consider the incentives
of buyers in the first period. With private offers, if buyers deviate to a higher price, to in-
duce a marginally higher cutoff than k7, we can compute using (5) that the net marginal
benefit (NMB) of that deviation is

Jd
—a(kq; 0
ﬁklm( 1:0)

J
=F(k}) - [(y—kllE[v(C)lc € [0, k111

J
- —pl(kl)i|-
k=ky Ik

=1-6

ki=k?

Now, as 6 — 1, it follows from the seller’s indifference conditions that k7 — 0. When we
consider the limit k7 — 0, we can apply I'Hopital’s rule to obtain

.9 v'(0)
| —E = .
k%g)lo ok [v(e)lc € [0, kq]] 2
Thus,
. J v'(0)
Iim ———  —m(k1; 0 = —(1-06
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is strictly positive for large enough & since v'(0) > 0. Thus, the NMB is positive if k7 > 0,
so the candidate pure-strategy equilibrium cannot be an equilibrium with private offers.
If k7 = 0, then this cannot be a private-offers equilibrium because any private-offers
equilibrium must result in some trade in every period as we prove in Proposition 2.
Hence, there exists a 6* such that no pure-strategy equilibrium can be sustained with
private offers for all § > §*. O

Intuitively, the difference in the two information structures can be seen as follows.
With public offers, the seller has a stronger incentive to reject high price offers in period
1 than if the offer had been made privately: Suppose one of the buyers made an out-
of-equilibrium high offer. With public offers the seller gains additional reputation of
her type being high by rejecting this offer, the strength of her signal being endogenously
determined by the amount of money she left on the table. Consequently, her continu-
ation value increases upon a rejection of the higher price. Instead, with private offers,
she cannot use the out-of-equilibrium higher offer as a signal, so her continuation value
remains constant. Thus, she has stronger incentives to accept the higher offer if it is pri-
vate. Formally, this is reflected by different period 1 supply functions p;(k) in the two
information structures. In particular, for all £ > k’f, the price that makes k indifferent
with public offers is greater than the price with private offers:

(1 —8)k + 8pa(ka(k)) > (1 — &)k + dpa(k3) .

p1(k) with public offers p1(k) with private offers

The effect is large enough to break down any potential pure-strategy equilibria with pri-
vate offers if the discount factor is large enough because the seller’s value of signaling
to future buyers is higher if the next period is a very short time away. Thus, with high
discount factors, if an equilibrium is to exist, buyers must make mixed price offers in
both periods.!®

3.2 Distress and market breakdown

Recall that we assumed that if the seller rejects offers at r = 2, she captures
(1 — a)(v(c) — ¢) of the continuation surplus. The term « > 0 can be interpreted as a
measure of distress. In the following discourse, we discuss how it affects equilibria in
the two information regimes and show that for « > 0 and large enough discount factor,
period 1 prices with private offers are higher than with public offers. Thus, private-
offers equilibria Pareto-dominate all public-offers equilibria, which concludes the proof
of Theorem 1(iii) (a).

To this end, consider a game with public offers. We show that trade in period 1 can
break down if a > 0 and 6 is large. If some surplus is lost after the deadline, there is an

161f buyers did not mix in period 1, then by regularity assumptions (1) and (2) there is only one cutoff
that satisfies the zero-profit condition in period 2. Similarly, if buyers did not mix in period 2, then only one
period 1 price would satisty the period 1 zero-profit condition. Thus, if mixing occurs, it must occur in both
periods.
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extra incentive to trade in period 2, right before the deadline. The higher is «, the more
types trade at the deadline. This leads to quiet period (i.e., no trade) in period 1 if  is
high. Formally, we make the following statement.

ProposiTioN 1 (Quiet period). With public offers, for any a > 0 there exists a §* < 1
such that if 8 > 6™ in equilibrium, there is no trade in the first period.

Proor. In search of a contradiction, suppose there was trade in period 1 for arbitrarily
large 6 and let us denote the largest seller type trading in period 1 by k. The highest price
at which he could possibly be trading is v(k) and as 6 — 1, k converges to zero. Since
the mass of types trading in period 2 is uniformly bounded from below for all 6 if & > 0,
the price at r =2 must be uniformly bounded away from v(0). Thus, if é is sufficiently
close to 1, for a type-l% seller, the cost of waiting so as to trade at the higher price in the
next period is negligible relative to the benefit, so she should not trade. O

This logic can be extended to multiple periods as we show in the Appendix in Propo-
sition 6. The reason this logic does not apply when « = 0 is that in that case as 6 increases
to 1, while probability of trade in period 2 is positive, it is not uniformly bounded away
from zero. In fact, it converges to zero and the period 2 price converges to v(l%), and
there can be trade in both periods along the sequence, as we have shown in the previous
section. Thus, in contrast to HV who find that with public offers there is trade only in the
first period, we find that without distress with public offers there is trade in every period
and with distress there is no trade in the first period.

In contrast, with private offers, an equilibrium cannot have quiet periods (i.e., peri-
ods with zero probability of trade).

ProrosiTiOoN 2 (No quiet periods). With private offers, for all « and & there must be a
strictly positive probability of trade in every period.

ProoOEF. Suppose that in the current period there was no trade but in the next period
there would be some trade at a price p. The buyers could offer a price p in the current
period, attracting all sellers and some higher types that would have accepted p in the
next period. They accept because the offer is private and, thus, does not change the
continuation game for the seller if she were to reject it. Such a deviation is profitable
for buyers because buyers in the next period would have made nonpositive profit. Thus
there cannot be quiet periods in equilibrium. O

In particular, in period 1 there must be a positive probability of trade. This es-
tablishes another important difference in the equilibrium behavior across information
structures. This difference allows us to easily argue that when « > 0 for high 6, the
opaque environment Pareto-dominates the transparent one and we conclude the proof
of Theorem 1(iii) (a).

Proor oF THEOREM 1(iii)(a). We already know from Theorem 1(ii) that all types that
sell in period 2 or wait until the deadline with public offers are better off with the private
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information structure. Proposition 1 implies that for « > 0 and 6 sufficiently large, there
are no sellers that trade in period 1 with public offers, while some types get to trade
with private offers by Proposition 2. Thus, an equilibrium with private offers strictly
Pareto-dominates any equilibrium with public offers, which concludes the proof of
Theorem 1(iii) (a). O

REMARK 2. The reasoning in Proposition 1 and Proposition 2 does not rely on there
being only two periods of trade. Hence, when « > 0, it is a very general result that there
exists a 6* < 1 such that for 6 > 6*, the opaque environment Pareto-dominates the trans-
parent one.

3.3 The linear and uniform case

With linear valuation v(c) = Ac + B and ¢ being uniformly distributed on [0, 1], we can
fully characterize the set of private-offers equilibria and use this to show that the private
information structure Pareto-dominates the public one. To this end, we first present a
stronger version of Theorem 2 in the linear-uniform environment.

THEOREM 3. Letv(c) = Ac + B be linear and let ¢ be uniformly distributed on [0, 1].
(i) With public offers, there is a unique equilibrium that is in pure strategies.

(i) With private offers, there exists a
A
*=1——¢€(0,1
5 € 0,1

such that the following statements hold:

(a) For all 6 < &%, the equilibrium is unique and the equilibrium outcome coin-
cides with the equilibrium outcome with public offers.

(b) For all § > 6%, no pure-strategy equilibria exist. Instead, there are multiple
mixed-strategy equilibria. For any equilibrium with private offers, the expected
price in the first period is strictly higher than the expected price with public

offers.

Prookr. (i) The unique public-offer equilibrium can be calculated using backward in-
duction. In the continuation game starting in period 2 with the lowest seller type left
being k1, a buyer’s expected profit conditional on his offer being accepted is given by

ky—k A A
m(kai ki) = 5= k11<(3 —<1—(1—a)6>—(1—a>8A)kz+(1—(1—a>8>B+5k1).

Thus, by the zero expected profit condition, the equilibrium period 2 cutoff in the con-
tinuation game is given by

(1-(1—a)8)B+ 4k
I-(1-a)d—4+(1-a)sa

Ko (k1) =
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Plugging this into the zero expected profit condition for period 1,

A
m(k1;0)=kq- ((5 -(1- 5))k1 +B - 5P2(K2(k1))> =0,

one can solve for the unique equilibrium period 1 cutoff. For @ =0 it is

2B-(1-8)22— A)

ki= 3 (6)
21-8)(1—-A)(A8—28+2)+ A
and for « > 0 it can be calculated analogously. One caveat is that for
21-8)— 4
l-«a d-9 (7

<
06(2—A—-26—A(1-9))

the solution to the zero-profit condition can be negative, in which case k] = 0, which
is a special case of Proposition 1. This pins down the equilibrium period 2 cutoff k% =
k2(k7). For @ =0 it is given by

. 2B-(2(1 - 8)>+ A8(1-19))

2T 21— 8)(1— A) (A8 —26+2) + A% ®

Note that this is the unique solution of the cutoffs that jointly satisfy the zero-profit con-
ditions of periods 1 and 2.

(ii) However, the public-offers solution fails to be an equilibrium with private offers
if buyers in period 1 have an incentive to deviate by increasing the price (and hence
cutoff) slightly, i.e.,

d
—a(kq;0
ﬁklm( 1:0)

=k’{-<§—(1—6)> > 0.

m(kl)

Importantly, the marginal benefit of increasing the price slightly with private offers is
higher than with public offers because with public offers, the seller was more likely to re-
ject such prices to signal to period 2 buyers. Thus private offers lead to more acceptance
by higher types and possibly higher profits. The difference between the environments
depends on the discount factor, since signaling is only attractive if the next offer will
take place soon. Indeed, for high discount factors, é§ > 6* =1 — A/2, it is profitable for a
buyer to deviate to higher prices (unless k7 = 0). Consequently, there is no pure-strategy
equilibrium with private offers if § > 6* and k] > 0. Instead, if 6 < 6%, then buyers in
period 1 do not have an incentive to deviate because their profit

A
mlks; 0= ks - (G + B = pich)

is a quadratic function with a null at k; = 0 and k = k7, and negative slope at k}. Note
that the public offers equilibrium results in no trade in period 1 (i.e., kT =0) if and only
if

“1-(1—a)+Val—(1-A4A)21—a))

o>1- 2- A1 -a) ’
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which is (7) solved for 8. Since

_—1—(1—a)+\/a(1—(1—A)2(1—a)) >1—f=5*

! Q22— A1 -a) 2

the public offers equilibrium outcome cannot be supported as an equilibrium with pri-
vate offers if and only if 6 > &*.

The discussion above establishes that if 6 > 6*, there can be only mixed-strategy
equilibria in the game with private offers. Proposition 3 and Lemma 4 below together es-
tablish part (ii) (b) of Theorem 3. The proposition summarizes properties that all mixed-
strategy equilibria must satisfy and the lemma establishes existence.

PROPOSITION 3. Suppose 6 > 6* =1 — A/2. In any mixed-strategy equilibrium with pri-
vate offers, the following statements hold:

(i) In period 2, buyers mix between exactly two prices, which result in the two cutoffs
given by

B B(1—(1—a)d) T B(1—(1—a)8%)

T Al —as—(—wd+1-4 T Al - —(1—a)d?+1-4

22

where k, is chosen with probability

_ 4-01-9
T8(A(l—a)d+1—(1—a)d)’

q2

(ii) In period 1, buyers mix between prices that induce cutoffs 0 and cutoffs that lie in
(ky, k»). Cutoff 0 is induced on the equilibrium path with a positive probability.

For the proof, see the Appendix.
It only remains to show that a mixed equilibrium exists:

Lemma 4. For 8 > 8%, a mixed-strategy equilibrium exists in which buyers in period 1
mix between exactly two prices.

See the Appendix for the proof.
This concludes the proof of Theorem 3(ii)(b). The proof of Theorem 3(ii)(a) can be
found in the Appendix. It is proven jointly with Proposition 3. O

How does the mixing help resolve the problem of nonexistence of equilibrium?
Consider any cutoff k; > 0 consistent with the equilibrium outcome in period 1. It
must be that 7 (k;0) = 0 and Jm(k;0)/dk < 0 at that cutoff. As we argued above,
the sign of dm(k; 0)/dk depends on the sign of J(E[v(c)|c < k] — p1(k))/dk. Mixing
in period 2 changes the derivative of p;(k). In particular, if k; trades in period 2 if
the price offer is high and does not trade in period 2 if the offer is low, then p;(k) =
SE[max{ pz(lz), p2(k)}1+ (1—68)k, where p,(k) (defined in (4)) is the seller’s continuation
payoff if she rejects period 2 prices and & is the equilibrium period 2 cutoff distributed
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FIGURE 1. A buyer’s equilibrium profit in periods 1 and 2 conditional on acceptance as a func-
tion of the marginal seller type k.

according to K,. Mixing in period 2 makes the seller’s continuation payoff in period 1
more sensitive to her type and, hence, the supply function p; (k) becomes less elastic. If
the probability of k1 not trading in period 2 is high enough, then period 1 buyers have
no incentive to increase prices.

In equilibrium buyers must mix over period 1 offers for two reasons. First, if the pos-
terior belief in period 2 were a truncation of the uniform prior, there would be a unique
continuation equilibrium price. Mixing in period 1 is needed to induce a posterior such
that mixing in period 2 is indeed a continuation equilibrium. Second, and more gen-
erally, note that the lowest type in the support of F, trades in period 2 for sure (recall
v(c) > c). If the lowest cutoff induced in period 1 were strictly positive, then for that type
dp1(k)/dk =1— 8. As discussed above, that would imply d; (k; 0)/dk > 0 for 6 > 6* and
buyers would have a profitable deviation. Therefore in equilibrium, buyers in period 1
must make with positive probability a nonoffer, i.e., offer a low price that is rejected by
all types.!” At the same time, it cannot be that no type trades in period 1. If so, buyers
could deviate to the highest price offered in equilibrium in period 2 and make a strictly
positive profit (since that price would be accepted by types better than those that trade
in period 2).

In the proof of Theorem 3, we construct an equilibrium in which buyers in period 1
mix between exactly two price offers. Figure 1 illustrates the profits of a buyer in periods
1 and 2 conditional on his offer being accepted. The figure also contains the equilibrium
cutoffs with private and public offers in periods 1 and 2. First, it is worth noting that with
private offers, since 7r; is nonpositive for all k, buyers cannot make positive profits even
conditional on acceptance and even assuming the realized offer of the other buyer is 0.
Thus, buyers are indifferent between trading with no seller and making offers acceptable
by types between [k, k»]. Second, note that ; is only positive below k, but in equilib-
rium, since the other buyer is mixing between k, and k,, those would be losing offers
and thus effectively 7, is never positive. In the particular equilibrium that we charac-
terize, period 1 buyers mix between a non-offer, resulting in cutoff 0, and a high offer,
resulting in cutoff k1. Moreover, one can see that the expected period 1 cutoff E[k] with

17In equilibrium the lowest on-path period 1 cutoff is k; = 0. While at that cutoff J(E[v(c)|c < k] —
p1(k))/dk > 0, the reservation prices of the low types are sufficiently high so that for all cutoffs k € (0, k,),
71(k; 0) < 0. In particular, p;(0) > v(0).
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private offers is significantly higher than the cutoff type with public offers 7%, i.e., in pe-
riod 1, more trade takes place in expectation with private offers. We show in the proof of
Theorem 1(iii) (b) that this observation is more general.

Even though the private-offers equilibrium strategy in period 1 is not unique, all
equilibrium strategies have some properties in common. In particular, the expected
cutoff type is constant across equilibria and on average higher than with public offers.
This allows us to conclude the proof of Theorem 1(iii) (b).

Proor oF THEOREM 1(iii)(b). The following lemma first establishes that the expected
period 1 cutoff is constant across equilibria with private offers. Thus, we can simply cal-
culate the expected period 1 cutoff with private offers and show that it is greater than k7.
The formal proof of this lemma can be found in the Appendix.

LEMMA 5. If 6 > &%, the following statements hold:
(i) The expected cutoffin period 1 is constant across all equilibria with private offers.

(ii) Denoting the expected equilibrium cutoffin period 1 with private offers by EX1[k1],
it is higher than the equilibrium cutoff with public offers:

EXi[ky] > k7.

Hence, if the equilibrium distribution of period 2 cutoffs is given by K5, the reserve
price of any type that trades in period 1 is at least

p1(k) = (1= 8)k + SEX2 [ py(k2)]

because that type has the option not to sell in period 2. Integrating the reserve prices
over the equilibrium distribution of the period 1 cutoff types, we get the average trans-
action price in period 1,'®

. 1 -~ T 1~ 7
Eanate[pl]E/ pl(k)dKl(k)z(l—S)/ k dKy(k)+8EX2[py (ko)1
0 0 —

—————/ ™

Kt >pa(k3)
where K is the cdf of the equilibrium distribution of period 1 cutoffs with private offers.
This is greater than the period 1 public-offer price pi(k}) = (1 — 8)k] + dp2(k;) because
the average cutoffin period 1 is higher and the average price in period 2 is also higher (as
we showed in Theorem 1(i)). Thus, all seller types ¢ < k7 are better off with private offers:
they either sell in the first period at a higher expected price or choose to sell in the second
period, which must give them higher profits by revealed preference. Consequently, we
have established the Pareto ranking of equilibria, i.e., all seller types are ex ante better
off with the private-information structure than with the public-information structure.
This concludes the proof of Theorem 1. O

18Recall that in the private-offers equilibrium buyers make a non-offer with positive probability. That
price is unbounded from below, but the equilibrium payoffs of all types can be computed as if the price
offered in that case was equal to the reserve price of the lowest type, as we do in this expression.
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FIGURE 2. Role of distress.

For the uniform-linear case with 4 = B = 0.5 and 6 = 0.8, we can calculate equilib-
ria in which buyers mix between exactly two prices in every period for different levels
of distress. The resulting cutoffs and prices as a function of the level of distress « are
illustrated in Figure 2.1°

Indeed, there is more trade the more distress is faced at the deadline (i.e., as « in-
creases). However, trade breaks down in period 1 with high level of distress (i.e., « greater
than ~0.37) if offers are public. In contrast, this effect is almost completely alleviated
with private offers. Hence, if distress is a severe issue, the benefit of opaque environ-
ments is potentially even higher than without distress at the deadline. Note that the
total level of trade is the same when « = 1, but with private offers most of the trade oc-
curs in period 1. In contrast, if « < 1, total expected trade is also higher with private
offers.

4. ROBUSTNESS AND GENERALIZATIONS
4.1 More than two periods

We now generalize Theorem 2 by allowing more opportunities to trade before the dead-
line, with each period {0, A, ..., 1 — A} having length A and the discount rate being r, i.e.,
s=eTA,

The proof of Lemma 3 can be extended by induction to show that an inverse supply
function exists in every period, even with more opportunities to trade, although it does
not have to be defined on the entire cutoff space. The following analysis is independent
of what happens at the deadline and therefore holds true for all « € [0, 1].

The existence of a pure-strategy equilibrium with public offers can be shown by con-
struction in two steps. First, we define for each period a mapping that maps today’s cut-
off to tomorrow’s cutoff by backward induction. Then the cutoff in the first period is this
function realized at cutoff zero and all other cutoffs can be inductively found (for formal
construction, see the proof of Theorem 4 in the Appendix). In general, multiple pure-
strategy equilibria can coexist. To illustrate the dynamics in pure-strategy equilibria, we
have plotted in Figure 3 prices at which different seller types trade for v(¢) = 0.5 + 0.5¢,

19Note that in the case of non-offers we assume that prices are offered that make the zero-type seller just
indifferent between accepting and rejecting (instead of assuming the price is zero). We plot these prices
since they were used for the welfare comparison.
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Theorem 4 fully generalizes Theorem 2.

THEOREM 4.
0<d<l1.

(i) With public offers, there exists a pure-strategy equilibrium for all

(i) Equilibrium cutoffs (and prices) in any pure-strategy equilibrium with private of-
fers correspond to equilibrium cutoffs (and prices) in a pure-strategy equilibrium
with public offers.

(iii) There exists a A* < 1 such that if A < A*, there is no pure-strategy equilibrium with
private offers.

Proor. Here we only present the proofs of (ii) and (iii). Part (i) was intuitively discussed
above and is formally proven in the Appendix.

With private offers, there must be trade with positive probability in each period
because buyers can always mimic the strategies of future buyers as we have already
discussed in Proposition 2. Hence, in any pure-strategy equilibrium with cutoffs
(kX»---,kj_,), the zero-profit condition

Efv(o)lc € [ky_p, ki1 = pi(ky)

must be satisfied for all . Moreover, a buyer’s expected period 1 profit conditional on
having the higher bid is given by

mo(k; 0) = F(k) - [E[v(c)lc € [0, k1] — po(K)].

=0 at k=kj
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Analogously to Theorem 2, one can show that the NMB of a deviation is given by

d d d
—mo(k; 0) =F(ky) - [—]E[U(C)|C €10, k1] - —Po(k)]
1-6

By the same argument we used to provide intuition for Theorem 2, it follows that for
large & (i.e., small A), period 1 buyers can profitably deviate by offering a higher price,
establishing part (iii) of Theorem 4.

Finally, note that in any pure-strategy equilibrium with private offers, buyers must
have correct beliefs about the cutoff type of the seller. As the seller is more inclined to
reject higher price offers with public offers, any pure-strategy equilibrium with private
offers must correspond to a pure-strategy equilibrium with public offers. This concludes
the proof of Theorem 4(ii). O

4.2 Gap at the top v(1) > 1

Throughout the paper, we have assumed that v(1) = 1. This assumption together with
continuity and monotonicity of v(c) guarantees that in any equilibrium, a positive mass
of high type sellers do not trade before the deadline. The reason is that the expected
value of buyers is always smaller than 1, so that the highest type ¢ = 1 never trades be-
fore information is revealed. Hence, we did not have to worry about off-equilibrium
beliefs of buyers if they see a seller rejecting even though on the equilibrium path, all
sellers should have traded. The freedom in choice of off-equilibrium beliefs could lead
to additional multiplicities of equilibria.

Nevertheless, all results can easily be generalized to settings with v(1) > 1 if we as-
sume that the lemons problem is severe enough so that trade does not end before the
deadline or if we make some out-of-equilibrium belief assumptions. For example, if
buyers’ beliefs remain unchanged (or become more pessimistic) after the last period of
trade, the game can still be solved by backward induction and the same arguments can
be applied as in the proofs of the theorems.

4.3 No gap at the bottom (v(0) =0)

We made the assumption that v(0) > 0 to make sure that there is always some trade
before time 1. If we have no gap at the bottom, then it is possible for trade to completely
unravel in all periods if the lemons condition is satisfied. For v(c) = Ac + B, the lemons
conditionis (4 + B)/2 < 1.

ProposiTioN 4. If B=0and A <2, there always exists a pure-strategy equilibrium with
private and public offers. In that equilibrium, there is no trade before the deadline.

4.4 Two types

Several of the recent papers that look at dynamic adverse selection consider only
two possible types (e.g., Daley and Green 2012, Camargo and Lester 2014, and
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Noldeke and Van Damme 1990) or use the two type case as examples (e.g., Swinkels
1999, HV, and Deneckere and Liang 2006). Hence it is interesting to explore equilibria of
our games with two types H and L. So as to be closer to the HV setup, we assume there
is no opportunity of trade after the last period (i.e., @ = 1).

Consider a situation with vy > ¢y and vy, > ¢;, = 0, where the seller’s cost is ¢;, with
probability ¢. Let ¢ satisfy the static lemons condition:

dvL + (1 —)vy <cy.

Then we show that equilibria in both information structures coincide.

ProrosiTION 5. With two seller types and two opportunities to trade, equilibria with
private and public offers coincide for every 6.

This points out that in a dynamic setup it can be important to have a rich enough
type space. The differences in results are driven by the inability of sellers to have a rich
signal space because Bertrand competition only allows for two prices that make one of
the two seller types indifferent between selling and waiting. The formal analysis can be
found in the Appendix.

5. CONCLUSION

In this paper we have illustrated the “continuation” effect of information disclosure, that
hiding past offers results in more trade. While we have illustrated it in a model with one
asset and interdependent values, the same economic reasoning applies to other setups.
For example, a seller of multiple units on eBay who has private information about the
value or cost of those goods, is likely to have a less elastic supply if the past transaction
prices are public than if they are private. Indeed eBay in 2013 changed its policy from
displaying past accepted price offers (below asking price) to hiding the amount and only
revealing that an offer had been accepted—a change we would expect to lead to more
efficient trade.

As argued long ago by Hayek (1945), prices can be valuable to other members of the
economy who use the information contained in market prices to make decisions. In
more recent work, Asriyan et al. (2015) provide a different argument in favor of trans-
action transparency. They show that endogenous information in transaction prices,
if made publicly available, leads to the existence of equilibria that Pareto-dominate
opaque markets in which transaction prices are not public information. The findings in
our paper suggest that although transparently reporting actual transaction prices might
be beneficial, it is important to have opaqueness of rejected offers, in particular when
trade takes place frequently. Our analysis also shows that when thinking about policy
and how to best resolve these trade-offs the details of the market structure, such as the
timing of competition, and the level of distress are likely to play an important role.
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APENDIX

Proofs: Model and preliminaries

Proor oF LEmMA 1. In both information structures, the seller accepts a price p» if and
only if p; — c is greater than 6 - (1 — a)(v(¢) — ¢). Since 6(1 — «) < 1, if a seller type ¢
weakly prefers to accept p, then all types ¢’ < ¢ strictly prefer to accept it. Similarly, in
period 1, p; is accepted by the seller if and only if p; — c is higher than the payoff from
accepting the period 2 price given by é - (E[p;] — ¢) and is higher than waiting for the
deadline 6%(1 — a)(v(c) — ¢). The price p; is independent of c¢. Since the derivative of
the continuation payoff with respect to c is less than 1, again if a seller type c prefers to
accepts p1, then all types ¢’ < ¢ strictly prefer to accept it. (Note that it is irrelevant that,
with public offers, p; is a function of py.)

Generalization of this logic to more than two periods is straightforward. O

Proor or LEMmMAS 2 AND 3. (i) Private offers: With private offers, beliefs of buyers are
independent of price histories. Hence, the continuation game in an equilibrium is un-
affected by past offers. We argue by backward induction.

In period 2, a seller of type ¢ accepts an offer p if and only if p > (1 — @)év(c) +
(1 — (1 — @)8)c = py(c). The price p; is increasing and continuous. Consequently,
pa(k) =k, L(k) is the unique price that results in a cutoff k in period 2.

In period 1, the continuation payoff of a seller ¢ who rejects is given by

1 ~ ~
W(e)=5- / (pa(B) — &) dKa(R) + 8 Ka(©) - (1 — @) - (0(c) — ¢) + ¢

1 =~ ~
= 5|:</ p2(k) dKz(k)> +K2(C)p2(c):| +(1 - 8)c.

Since p; is increasing, W (c) is increasing and continuous. The equality p;(c) = W(c)
defines the inverse supply function. Note that p,(k) is the unique price that results in a
cutoff k and hence p; = k; ..

An analogous argument with backward induction can be made for more than two
periods.

In period 2, the profits must be zero because buyers’ continuation profits are con-
tinuous in period 2 prices (and cutoffs). Since in equilibrium, period 2 prices are not
affected by period 1 prices, period 1 profits are also continuous in period 1 prices and,
hence, the zero-profit condition must hold.

(ii) Public offers: With public offers, it follows analogously to the private-offers case
that py(k) = 6(1—a)v(k)+(1—-6(1—a))k. Hence, period 2 profits of buyers (conditional
on offering the highest price) are given by

1 k
m(k; k1) = T—Fky) . /k1 (v(c) — p2(k))f(c)dc,

which is continuous. Hence, by the Bertrand-competition logic, any period 2 cutoff
in a continuation equilibrium (k1) must satisfy the zero-profit condition and for all
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k > kp(k1) it must hold that m, (k; k1) < 0. Moreover, the assumption that (1) is decreas-
ing and (2) guarantees that (k1) is unique because the assumption implies that the
first order condition defining «,(k1), which can be written as

Fe)-(1—(1—a)8)- [M(v«:) —o- (“_”‘M + 1) . (1 _ F("l))} _0,

F(c) 1—(1—a)d F(c)

has a unique solution. Thus, by continuity of m,(-; -), x2(-) must be continuous. By the
zero-profit condition, for ky > k|, k2(k1) > k2(k}) because for all k > ky(ky), ma(k: k1) <
0 and, therefore, the same must hold for all k; > k. Hence, k»(-) must be increasing
and

pik)=06-k+ (1—=190)- pa(ka(k))

is increasing, well defined, and continuous. Finally, the zero-profit condition must be
satisfied in period 1 because profits of buyers

k
m(k;0) = /0 (v(c) = p1(k) f(c)dc

are continuous in k. O

Proofs: Distress, transparency, and welfare

PRrOOF OF PrRoPOSITION 3 AND THEOREM 3(ii)(a). Before we do the actual construction
of equilibrium cutoffs, we need to show some properties about the type of mixing that
can occur in an equilibrium. In Lemmas 7 and 8 we show that for 6 < §*, buyers at
most mix between countably many prices and that with 6 > §*, there is only countable
mixing after the first period. So as to prove these statements, the following lemma is
useful.

Lemma 6. With private offers, p1(k) is differentiable almost everywhere and differen-
tiable from the right everywhere. The derivative

J
—pP1) =1-8(1—Ka(k)) — (1 - @)8°Ky(k)(1— A) (> 0)
is nondecreasing.

The proof of this lemma follows immediately from the fact that K is a cdf. It is worth
noting that this lemma generalizes to a multiperiod setup by induction.

LemMA 7. If6 < 1— A/2, buyers in period 1 mix at most between countably many cutoffs.
If6 > 1— A/2 and expected period 1 profit m(k;0) =0 forallk € (a, b), thenanyk € (a, b)
cannot be in the support of K, since it must hold that

§—1+4

Ky(k)y=—=.
20 8 pa(k)
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Proor. In period 1, expected buyers’ profits are given by

m(k;0)=k- [;k—}-B—pl(k)]

If buyers mix between all cutoffs k € (a, b) at time 0, then they must make zero profits
for all such cutoffs, i.e., for all £ € (a, b),

1 N - A
6(]/{ oy dKa(F) +K2<k>p2<k>) b -8)=Tk+B

or, equivalently,

b - A
8( fk 2Ry dK () +K2(k)p2(k)> _ (5 _ (1 _ E))k LB,

Note that the left hand side of the identity must be nondecreasingin k£, soif 6 < 1— A4/2,
then there cannot be mixing on (a, b) in the first period. If 6 > 1 — 4/2, then the left
hand side is differentiable, so the right hand side must be differentiable, so that

5—(1-4
k=0
ok pZ( )

on k € (a,b). Since K, is a cdf, %pz(k) cannot be increasing on (a, b), so that by
Lemma 6, % p2(k) must be constant on (a, b). This implies that the support of K is
disjoint from (a, b). O

Lemwma 8. With private offers and if 6 > 6*, all mixed-strategy equilibria must satisfy the
following properties.

(i) In period 2, buyers mix between at most countably many prices.

(ii) If buyers in period 1 mix continuously between prices that result in cutoffs in an
interval (a, b), then buyers in periods 2 never choose a price that results in a cutoff
in (a, b).

Proor. Assume there exists an interval (a, b) such that buyers in period 2 mix between
all cutoffs, i.e., for all k € (a, b),

k pc
1 -
Wz(k;Kl)Z/ / ——dK(k)(Ac+ B — py(k))dc=0.
0 Jo 1—-k
After applying integration by parts and setting

k c rx "
H(k) Ef (/ LN dKl(k)dx> dc,
0 o Jo 1—-k

one can see that this is equivalent to the ordinal differential equation

AH'(k)k — AH (k) = H'(k)(p2(k) — B).
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Thus, we can conclude that

k c rx 1 . k 1
H(k)z/ (/ / - dK (k)dx) dc = const - ex / ——dz
o \JoJo 1k ! P 0 z—%}‘B

and by Fubini’s theorem,

f -
Ho = [ = akib,
0 2(1—k)
which is increasing because (k — IE)/(2(1 — 12)) > 0 for 0 < k < k. Thus, the cdf K;(-)
must be strictly increasing everywhere on (a, b). Hence, if buyers mix on (a, b) in period
2, then they must mix in period 1, which is a contradiction by Lemma 7. Hence, there
cannot be mixing on an interval in period 2. O

Now, the proof of Proposition 3 follows in three steps. First, we show in Step 1 that
buyers in period 2 mix between exactly two prices and we show the first part of (ii).
Step 2 discusses the second part of (ii), i.e., that there must be non-offers with posi-
tive probability in period 1. Finally, in Step 3 we can pin down the exact values of &,
and k.

STEP 1. In any mixed-strategy equilibrium with private offers, period 2 buyers mix be-
tween exactly two prices resulting in cutoffs k, and k,, and period 1 cutoffs must be in
{0} UKy, kal.

First, note that buyers in period 1 must mix between at least two cutoffs. The reason
is that if buyers in period 1 were to play pure strategies, then there is a unique price at
which period 2 buyers make zero profits, i.e., the unique Bertrand equilibrium in that
period contains only pure strategies of the buyers.

Consider the continuation game in period 2 given beliefs about the current cutoffs
represented by the cdf K. Buyers’ profits are then given by

m(ko; K1)

k c
:/ 2( ﬁ dKl(lé)) (Ac+ (1 -1 -a)®)B—ky(1—a)dA+1—(1—a)d))dc.
0 0 —

The term , is continuous and at the smallest element k1 < 1 in the support of K1, for
all e small enough, we have

Jm
—=(k2; K
&k2( 2; K1)

ky=ki+e

ki+e 1 ~
2/0 — dK( = (1= d) (B + (k1 +€)(A = 1)

ki+e | N
—/ (/ —~dK0(k)> dc(A(1l—a)6+1—(1—a)d)
k 0 k

1
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FIGURE 4. Possible shapes of buyers’ profits in period 1.
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e —’
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>0,

so in equilibrium, buyers in period 2 do not choose prices that result in a cutoff type
smaller than or equal to k; with positive probability since if they did, increasing the price
alittle bit would be a profitable deviation for any buyer. In particular, in any equilibrium,
seller types close to zero trade in period 2, so that K,(k;) = 0 for small k.

By Proposition 8, the support of K is discrete and p;(-) is piecewise linear and con-
tinuous, and by Lemma 6, it is also weakly convex. Hence, buyers’ expected profit in
period 1,

0 ~ ~
mik 0=k (k5= (o] ([ pabrdkat)) + Katkpatho | + k(1= 5)) ),

p1(k)

is continuous, piecewise quadratic, and at any cutoff in the support of K, it has a “down-
ward” kink (that is, the slope is dropping discontinuously) because of the convexity of p;
(Lemma 6). Hence, in any mixed-strategy equilibrium, expected period 1 profits must
qualitatively look like one of the graphs in Figure 4.

This allows us to conclude that for 6 < 1 — 4/2, there cannot be mixed-strategy equi-
libria as in that case, profits are increasing at 0, so there cannot be mixing in period 1.
This concludes the proof of Theorem 3(ii) (a).

For small &, pi(k) = 8[,3 pz(l}) dKz(lz) + k(1 — 8) because K,(k) = 0 for small k.
Hence, the left-most parabola must be open above if 4/2 — (1 — §) > 0. Since trade
cannot terminate before the deadline in equilibrium, we can exclude the possibility of
the expected profit function in period 1 having a shape as in Figure 4(c). Hence, there
exist cutoffs 0 < k, < k» < 1 such that period 1 buyers choose only prices with positive
probability that are in {0} U [k,, ko]

Using these insights about 71, we can conclude that m,(-; k1) is piecewise quadratic
on [0, 1]\ [k,, k>], where the coefficient in front of the quadratic term is negative and
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F1GURE 5. Qualitative shapes of buyers’ expected profits in period 2.

a multiple of 4/2 — (1 — 8) — 64 < 0. Hence, all pieces of m, are open below. At every
cutoff that is chosen with positive probability in period 1, 7, has a kink. Hence, period 2
expected profits are qualitatively as in Figure 5. Note, however, that 7, does not have to
be piecewise quadratic in [k,, k,] as in Figure 5.

First, note that if 7; looks like in Figure 4(a), then buyers in period 1 mix between
exactly two prices that result in cutoff types 0 and k1 = k, = k». In that case, m, has its
only kink at k5, so buyers do not mix between prices in period 2, but choose a price with
probability 1 that results in a cutoff k».

If period 2 buyers must mix, then they mix between exactly two cutoffs {k,, ko). This
can be seen as follows: One can infer directly from Lemma 8(ii) that period 2 buyers do
not choose prices that result in cutoffs in (k,, k). Moreover, because (k;0) = 0 on
{0} U [k,, ko] only, 7 can have kinks in that region only. Hence, m(k,) = m(ky) =0,
m(k; k1) <0 for k > k, and the fact that m, is piece-wise quadratic on [0, k,] U k2, 1]
with parabolas that are open below imply that (k) > 0 for k € (0, k,) and m(k; k1) <0
for k € (ky, 1].

Thus, in any equilibrium the support of K is a subset of {0} U[k,, k»] and the support
of K5 is {k,, ky} for some k,, k; € (0, 1]. Let K»(k,) = g and K{(0) = ¢, noting that we
already know from Lemma 7 that

B §—-1+4
T8l —-(1—-a)d+(1—a)sA)

q1 #0.

STEP 2. In any mixed-strategy equilibrium, there must be non-offers with positive prob-
ability in period 1, i.e., q1 > 0.

Let us assume g; = 0 and let us denote the smallest element in the support of K; by
k < 1. Note that Ak+(1—8)B—k(8A+(1-8)) =(1—8)(k(A—1)+B) > (1—-8)B(1—k),
which is strictly positive for B > 0 and & < 1. Hence, there exists an € > 0 such that
Ak +(1—-8)B—(k+¢€)(6A+ (1—-205))>0. Then m(k + €) > 0, which is a contradiction
to k, < k being in the support of K.

STEP 3. We have

B(1—(1—a)8?)
Al-a)?2—(1-a)d2+1-4

B(1— (1 —a)d)

= and k,=
Ad—a)d—(1—a)o+1—4 :

22
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In equilibrium, it must hold that m,(k,; k1) =0, that s,
ky
/ Ac+(1—(1—a)8)B—ky((1—a)8A+1— (1 —a)d)dc
0

—ky- (?kﬁ (1-(1-a)8)B —ky((1—a)dA+1—-(1 —a>6>> =0,

which is equivalent to
B B(1 — (1 —a)d)
S Al -a@)d—(1—a)d+1-4"

ky
For k», we use that 7 (k»; 0) = 0 since this is equivalent to
_ A— _ _
ko - (Ekz +(1—-1-a)d>)B—-8((1—a)d(A—1)+ 1k, — (1 — 6)k2> =0

because K, (k,) = 1. Hence,

_ B(1—(1—-a)8?%)
kz:A(l—a)sz—(1—a)52+1—é' O
2

Proor ofF LEMmMA 4. Using insights from Proposition 3, we can construct an equilib-
rium in which buyers in period 1 mix between exactly two cutoffs, which completes the
proof of Theorem 2. Here, we calculate the explicit expressions only for @ = 0. The ex-
pressions for « > 0 are much longer, but one can easily check that the construction can
be extended to general a.

If period 1 buyers mix between exactly two cutoffs 0 and k; with K;(0) = g; and
Ki(k1)=1— q for some g; € (0, 1). Then the expected profit in period 2 is given by

g1 k- (4k+(1-8)B—k(1-5+8A4)) if k < ky
(q1 — 1)%(%%1 +(1=8)B—k(1—8+8A4))

+hk(4k+(1-8)B—k(1-8+54))
@+ (- an) if k > k1.

m(k; k1) =

Note that both parts are quadratic in k and that 7, is continuous everywhere. Moreover,
in both parts the coefficient in front of k? is negative. The first part is equal to zero if

B(1-5
k G 0, (—)/4
1-6+84A-75
and the second part must only have one zero in equilibrium, i.e., it must hold that the
discriminant is zero,
ki
1—ky

2
[(1—8)3(([14‘ (1—q1)> —(q1—1 (1—8+8A)i|

1—ky

k A—
(1—611)>(ch—1) L <§k1+(1—8)3>,

=(2A-4+45(1— 4 +
( ( ))<Q1 -7

1—k



Theoretical Economics 11 (2016) Transparency and distressed sales 1135
and the null must be at
(1=8)B(r+ =1 —q)) = (1 — D (1 -5+ 64)
_ —K1 1—k1
(A=2+425(1 = A)(q1+ (1= q)

We can solve these two equations for k1, ¢;. For a = 0 this yields

T, 2BU—8)(=28°+25°4 +45°4 — 25+ 26— A +2)
(2824287 A+28A— A+2)(—282+282A+2— A)

suchthat0 <k, <k; <ky<1.

Figure 1 illustrates for v(c) = (1 + ¢)/2 the expected profit functions 7; and m; in the
equilibrium. It highlights how cutoffs in period 1 must correspond to kinks of 7, and
how cutoffs in the second period must correspond to kinks of ;. Other equilibria, in
which period 1 buyers 1 mix between {0} and several prices in (k,, k»), can coexist. [

Proor or LEMMA 5. We first show that the expected cutoffs in period 1 are constant
across all mixed-strategy equilibria with private offers and are equal to

(1— ko) (1 — 25k2) 1426

2 .

/ kK (F) = —— + Ky — 1. 9)

(146)(1—6+ A8)—A/2
0 1= k2 —ai50=5+10) 1+3

Moreover,

/ B dK,(k !
= dKy(k) = — (10)
(1+8)(1-5+A5)—A/2
0o 1—k L=k —qT50=5+ 4%

must hold. To prove this, note that in any equilibrium it must hold that m(ky; K1) =0
and forall d > k,, m(k; Ky) <0, i.e.,

k c
/2/ ﬁdKl(lz)(Ac—kB—((1—8+A8)E2+88))dc=
0 —

d pc 1 B _
f / - (Ac+B—((1—8+A8)d+83))dc§0 vd > k.
0 —
Let us first simplify the first equality. By applying Fubini’s theorem and then noting that

(k2 —k)/(1—k) =1+ (kr — 1)/(1 — k) and (ks — k2)/(1 — k) =1 + k + (ks — 1)/(1 — k),
we can deduce

k.
/2/ —dKl(k)(Ac+B—((1—8+A6)k2+6B))
0

k2 ko kz— k
:—/ dKl(k)+((1—5)3—(1—8+A5)k2)/ —del(k)

A _ A ky _ -
=?+(1—8)B—(1—5+A5)k2+3f kK1 ()
0
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kg ~ (=2 A - -
+/ —1 IEdKl(k)<(k2—1)5+(k2—1)((1—8)B—(1—8+A8)k2)>
0 j—

k Ei%dK/%EiiéE e k
2+/ 1()+(2—)(—1+8 2)/0 -y >

A 1 1426
2 1+6
Thus, in equilibrium,

1426

1-
1+906

N\ [k o1 5
k2>/ — _dKy(k)y (1)
0o 1—k

must hold. To simplify the second inequality, we can use that m(ky: k1) =0, and see
that for d > k»,,

k2+/ del(k)z(l—k2)< Txs
//—dKl(k)(Ac+B(1—8)—(1—6+A8)d)dc
0
ky pc 1 5 _
=/ /—NdKl(k)dc(kg—d)(l—S—i—AB)
0o Jo 1—k

7
+/_ / zﬁdKl(lz)(Ac—irB(l—S)—(1—8+A8)d)dc
ko —

_ ka A A
—d—k ky+B1—8)—(1—6+46—2=)d
@R [ i ( 3R s ( 1))

>0

k
/2f —dKl(k)dc(1—8+A6)}
0

is quadratic in 4 and the parabola is open below. The parabola has a zero at k, and we
will show in the following text that it cannot have another zero. If m(k’; k1) =0 for a
k' > k,, then , is positive on (k», k"), which cannot hold in equilibrium. If the parabola
(if it was extended to values smaller than k,) has a zero at a k’ < k, and if the support of
K/ does not contain (k, — €, k,) for an € > 0, then m, (k; k1) > 0 for k € (k, —e, k), which
leads to a contradiction. Finally, if there is continuous mixing on some (k) — €, ko), then
since the slope from the right of 7, is negative at m,, the slope from the left must also be
negative because

772(k2) (?kZ/ /0—dKl(k)(Ac—(1—5+A8)k2+B(1—5))dc

:/ LdKl(k)(i—S)(Akz—szrB)
o 1—k

—(1-

and k2(A — 1) + B > 0. This again cannot hold in equilibrium. Asa resu_lt, the parabola
can only have one zero &, and it follows from plugging in the value of k; calculated in
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Proposition 3 that

fZﬁdKl(IE)%EzﬁLB(l—S)) fo dKl(k)dc(1—8+A6) _z
— 2

= .
2 J—del(k)(l — 5+ A8-4)

ke L L dK (k) de(1— 5+ 48)

& §E2+B(1—6) E
Jo? 7 dK1 ()
A3)

_B(l—Bz)(l— -4
B (1—82—7+A62)

4 ko pe 1 - dK; (k) de
& (1-8)B- — 22 1=
(1—5 —7+A5 )(1—5+A5) fO ndKl(k)
B 4 1+ (kz —n R L dK; (k)
@ ki 1245 A82
Corth Aot o adK](k)
ko 5 1
/ s oy
0T ot dsias ke t1

This proves (10). Plugging (10) into (11) shows (9).

We can now easily calculate the difference between the expected period 1 cutoff with
private offers and the period 1 cutoff with public offer using (6), (8), Proposition 5, and
Proposition 3, and we see that it is positive:

.
kdKy (k) — Kk

B(1-8%) 5 B(1-8%)

_ (1- A62—62+1—A/2)(1 T 1+5 A62—62+1—A/2) 1426 B(1- 8%

= —_ (140)(1-61A48)_A)2 2_s241_4
1—ky- (1+8)(1—5+A5) 1+6 482 -5 +1 2

2B (A8-2542-A)-(1-9)
2(1—8)(1— A)(AS —26+2) + A2
(0 =AA—8)(—4+4A4— A*+85 — 645+ 2A4%5 — 46° + 245> +2A4%87)
T (2-A—-26242A482)(4—4A+ A2 — 85+ 1048 — 2426 + 462 — 6482 +2.A4252)
1o 24(1-8)—(A-1)*(1—8)?—3(1—8)*+5%°4
T2 4 4A+ AD(1— 25+ 6%) + 248 — 2452 + A282
1z 1-86)2—(A-1)21-8)2+8%4
— . >

“2"A TG 4A T A2 (1251 62) 1245 — 2482 + A282

for6>1—A/2and A+ B=1.
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Proofs: Robustness and generalizations

Proor oF THEOREM 4(i). We show that if all buyers choose pricing strategies that result
in a cutoff seller «;(k;_p) (defined below) given they believe the current cutoff is k,_j,
this constitutes an equilibrium. To this end, define «,(-) inductively fort =0, A, ..., 1—A
as follows. First, using p;_a(k) = (1 — a)dv(k) + (1 — (1 — @)d)k, it follows that

1 k

TR oo ). @@= pratnf(e)de > 0}

Ki-a(k12a) = Sup{k € k124, 1]

k12
is left-continuous (we define k1_a(k1_2a) = k1_2a if the set over which we compute the
sup is empty). Then

P1-2a(k) =8p1_a(ci—a(ki_2a)) + (1 = )k

is left-continuous.
Next, we show that given left-continuous «;, 4 (k), it follows that for t <1 — A and

pi(k) =0pipa(kipa(k)) + (1 = 0)k,
k

1—F(kr_2a) kT_ZA(v(C) — pi(k)f(c)de > 0}

Ke(ki—p) = Sup{k € [kr_2a,1]

(with sup @ = k,_4) is left-continuous.
STEP 1. If mi(k; k,_p) is left-continuous in k, then k, is increasing.

Because of left continuity of ;(-; k,_p), we either have 7 (k/(k,_a), k;_a) > 0 or
mi(ke(ki_p), ki—n) = 0. Moreover, note that m;(k; k,_p) is always differentiable in
k;_a. Let us consider an arbitrary k,_, and an infinitesimal increase in k, . If
mi(ki(ki_p), ki—p) > 0, there exists an € > 0 so that 7 (k;(k,_p), k,—a + y) > 0 for all
v < €. Hence, k;(k;_p + 7v) > ki (k,_p) for all y < €. Furthermore, if 7, (k;(k;_p), ki—p) =
0, then

kik,_
s ) k=ri(k1_s)
— f(kz—A)
1- F(kt—A)
1 Kke(ki—a)

. [71 o ). (v(e) = pi(ki(ki—a))) f(c)de — (v(k—p) — pt(C;k(kt—A)))]
- 1= t—A
flki—a)

= _m(v(kt—ﬁ — pi(ki(ki—a))) > 0.

This is the case because if we had v(k,_p) — pr(k¢(k;_p)) >0, then

Ky (ki—p)
/k (v(e) — pi(ki(ki—a)))f(c)de >0,

1—A
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v(-) being increasing. This is a contradiction to the zero-profit assumption (k¢ (k;_n),
k,_a) =0. Hence, «;(-) is increasing at k;_x.

STEP 2. The terms k;(-), p:(-), and m(-; k,_a) are left-continuous.

We argue by backward induction in ¢. The term p;_,(-) is left-continuous because v
is continuous and, hence, 7;_x(k1_2x; k) is left-continuous in k. (It is even continuous.)
Let k%”_)zA 1 k1_oa. Then KT_A(kY?ZA) < k1_a(kq1_2p) for all n and K1,A(k§n_)2A) is an in-
creasing sequence by Step 1. Hence, lim,_, » K’f_ A(kgn)2 ) €exists. We will show next that

lim,,_s o0 Kl_A(k(lri)z A) = k1-a(k1-24). Therefore, consider an arbitrary sequence k0 4
ki1_A(k1_2a) such that 7_s(k"; k1_n) > 0 (which must exist by definition of x{_,).
Then, for any m, there exists an n(m) such that 7_x(k""; k;"_)m) > 0 for all n > n(m)
because 7;_,(k; -) is continuous for all k. Hence, k™ < Kl_A(kYi(;?A))) < ki_alki_op) =
limm»oo k(m). Hence, lil‘nnﬁOO Kl_A(kgTZA) = lil‘nmﬁoo Kl_A(kgli(énA))) = Kl—A(kl—ZA) and,
thus, k1_a(+), p1_2a(:) and 71_»a(-; k1_3a) are left-continuous.

Let us now assume that ¢, A (+), p¢(-) and 7+(-; k,_a) are left-continuous. Hence, «(-)
isincreasing by Step 1. The rest of the argument works analogously to the preceding text,
so that k;(-), ps_a(-) and 7;_a(-; k;_pa) are left-continuous for all ¢.

Hence, buyers do not make negative expected profits because

1 k

k> ———
1—=F(ki—a) Ji, 4

(v(c) = (8pr+1(kira(k)) + (1 — 8)k)) f(c) dc

is left-continuous. The equilibrium cutoffs (kg, ..., k_,) are then, given by kj = k((0),
coo k1A = k1_a(k1-2a(. .. k9(0))). None of the buyers has an incentive to deviate from
this equilibrium, since by increasing the price offer, buyers will either make zero or neg-
ative expected profits by definition of «,(-), and by decreasing the price, they will not
receive the good and make zero expected profits. Note that for some v(c) and F; there
could be multiple equilibria because there can be several prices that result in zero ex-
pected profits for the buyers.

Parts (ii) and (iii) are proven in the main part of the paper. O

ProoF OoF ProprosITION 4. Let B=0and A < 2. The zero-profit condition implies that
the cutoff at time 0 must satisfy

Moreover, it must hold that
po > (1 —38)ko+ dp1 > k.

However, this can never hold simultaneously for A < 2 except if kg = 0. Hence, in the
unique pure-strategy equilibrium (with private and public offers), there is no trade be-
fore the deadline. u
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0.2 0.4 0.6 0.8 Lo

FIGURE 6. Period 2 price.

ProoF oF ProprosITION 5. Consider a situation with vy > ¢y and v, > ¢;, =0, where
the seller’s valuation is vy with probability ¢. The static lemon’s condition (LC) is
satisfied if
dvp + (1 - P)vg <cy.
Finally, denote the fraction of vy, sellers such that the lemons condition is just satisfied
by ¢*,i.e.,
o vy + (1 - dM vy =cp.

We solve the game by backward induction. Given the belief ¢, about the fraction of
vy, sellers in the market, buyers’ expected period 2 profits are given by

dovp + (1 =)oy —p ifp>cy
m(p)=FvL,—p ifc; <p<cy
0 otherwise

if they sell at a price p. Since buyers compete in a Bertrand fashion, the equilibrium
price is

dovr, + (1= do)vy if g7 < ¢*
P> (h2) =1 {povr + (1 — do)vy, v} if pp = *
L if ¢y > b*.

If the LC is satisfied with ¢, only low types trade and p} = v..
The price in the continuation equilibrium is as in Figure 6. If the LC is satisfied, then
the period 1 price is always p; = v;,. Moreover, the following statements hold:

(i) If 6 <wvp /vy, then all vy sellers trade in period 1 and p; = vy.

(i) If vy /vy < & < vp/cy, then in period 1 enough vy sellers trade such that in
period 2,

brvp + (11— dpo)vy = %L

Note that ¢, < ¢, such that in period 2, p; = v, + (1 — p2)vy.
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(i) If g_f, < 8, then in period 1 enough vy sellers trade such that in period 2, ¢, =
¢*, such that in period 2, buyers are indifferent between bidding cyg = ¢*vy +
(1 — ¢*)vy and vz . They mix between the two such that

v
Elpa]= >
These are by construction all equilibria with both private and public offers. O

The role of distress with many periods

The role of distress (« > 0) can also be generalized to a setup with more than two trading
opportunities with linear valuations and uniformly distributed costs. In particular, we
can show that even as A — 0, there must be a positive mass of trade at the deadline. This
is formalized in the following lemma.

LEMmmA 9. For any « > 0, with public offers, as A — 0, trade at time 1 — A is strictly
bounded away from zero.

ProOF. Attime 1 — A, prices are given by

p1-atk) =1 -1 -a)d) Jf_, +(1 — a)dv(k).
<v(k)

Thus, there must be positive trade at time 1 — A because

ki_oa+te
mi_a(k1—oa + € k1_op) = f (v(c) — pr-alki—oa +€)f(c)dc

k1-2a
and, for small e,
Aliglov(lq—m) — p1-alkioa +€) > 0.

Consequently, trade in period 1 — A is bounded away from zero as A — 0. This shows that
with public offers, as A — 0, trade at time 1 — A is strictly bounded away from zero. O

ProprosITION 6 (Quiet periods). With public offers, for any a > 0 there exists a 6** < 1
such that if 6 > 6**, there will be no trade in at least one period preceding the deadline
and possibly no period but the last period.

Proor. By Lemma 9, p;_a(kq_a) is greater and bounded away from v(k{_54). If there
was trade in period 1 — 2A, then the highest type trading in that period k1_,4 can at most
get a price v(k1_pa). Alternatively, the period after, he can buy at a price p;_a(k1_a) that
is strictly greater than and bounded away (for all A) from v(k;_5x). Hence, for small
enough A, there cannot be trade in period 1 — 2A. In other words, for large 8, there must
be a quiet period before the deadline.
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FIGURE 7. Pure-strategy equilibria with » = 0.5, v(¢) = (¢ +1)/2, a =0.2.

By the same logic, for a given fixed N, when 8" is large, there will be N quiet periods
before the deadline. O

Note that this is in stark contrast to the no trade result in HV. Recall that they have
trade only in the first period with public offers while potentially we have no trade but in
the last period. The differences in outcomes are caused by two differences in the models:
first, we have intra- and inter-period competition while HV have only the latter; second,
we have a short horizon with a destruction of continuation surplus at the deadline.

In Figure 7 we plot the unique pure-strategy equilibria with public offers using v(c) =
(c+1)/2forAe {0, §, §},r=0.5,and @ = 0.2.20 Indeed, in the limit as A — 0, with public
offers, there is a mass of trade at time 1 and some “quiet periods” in which no trade takes
place. In particular, in the last period it must hold that

p1=caki+ 1 —a)v(ky) =E[v(c)lc € [ki-, k1]],

where at time 1 the mass of seller types [k;_, k1] trades (where k;_ is the limiting cutoff
as time approaches 1 from the left). Moreover, before the quiet period, there must be
continuous trading over time. In particular, for A = B = 0.5 the cutoff is given by

kl‘ =1- e_rt.

Finally, the condition that seller k1_ must be indifferent between buying just before the
quiet period starts and waiting until time 1 pins down the evolution of cutoffs over time.
It turns out that the quiet period before deadline is caused not only by distress, but also
by the market structure. In particular, we can contrast equilibrium dynamics in our
model with intra- and inter-period competition to a monopoly case. As shown in Fuchs
and Skrzypacz (2013a), in a model with one long-lived buyer, the distress at deadline
also induces an atom of trade at the end, but the quiet period does not arise there.

20See Figure 3 for a comparison when a = 0.
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