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An explicit representation for disappointment aversion and
other betweenness preferences
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One of the most well known models of non-expected utility is Gul’s (1991) model
of disappointment aversion. This model, however, is defined implicitly, as the
solution to a functional equation; its explicit utility representation is unknown,
which may limit its applicability. We show that an explicit representation can be
easily constructed, using solely the components of the implicit representation. We
also provide a more general result: an explicit representation for preferences in the
betweenness class that also satisfy negative certainty independence (Dillenberger
2010) or its counterpart. We show how our approach gives a simple way to identify
the parameters of the representation behaviorally and to study the consequences
of disappointment aversion in a variety of applications.
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1. INTRODUCTION

One of the most well known models of non-expected utility preferences is Gul’s (1991)
model of disappointment aversion (henceforth DA). Its popularity is related both to the
intuitive nature of the model, where the value of each outcome is determined relative to
an endogenously defined “expected” payoff, capturing reference dependence; and be-
cause it generalizes expected utility by adding only one parameter. Despite its appeal,
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there is one limitation to its applicability: the value of each lottery is the solution of an
equation that changes with the lottery—a so-called implicit representation. The (ex-
plicit) utility representation is instead unknown. This may be a concern if one wishes to
apply this model, for example, to carry out monotone comparative statics exercises. The
same concern applies to the broader class of betweenness preferences, studied in Dekel
(1986) and Chew (1989), and to which the DA model belongs; for such preferences only
an implicit representation is known, while the explicit representation is still elusive.!

The goal of this paper is to address these issues. First, we provide an explicit rep-
resentation for DA preferences, showing that it can be easily obtained using solely the
components of its implicit representation. Second, we generalize this result: we provide
an explicit representation for betweenness preferences that satisfy either negative cer-
tainty independence (Dillenberger 2010, Cerreia-Vioglio et al. 2015) or its positive ver-
sion, positive certainty independence. Third, we show how our approach may be useful
to identify parameters of the model and in comparative statics exercises.

Let p be a lottery over monetary outcomes. Its value according to the DA model is
the unique v that solves

v= Ep(kv), (1
where k, is given by
u(x) u(x)<v
ky(x) =1 u(x) + Bv
W u(x) > .

Here u is a utility function over money and 8 € (—1, 00) is the coefficient of either disap-
pointment aversion (8 > 0) or elation seeking (8 < 0). Note that this is an implicit equa-
tion, as the value v appears on both sides of (1). In this model, the value v is similar to
expected utility, except that the individual gives an additional weight 3 to disappointing
outcomes—those with a utility lower than the value of the lottery itself.? The DA model
is, thus, a model of endogenous reference dependence: possible payoffs generate dis-
appointment (or elation) depending on how their utilities compare to an endogenously
determined value—the utility of the lottery.> When 8 > 0, the disappointing outcomes
receive greater weight, whereas the opposite is true for 8 < 0, justifying the terms “dis-
appointment aversion/elation seeking.” If 8 = 0, the model reduces to expected utility.

1 This is the case not only for the broad class, but also for most of its special cases. A notable exception is
Chew and MacCrimmon’s (1979a, 1979b) model of weighted utility.

2To see this, note that the value of a simple lottery p can be equivalently defined as the unique v that
solves

Do oupm)+A+p) Y ux)px)
{x:u(x)>v} {x:u(x)<v}

- 1+8 Y p)

{x:u(x)<v}

3We should stress that this is conceptually and behaviorally distinct from other models of endogenous
reference dependence under risk, e.g., K6szegi and Rabin (2006, 2007). For example, the DA model satisfies
betweenness, while both models above do not. See Masatlioglu and Raymond (2016) for further discussion
on the implications of these alternative models.
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In Section 3, we show that these preferences admit the following explicit represen-
tation. When B > 0, the case of disappointment aversion, preferences are represented
by

V(p)=mink,"! (Ep(ky)),
while when B € (—1, 0), the case of elation seeking, they are represented by

V(p) = mvaxk;l(IEp(kv)).

This means that one can easily construct an explicit representation for preferences in
this class using solely the components of the implicit representation in (1)—taking the
min or the max of the certainty equivalents computed using each of the possible utilities
involved.

After formally stating the result above for DA preferences (Theorem 3), we discuss
an explicit representation for general betweenness preferences that also satisfy nega-
tive certainty independence (Theorem 4) or its counterpart (positive certainty indepen-
dence). The previous results are corollaries of this more general theorem. Again, the
explicit representation is the minimum (resp., maximum) of the certainty equivalents
using the functions (called local utilities) present in Dekel’s (1986) implicit representa-
tion.

There are at least two benefits of having an explicit representation. The first is con-
ceptual: it may help to capture the mental process adopted by the agent. While highly
idealized, one can imagine a cautious decision process that involves the maxmin crite-
rion. It is perhaps less plausible to take the solution of an implicit equation as a descrip-
tive decision making procedure. That said, this argument is not behavioral, but relies on
going beyond the standard “as if” approach.*

The second and possibly main advantage of an explicit representation is practical:
it facilitates the application of these models by allowing for a better understanding of
optimization problems with these preferences. This is particularly relevant because
DA preferences, while continuous, are not even Gateaux differentiable (Safra and Segal
2009). Therefore, one cannot apply standard differential methods or Machina’s (1982)
local utility approach and its extensions to the Gateaux case.

In Section 4, we start demonstrating the practical benefit of our approach by show-
ing that it can be useful to identify the parameters of DA preferences from behavior:
while it is known that both u and B are unique (the former up to positive affine trans-
formations), using the original implicit representation, it is not easy to see how to easily
pinpoint them from behavioral data. Our approach, instead, offers a way to do so di-
rectly, identifying u independently of 8.

With this identification in hand, in Section 5, we discuss optimization and appli-
cations. Using Sion’s minmax theorem in conjunction with our characterizations, we
show that the solution to a maximization problem over a convex and compact set of op-
tions with DA preferences must coincide with the solution of the original problem under

4A related argument appears in Chapter 17 of Gilboa (2009) and in Dekel and Lipman (2010).
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expected utility, but with the agent being more risk averse. The key point is not that dis-
appointment aversion increases risk aversion, but rather that the solution under disap-
pointment aversion must also be a solution under expected utility, with a more concave
utility. That is, solving the problem under disappointment aversion is tantamount to
solving it with expected utility with higher risk aversion. As the latter is typically easier
to solve, this may greatly simplify the problem when it comes to comparative statics.

We illustrate the usefulness of this result with a variety of applications. We show
that in a standard portfolio problem, a disappointment averse agent invests less in the
risky asset compared to an expected utility agent with the same utility over outcomes;
that the set of justifiable actions, in general, and rationalizable strategies in a game, in
particular, is smaller if we make agents elation seeking; and that in a simple problem of
Bayesian persuasion, making the sender of information disappointment averse reduces
the revealed information.

2. PRELIMINARIES

Consider a nontrivial compact interval [w, b] € R of monetary prizes. Let A be the
set of lotteries (Borel probability measures) over [w, b], endowed with the topology of
weak convergence. We denote by x, y, and z generic elements of [w, b]; by p, ¢, and r
generic elements of A; and by 6, € A the degenerate lottery (Dirac measure at x) that
gives the prize x € [w, b] with certainty. We denote by C([w, b]) the space of continu-
ous functions on [w, b] and endow it with the topology induced by the supnorm. The
set Unor € C([w, b)) is the collection of all strictly increasing and continuous functions
v : [w, b] — R such that v(w) =0 and v(b) = 1. Given p € A and a strictly increasing
v e C([w, b]), we define c¢(p, v) = vfl(IEp(v)). Last, »=gsp denotes the first order stochas-
tic dominance relation, that is, p =psp g means E, (v) > E4(v) for all v € Unor.

The primitive of our analysis is a binary relation = over A. The symmetric and asym-
metric parts of = are denoted by ~ and >, respectively. A certainty equivalent of a lottery
p € Aisaprize x) € [w, b] such that §,, ~ p. Throughout the paper, we focus on binary
relations = that satisfy the following three standard assumptions.

Axiom 1 (Weak order). The relation ‘= is complete and transitive.

AxioM 2 (Continuity). For each q € A, the sets {p e A: p = q} and {p € A: q = p} are
closed.

Ax1owm 3 (Strict first order stochastic dominance). For each p, g € A,
P>FpDqg — PpP>(q.

Betweenness preferences. We study binary relations that satisfy the following assump-
tion.

Ax1oM 4 (Betweenness). Foreach p,qe Aand A € [0, 1],

p~q = p~Ap+(1-2N)g~q.
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Betweenness implies neutrality toward mixing: if satisfied, then the agent has no
preference for, or aversion to, mixing between indifferent lotteries. Binary relations that
satisfy this property were studied by Dekel (1986) and Chew (1989).

We say that a binary relation is a betweenness preference if and only if it satisfies Ax-
ioms 1-4. Dekel (1986) proves a version of the following result.®

THEOREM 1 (Dekel 1986). If = is a betweenness preference, then there exists a function
k :[w, b] x [0, 1] — R such that the following statements hold:

(i) The function x — k(x,t) is strictly increasing and continuous on [w, b] for all t €
(0, 1).

(ii) The function t — k(x, t) is continuous on (0, 1) for all x € [w, b].
(iii) We have that k(w,t) =0and k(b,t)=1 forall t € [0, 1].

(iv) Therelation = can be represented by a continuous utility function that strictly pre-
serves first order stochastic dominance, VA [0, 1], where for each p € A, 17( )2)
is the unique number in [0, 1] such that

/[ ) k(x,V(p))dp=V(p). @)

Fixing ¢, the function k(-, ) is called the local utility at t. The function k thus sum-
marizes the collection of local utilities, one for each ¢ € [0, 1]. While the theorem above
provides a representation for betweenness preferences, it does not provide an explicit
one: indeed, I is the solution to (2), thus, a fixed point of a functional equation.

An important class of betweenness preferences is the one generated by Gul’s (1991)
model of disappointment aversion (DA). These preferences admit a continuous utility
function ¥ : A — R such that, for each p € A, V(p) is the unique number that solves

/[ ) k(x,V(p))dp=V(p), 3)

where k : [w, b] x Imu — R is defined by

. u(x) ifu(x)<s
k(x,8) =1 u(x)+ Bs () > s Vx € [w, b], Vs € Imu; 4)
1+

SDekel’s original result deals with a general set of consequences and considers a weaker form of mono-
tonicity. At the same time, it uses a stronger form of Axiom 4. Given these differences, we prove Theorem 1
in Appendix A. For convenience, we focus on the normalized representation (that is, k satisfies the condi-
tion in point (iii)). In Remark 4 in Appendix A, we comment on how to use our results for unnormalized
representations. Also observe that even though (-, 0) and & (-, 1) are not assumed to be continuous, they
are implicitly assumed to be integrable, given (2) in the representation.
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here u is a strictly increasing continuous utility function from [w, 5] to R and B €
(—1, 00).5 We discussed its interpretation in the Introduction. We say that a binary rela-
tion is a DA preference with parameters (u, 8) if and only if it admits a utility function 124
that satisfies (3).

Negative certainty independence. As noted by Dillenberger (2010), a DA preference
with B > 0 satisfies the following axiom.

Axiowm 5 (Negative certainty independence (NCI)). Foreach p,q €A, x € [w, b], and A €
[0, 1],

prox = Ap+(1—-Mq=Aéx+(1-2)g. )

Axiom 5, initially suggested by Dillenberger (2010), is meant to capture the certainty
effect. It states that if the sure outcome x is not enough to compensate the agent for
the risky prospect p, then mixing it with any other lottery, thus eliminating its certainty
appeal, will not result in the mixture of 8, being more attractive than the corresponding
mixture of p. The opposite condition, termed positive certainty independence, simply
inverts the role of p and &, in (5).

We say that a binary relation is a cautious expected utility preference if and only if it
satisfies Axioms 1-3 and 5. Cerreia-Vioglio et al. (2015) prove the following theorem.”

THEOREM 2 (Cerreia-Vioglio et al. 2015). If = is a cautious expected utility preference,
then there exists W C Unor Such thatV : A — R, defined by

V(p)= inf c(p,v) VpeA, (6)
veW

is a continuous utility representation of =.

3. EXPLICIT REPRESENTATIONS

We start by providing an explicit representation of DA preferences.

THEOREM 3. Let = be a DA preference with parameters (u, B) and Wy, = {l€(~, 2)}zelmu-
The following statements are true:

@) IfB>0,thenV : A — R, defined by
V(p)= min ¢(p,v) VpeA, (7
vera

is a continuous utility representation of =.

6A careful inspection of (4) also suggests that two types of normalizations are needed to link the implicit
representation of Gul (1991) to the one of Dekel (1986) as in Theorem 1. In proving our results below, we
also address these minor technical points (see Remark 4).

“More precisely, Cerreia-Vioglio et al. (2015) state the result below as an equivalence using a weaker form
of monotonicity. However, for ease of comparison with Theorem 1, we provide it using Axiom 3. In Remark 3
in Appendix A, we also discuss the uniqueness features of the representation. See also Cerreia-Vioglio et al.
(2015, Theorem 2).
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@@i) If B=0, thenV : A — R, defined by
V(p)=c(p,u) VpeA, @)

is a continuous utility representation of :=.

(iii) If B <0, thenV : A — R, defined by

V(p)= max c¢(p,v) VpeA,

veWqa

is a continuous utility representation of :=.

In the case of disappointment aversion (8 > 0), our utility representation is the
smallest of the certainty equivalents obtained using the local utilities. In the opposite
case of elation seeking (B8 < 0), it is instead the largest. Thus, the difference between
the two behaviors is not only in the way in which disappointing/elating outcomes are
weighted, but also in how they are aggregated—using the min or the max.

As discussed above, when 8 > 0, Gul’s model satisfies Axiom 5. We thus know that it
must admit a cautious expected utility representation. However, from previous results
we do not know which utilities are used. What Theorem 3 shows is that this involves
precisely the local utilities used in the implicit representation. Thus, the explicit repre-
sentation can be derived directly from the implicit one. When g8 < 0, the model does
not satisfy negative certainty independence, but does satisfy its counterpart, positive
certainty independence (Artstein-Avidan and Dillenberger 2015). In this case the indi-
vidual is elation seeking and violates expected utility in a way opposite to the certainty
effect.

A general result. We now generalize Theorem 3 by showing that any betweenness pref-
erence that satisfies Axiom 5 also admits an explicit representation of the cautious ex-
pected utility form, where the utilities in W are the local ones obtained in Theorem 1,
that is, Wbet = {k(, t)}te(O,l)-

THEOREM 4. Let = be a betweenness preference. The following statements are equiva-
lent:
(i) The relation = satisfies Axiom 5.

(i) The functional V : A — R, defined by

Vip)= r%n c(p,v) VpeA, 9)

VEVVbet

is a continuous utility representation of '=. In particular, for each p € A\{8,, 6y},
the function v, = k(, V(p)) is such that

v, € argminc(p, v). (10)
VEWhet
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As in the case of the previous result, the contribution of Theorem 4 does not lie in
showing that these preferences admit an explicit representation of the cautious expected
utility class—this was already known (it follows from Theorem 2). As before, the contri-
bution lies in showing that the utilities involved are exactly the local utilities identified
in Theorem 1 and included in Wy Here too, the explicit representation can be de-
rived directly from the implicit one. In addition, (10) shows that the local utility giving
the implicit representation of Dekel (1986) is also the one achieving the minimum in
representation (9).

REMARK 1. A specular version of this theorem also holds for positive certainty indepen-
dence. In particular, by keeping the same premises, Theorem 4 takes a similar form with
(i) and (ii) replaced as follows:

(') The relation = satisfies positive certainty independence.

(ii') The functional V' : A — R, defined by

V(p)= max c(p,v) VpeA, 11
veWhet

is a continuous utility representation of »=. In particular, for each p € A\{8,, 83},
the function v, = k(-, V(p)) is such that

v, € argmaxc(p, v). (12)
UEWbet

While Theorem 4 provides an explicit characterization for betweenness preferences
that satisfy Axiom 5, a natural question is how to check whether a given betweenness
preference satisfies negative certainty independence. In Appendix B, we show how this
could be easily done using only the properties of the local utilities. This result allows
us to derive an example of a betweenness preference that satisfies negative certainty
independence, but does not belong to the class of DA preferences.

ExampLE 1. Consider a betweenness preference with local utilities & : [0, 1] x [0, 1] = R
defined as

X ifx<t

k(x, 1) = Vx e [0, 1], V¢ € [0, 1].

x(x—t)+t ifx>t
This is a special case of Chew’s (1985) model of semi-implicit weighted utility, where
[w, b]is set to be equal to [0, 1]. It retains the idea of disappointment aversion, but allows
the weight, x — ¢, to depend on x. In Appendix B, we show that this preference relation
satisfies Axiom 5 and, therefore, admits an explicit representation as in Theorem 4 with
the utilities above. O

4. BEHAVIORAL IDENTIFICATION OF PARAMETERS

Even though in the DA model both the utility function u and the disappointment aver-
sion parameter 8 are unique (the former up to positive affine transformations), we are
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not aware of simple ways to identify them from behavior. We now use our approach to
derive an identification technique as well as a behavioral notion of comparative disap-
pointment aversion.

The expected utility core. In what follows, it will be useful to recall the notion of ex-
pected utility core of a preference relation -, i.e., the subrelation =" defined as

prq < Ap+A=Mr=ig+1—=MNr VYAre(0,1]VreA.

That is, p =’ q if not only p is preferred to ¢, but this ranking is preserved even if both
are mixed with another lottery. Under expected utility, we have >=:="; however, in gen-
eral, the two may not coincide and, in this case, 3=’ is incomplete. This notion is central
in proving our main results above and in the study of cautious expected utility prefer-
ences.? We now show that it is also useful for the identification of the parameters that
characterize a DA preference.

Behavioral identification of parameters. 'We begin by recalling how identification works
under expected utility. Consider an expected utility agent with a continuous and strictly
increasing von Neumann-Morgenstern utility «. If we normalize u(b) =1 and u(w) =0,
it is known that for each x € [w, b], we can identify u(x) by

u(x) =max{A € [0,1]: 85 = Adp + (1 — )y}

That is, when u is normalized, the utility of x is equal to the highest of the weights A that,
if given to the best prize, keeps 6, preferred to A8, + (1 — A)8,,. Because, under expected
utility, = coincides with 3=/, this can be equivalently stated as

u(x) =max{A € [0,1]: 8 = Adp + (1 — 1)y}

We now show that for a DA preference with parameters (u, 8), where =" and ;= cease
to coincide whenever B # 0, it is this latter formula that allows us to identify the util-
ity u independently from B. Before stating our result, recall that two von Neumann-—
Morgenstern functions u, # € C([w, b]) are cardinally equivalent if and only if u = aiz + b,
where ¢ > 0 and b € R. It is easy to see that if (u, B) represents a DA preference =, so
does (u, B), provided u and i are cardinally equivalent. Recall that given a lottery p and
a preference relation =, we denote by x, the certainty equivalent of p.

ProposiTION 1. Let = be a DA preference with parameters (u, B). The following state-
ments are true:

(i) If B = 0, then u is cardinally equivalent to
u(x) =max{A € [0,1]: 8y = Adp + (1 — )8y} Vx€[w,b]

8See also Remark 3 and Propositions 5-7 in Appendix A. Under our assumptions, = is the largest subre-
lation of = that satisfies independence. See Cerreia-Vioglio (2009), Cerreia-Vioglio et al. (2015, 2017).
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and if we define p = %Sb + %Sw, then the exact value of B is

1 1
=-o 2= / ~2.
u(xp) max{A € [0, 1]: 8x; = A8y + (1 — V)8 }

(ii) If B <0, then u is cardinally equivalent to
u(x) =min{A € [0,1]: A8, + (1 — A)8y = 85} Vx € [w,b]
and if we define p = 18, + %Sw, then the exact value of B is

1 1

-2

Bza(x}—,) " min{A €0, 11: A8 + (1 — D)3y = 8y, )

To distinguish behaviorally between the two cases above, i.e., 8 > 0 (resp., 8 < 0),
recall that by Theorem 3 they correspond to negative (resp., positive) certainty indepen-
dence.

Moreover, in both cases above, the value of 8 can be determined using any binary
lottery between the best and the worst outcomes—not just p. This is because, for a DA
preference with parameters (u, 8), for each A € [0, 1],

_Aub)+ 1+ B — Nu(w)
a 1+B8(1 -2 )

U(X A5+ (1-1)5y) = V (A8 + (1 — 1))

Since u is cardinally equivalent to i, if we define p = A8, + (1 — A)8y, then u(xp) =

which means 8 = ﬁ[ﬁ(;) —1].
p

N S
I+B(I-X)’

Comparative disappointment aversion. The result above also allows us to derive sim-
ple comparative statics, showing how to behaviorally identify when one agent is more
disappointment averse than the other, i.e., has higher B fixing the utility function .

PROPOSITION 2. Let =1 and =, be two DA preferences with parameters (uy, 1) and
(uz, B2), with By, B2 > 0. The following statements are equivalent:

(i) The function u is cardinally equivalent to u and B1 > B;.

(ii) Foreach p € A and x € [w, b],
SxZ1p = Sx=hp and Syzp = SiF1p.

In words, an agent is more disappointment averse than the other if the two agents
have the same risk attitudes in terms of the expected utility core, but the first agent is
more risk averse than the second in terms of final choices.

Now that we understand the behavioral meaning of comparing two agents with
identical u solely in terms of their coefficient 8, we can proceed to illustrate how our
explicit representations can be used to provide comparative statics results in applica-
tions.
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5. OPTIMIZATION AND APPLICATIONS
5.1 Explicit representations and optimization

Typically in economic models, agents need to pick the best action from a convex and
compact set of alternatives. However, explicitly solving such problems with between-
ness preferences or even just obtaining qualitative predictions, can be nontrivial: as
pointed out in the Introduction, standard differential methods cannot be used, as DA
preferences are not even Gateaux differentiable. We now show how our explicit repre-
sentation results might help.

Consider a betweenness preference 3= that satisfies Axiom 5: for DA preferences, this
corresponds to the typical case of 8 > 0. By Theorem 4, 3= is represented by

V(p)= min c(p,v) VpeA, (13)

VEVVpet
where Wyet = {k (-, 1) }1e(0,1)- We further make the following assumptions:
(@) The function k(-, ¢) is strictly increasing on [w, b] for all ¢ € [0, 1].
(b) The function £ is jointly continuous on [w, b] x [0, 1].

Note that both assumptions are satisfied by DA preferences as well as the preferences
in Example 1 (see also Remark 4 in Appendix A).

PropPoSITION 3. Let = be a betweenness preference that satisfies Axiom 5 and such that
k satisfies (a) and (b). If A C A is convex and compact, then

max min c¢(p,v)= min maxc(p,v).

peA vecoWhet) veCO(Wher) peA
In particular, if p* € A is such that V(p*) > V(p) for all p € A, then there exists ¥ €
CO(Whet) such that E«(0) > E,(9) forall p € A.

Proposition 3 shows that any alternative that maximizes the original preference in
A is also a maximizer of an expected utility preference with von Neumann-Morgenstern
utility v, which is a convex combination of the utilities in Wye;. Note that this result was
derived by exploiting the explicit representation in (13). This result holds because the
map (p,v) — c(p,v) satisfies all the conditions of Sion’s minmax theorem, and so do
the sets A and co(Wje), leading to the equality in Proposition 3 and the existence of a
saddle point.

To see the usefulness of this result, consider a maximization problem of the form

maxV (p) subjectto pe A4, (14)

where IV : A — R is continuous and represents the agent’s preferences. For simplicity, as-
sume also that it admits a unique maximizer. As is often the case, assume that I was first
considered to be an expected utility functional with a strictly increasing and continuous
von Neumann-Morgenstern function u, and call p§,; the solution of (14). Now suppose
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that we are interested in knowing what happens when agents are instead disappoint-
ment averse (8 > 0), and call pj,, the solution for this case. How do the predictions of the
model change? Proposition 3 simplifies answering this question. It shows that p}), must
also be the solution of the same optimization problem, but for an expected utility agent
with von Neumann-Morgenstern function 9 € co(Wygt). It follows from the shape of the
functions in W that each v € co(Wjet) is more concave than u, which is easy to see be-
cause our characterization theorems give a precise functional form to these functions.
Therefore, the solution to the problem with a DA preference must coincide with the so-
lution of the original problem under expected utility, but with the agent being more risk
averse. This means that monotone comparative statics exercises in terms of introduc-
ing disappointment aversion are equivalent to those under expected utility in terms of
concavity of u. As the latter are typically easier to solve, or at least use more familiar
techniques, this may simplify the problem. The conceptual contribution here does not
lie in showing that introducing disappointment aversion increases risk aversion—this
is already well known (Gul 1991). Rather, it lies in showing that the solution under dis-
appointment aversion must also be a solution under expected utility with a more risk
averse agent.

REMARK 2. In the optimization problem above, alternatives are lotteries and agents’
preferences are over A. A different common formalization of the problem in (14) is, in-
stead, the following: the agent chooses an action from a set A, a state of the world from
a state space S realizes, and the decision maker receives a monetary outcome specified
by the function g: 4 x S — R. Suppose A4 and § are separable metric spaces where the
latter is endowed with the Borel o-algebra. Also assume that g is measurable with re-
spect to s and bounded, i.e., Im g C [w, b]. The decision maker has a Borel probability
measure p over S and preferences over A, represented by the function 1V : A — R. Each
action a thus induces a probability measure over [w, b], say p,,, € A, where p, , is the
distribution of g(a, -) : § — R under . Thatis, p, ,(B) = u({s € S: g(a, s) € B}) for all
Borel sets B of [w, b].

We assume that the agent is probabilistically sophisticated: given a belief u on S, she
values each action solely in terms of its distribution over payoffs, that is, if a, b € A are
such that p, , = ps,,, then the agent is indifferent between a and b. Problem (14) then
becomes

maxV (pa,,.) subjecttoace A. (15)

In Appendix A, we show that a result similar to Proposition 3 also holds in this setting
with an identical conceptual interpretation (cf. Propositions 8 and 9).

5.2 Applications

We now present a list of applications of our previous results. The common feature is that
they almost all follow rather immediately from a combination of our comparative statics
and known results in the literature. This is because we have proved that introducing
disappointment aversion yields the same monotone comparative statics of increasing
risk aversion within expected utility.
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Portfolio choice. Consider a standard two asset portfolio problem a la Arrow (noting we
are in the framework of Remark 2). The risky asset r : § — [0, c0) is a simple nonconstant
measurable random variable that pays a return r(s) if state s realizes. The risk-free asset
is instead a constant random variable r; : § — [0, c0). To avoid trivial cases, assume that
E,(r) > ry.

A decision maker has wealth W > 0 that she has to allocate between r and r;. Denote
by a and W — a the amounts invested, respectively, in the risky and the risk-free assets.
Assume short-selling and borrowing are not allowed, which implies a € [0, W] = A. As-
sume also that ar(s) + (W — a)ry(s) € [w, b] for all a € A and for all s € S. Denote by afy;
the optimal allocation of a decision maker with expected utility preferences (8 = 0) and
a von Neumann-Morgenstern utility # such that «’ > 0 and u” < 0. Denote by aj, the
optimal allocation of a disappointment averse agent (3 > 0) with the same u. It is easy
to show that both solutions are unique.

* *
CoROLLARY 1. We have a}), < ajy;.

Recall that, under expected utility, increasing risk aversion reduces the absolute in-
vestment in the risky asset. Since we have shown that the same comparative statics holds
if we make the agent disappointment averse, the result that disappointment averse de-
cision makers invest less in the risky asset follows.

Justifiability and rationalizability. A decision maker chooses an action a € 4 without
knowing which state of the world s € S will realize and receives a monetary payoff g(a, s)
(again, we are in the framework of Remark 2). Denote by A(S) the set of Borel probability
measures on S.

The set of justifiable actions is the set of actions that are optimal for some belief w.
That is,

Jy={aeA:3ueAS)s.t.V(pau) =V (ppu) Vb e A}

This set and the corresponding operator are commonly used in game theory to derive
rationalizable strategies: at the initial iteration, A4 is the set of actions of player i and
S = A_; is the profile of the opponents’ actions. We are interested in the question: How
is the set of justifiable actions affected by disappointment aversion? Denote by /pa and
Jru, respectively, the set of justifiable actions of a DA agent with parameters («, 8) and
that of an expected utility agent with utility u.

COROLLARY 2. Let g: A x S — R be jointly continuous. If B <0 and S is compact, then
Jba <€ Jku-

In words, making the agent elation seeking shrinks the set of justifiable actions. To
see why, recall that it is known that increasing risk aversion increases the set of justifiable
actions (Battigalli et al. 2016, Weinstein 2016); then the same comparative statics holds
here, as moving from 8 = 0 to negative 3 decreases risk aversion.

The result above does not cover the case B8 > 0. To see why, note that the set of
justifiable actions is a union of argmax sets (7 = | peA(S) ArgMax,c 4 V(pa,u)), while our



1522 Cerreia-Vioglio, Dillenberger, and Ortoleva Theoretical Economics 15 (2020)

results for monotone comparative statics are in terms of argmax sets. By our maxmin
results with DA preferences, we have that if either 8 > 0 or 8 <0, then 7y C Uvewda To-
If B <0, then each v is less risk averse than « and 7, C 7, for all v, yielding 7y € 7.
But if B8 > 0, then each v is more risk averse than u« and 7, € J, for all v, and the same
conclusion cannot be derived.

Bayesian persuasion. We now consider the implications of adding disappointment
aversion to a problem of Bayesian persuasion. We focus on the special case studied in
Dworczak and Martini (2019, Section VI.A). A sender and a receiver share a full-support
prior r with continuous cumulative distribution function and expectation i on a state
of the world x € [0, 1]. The sender observes the state before the receiver’s choice and
chooses a disclosure policy, which she commits to before observing the state. The re-
ceiver chooses action e € [0, ¢], where e < 1. Following Dworczak and Martini (2019), we
focus on the case in which both the sender’s and receiver’s utility, us and up, respectively,
depend only on the receiver’s posterior mean y and action e:

us(e,y)=(1—o)ey ur(y,e) =oye—e*, where0<o<landa> 1.
In equilibrium, the sender’s utility can be rewritten as

u(y)=(1-o)e*(y)y Vyel0,1], (16)

where e*(y) is the receiver’s optimal action.? Asis standard in this literature, the sender’s
problem amounts to choosing a distribution over the receiver’s posteriors, and since
here only their means matter, this simplifies to choosing a distribution over posterior
means. Note that fully revealing the state corresponds to generating a distribution of
posterior means equal to r, while revealing less information implies a disclosure policy
p of which r is a mean preserving spread (MPS); denote this by p >yps 7.1° The sender’s
problem thus corresponds to choosing a distribution from the set A = {p € A: p >\ps r}.

We now compare two cases: when the sender follows expected utility with utility as
in (16), and when the sender is disappointment averse with « as in (16) and 8 > 0. De-
note by pi; and py,, the optimal disclosure policy in each of the two cases (pfy; is the
solution computed by Dworczak and Martini 2019; see also the proof of Proposition 4).
To make the problem interesting, we assume 0 < i < y < 1, where y is the smallest pos-

terior mean for which the receiver chooses the maximum action .11

ProposiTION 4. We have p}), >mps Pry-

9For example, these would be the utilities in which the sender was selling a project of value xe to the
receiver for a price (1 — o)ye, with ye being the value of the project for the receiver at the time of purchase
and o reflecting bargaining power.

10Formally, for each p, g € A, we write p >wps ¢ if and only if E,(v) > E4(v) for all real-valued, continu-
ous, and concave functions v on [0, 1]. In other words, >yps is the concave order over A.

111f, instead, we had & > y, then an optimal strategy for both types of senders would be simply to reveal
nothing, that s, 6;.
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If the sender is disappointment averse, then it is optimal to reveal less informa-
tion than the case of expected utility. Intuitively, the more information is transmitted,
the more variation is in the receiver’s action. Disappointment aversion increases the
sender’s desire to avoid this volatility and, thus, to communicate less information.

APPENDIX

In Appendix A, we provide the proofs of all the results in the paper. In Appendix B, we
give a condition that allows to check whether a given betweenness preference satisfies
Axiom 5. This condition is instrumental in proving the statement contained in Exam-
ple 1.

APPENDIX A: PROOFS

Road map. We begin by proving Theorem 1, a mildly modified version of Dekel’s repre-
sentation result. We proceed by recalling the notion of expected utility core and its role
for cautious expected utility preferences ((19) and Remark 3). Using it, we characterize
the expected utility core of betweenness preferences (Propositions 5-7). These allow us
to prove our most general representation result, Theorem 4 (resp., Remark 1). We then
focus our attention on DA preferences. First, we discuss the issue of renormalization of
Gul’s locals (Remark 4); with this in mind, we prove Theorem 3 as a special case of The-
orem 4. We then move to the proofs of our identification results (Propositions 1 and 2).
Finally, we prove our maxmin result (Proposition 3), which allows us to discuss some
monotone comparative statics applications.

Proor oF THEOREM 1. Compared to Dekel (1986, Proposition 2), we need to prove only
that the following form of betweenness holds:

prq = prAp+A-MNg=q VrAe(0,1)
p>q — p>=Ap+(1—-ANg>q VYre(0,1).

The proof of the first implication is routine (see, e.g., the techniques in Cerreia-Vioglio
et al. 2011, Lemma 56). As for the second, suppose p > g. By the first implication, we
have that p = Ap + (1 — A)gq = g for all A € (0, 1). By contradiction, assume that there
exists A € (0, 1) such that p ~ Ap + (1 — A)q. We have two cases:

Case 1: p = 8;,. Since p > ¢, we obtain that 6, = p # g, yielding that p >gsp Ap +
(1 — M)g. Since 3= satisfies Axiom 3, we can conclude that p > Ap + (1 — A\)g—a
contradiction.

Case 2: p # . Since = satisfies Axiom 4, it follows that
I1>A>2 = Ap+(1=Ng~p. (17)

Since = satisfies Axiom 3, we have that yp + (1 — y)6, > p forall y € (0, 1). By (17)
and since 3= satisfies Axiom 3, we can conclude that

12222 = Ayp+A=7)8)+(1=Ng>p VYye(0,1).
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Next we are going to define an ancillary objectr,, , = n(yp+ (1 —y)8p) + (1 — n)g
for all n,y € (0, 1). Note that for each 5, y € (0, 1) and for each A € (A, 1) € (0, 1),
we have that

Ap+ (1 =My
=Ap+ (1= M[n(yp+ (1 —9)8)+ (1 —1n)q]
=(A+1-Mny)p

+(1—/\—(1—,\)ny)[(

A-dad-y ,  _A=bd-m }
l=A=(1=Mny) ~ (I-2=A=Mmy) "]

Since yp + (1 — y)8p > p > g for all y € (0,1) and = satisfies Axiom 2, for each
y € (0, 1) there exists 9y € (0, 1) such thatrj, y =9y (yp + (1 = v)8p) + (1 — 1y)q ~
p- Since = satisfies Axiom 4, Ap + (1 — M)ry, 4 ~ p for all A € (A, 1) and for all
v € (0,1). Fix a generic y € (0,1). Choose A € (A, 1) close enough to 1, so that
A=A+ (1 - Ay € (A, 1). Note that

cdef  (1—M)n,(1—7y) (1 =21 —1y)
r= = 8p Y
(1=A=1=Dayy) ~ [I=A=A=nyy)

By the characterization of Ap + (1 — A)ry, y, We can also conclude that

q >FSD 4-

A+ A =D0yy)p+ (1= A=A = Niyy)F~ p. (18)
By (17) and (18), we can conclude that Ae A1),
Xp—i—(l—;\)?fvp’v;\p—k(l—}\)q and ;\p+(1—5\)?>FSD /A\p+(1—5\)q.

Since 3= satisfies Axiom 3, it follows that Xp +(1=A)F > ;\p + (1 - X)q—a contra-
diction. A similar proofyields that Ap + (1 — A)g > g forall A € (0, 1). O

We recall the definition of the expected utility core of =, i.e., the subrelation =’ de-
fined as'?

prEq < Ap+A=Dr=lg+A—-Nr VYie(0,1],VreA. (19)
This notion is useful for three reasons. First, as Remark 3 below shows, in order to find
a (canonical) representation of a cautious expected utility preference, it is sufficient to
find an expected multi-utility representation of »=’. This is instrumental in proving The-
orem 4 (cf. Proposition 7). Second, =’ allows the retrieval of the parameters character-
izing a DA preference from behav10ral data (cf Propositions 1 and 2). Third, as shown
by Cerreia-Vioglio et al. (2017), in general, >’ summarizes the risk attitudes of the de-
cision maker irrespective of whether = satisfies Axiom 5. In particular, 3= is averse to
mean preserving spreads if and only if =’ is, which is equivalent to having all the utilities
representing the latter be concave.

12Under Axioms 1 and 2, one can show that 3=’ satisfies all the assumptions of expected utility with pos-
sibly the exception of completeness. See Cerreia-Vioglio (2009), Cerreia-Vioglio et al. (2015, 2017).



Theoretical Economics 15 (2020) Explicit representation of disappointment aversion 1525

REMARK 3. In addition to the statements in Theorem 2, it can also be shown that the
following statements are true:

(i) There exists a set W C U, such that
prq << Ep(w)=E4(v) YveW (20)
and V' : A — R defined as in (6) is a continuous utility representation of :=.
(i) If W C Unor satisfies (20), then it satisfies (6).
(iii) The set W C Upor can be chosen to be
Whnax—nor = {v € Unor : p =" ¢ = Ep(v) = Eg(v)}.
(iv) If W C Unor satisfies (20), then
W € Wiax—nor as well as c0(W) = cl(Wmax —nor)-

In particular, this latter result, paired with point (ii), allows us to discuss unique-
ness of the representation in (6). In fact, a canonical representation W, which is
a set in Uy that also represents 3=/, represents 3= and is unique up to the closed
convex hull.

We next prove a few results pertaining to the expected utility core of a betweenness
preference. These results rely on some of the techniques developed in Cerreia-Vioglio
et al. (2017). We start with a definition and an observation. Define K : A x [0, 1] — R by

K(r, t):/ k(x,t)dr VYreA,Vte]0,1].
[w,b]

It is immediate to see that K is affine with respect to the first component. Note that for
eachr e Aandforeach € [0, 1],

K(r V()= /[ ) k(x, V(1) dr=V )=V @)kb, )+ (1 =V ()k(w,t)

=/ , k(x, t)d(V (r)8p + (1 =V (1)) d)
[w,b]
=K(V(")8p+ (1 =V (1), 1).

Finally, we have that for each p € A, the number 17( p) € [0, 1] is the unique number such
that

V(p)=K(p,V(p)).

PRrROPOSITION 5. Let = be a betweenness preference. If K(p,t) > K(q, t) forall t € (0, 1),
then p = q.
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Proor. Consider p, g € A. By contradiction, assume that K(p,t) > K(q,t) for all ¢ €
(0,1) and g = p. We have two cases: either ¢ = §;, or g # 8,. In the first case, note
that 1 > K(p,t) > K(q,t)=1forall ¢t € (0, 1), thatis, K(p,t) =1 for all r € (0, 1). Since
each k(-, t) is strictly increasing and normalized, we can conclude that p = 6, = g—a
contradiction with ¢ = p. In the second case, we have that V(q) € (0,1). On the one
hand, since 3= admits a representation a la Dekel, note that

V(g)=K(q, V(@) <K(p,V (). 21)

On the other hand, by working hypothesis, we have ¢ > p, which implies that V' (¢) >
V' (p). It follows that

V(g)>V(p) =KV (p)sy+ (1 -V (p)6u. V(9)
=K(V(p)8p+ (1 =V (p)dw, V(p)) =V (p)=K(p,V(p)).
In particular, it follows that
KV (p)8p+ (1 =V (p)du, V(p)) =V (p)=K(p,V(p)) (22)
and
Vig)>K(V(p)dy+ (1-V(p)duw, V(). (23)

Define r = I}(p)ﬁb +(1- I}(p))ﬁw. By (21) and (23), and since K is affine with respect to
the first component, it follows that there exists A € (0, 1] such that

K(Ap+(1=Mr,V(9)=V(g,

proving that Ap + (1 — A)r ~ ¢g. By (22), we have that r ~ p. Since = is a betweenness
preference, this yields that p ~ Ap+ (1 — A)r ~ r. We can conclude thatg > p ~ Ap+ (1 —
AM)r ~ g—a contradiction. O

PROPOSITION 6. Let = be a betweenness preference. If p =" q, then K(p,t) > K(q, t) for
allt€(0,1).

Proor. Consider p, g € A. By contradiction, assume that p =’ ¢ and that there exists
t € (0,1) such that K(p, ) < K(q, ). Then there exist A € (0, 1] and y € [w, b] such that
V(Ap+ (1= 21)8,) = .13 It follows that

I=K(Ap+(1—1)8,,1)=AK(p, D) + (1 — MK(5y,1)
<AK(q, 1)+ (1= VK (8y, 1) =K(Ag+ (1 —1)5y,1).

Define ry = Ap 4+ (1 — A)6, and r, = Aqg + (1 — 1), so that = I7(r1). In particular, we
obtain that

V(r1) < K(ra, V(r1)). (24)

BIfP(p)>7>0="V(8y), then y=w, andif V(p) < 7 < 1 =V (), then y = b. The existence of A is then
granted by the continuity of V.
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Since p %’ ¢ and 3=’ satisfies independence, it follows that r =’ r,. Since 3=’ is a subre-
lation of 3=, this implies that r; = r,, that is, I7(r1) > V(rz). Define r; = I}(rz)Sb + (1 -
V' (r2))8y. On the one hand, it is immediate to see that , ~ r;. On the other hand, by
(24), we obtain that

K(rs, V(1)) =V (r) <V (1)) < K (r2, V (r1)).
Since K is affine with respect to the first component, there exists y € [0, 1) such that

K(yra+ (1 —y)r3, V() =V (1),

yielding that yr, + (1 — y)r; ~ r1. Since 3= satisfies betweenness and r, ~ rs, this yields
that

rp~yry+ (1 —y)rs~r.

We can then conclude that I7(r2) = I}(rl), that is, I7(r1) = I7(r2) = K(r2,17(r2)) =
K(r, V(rl))—a contradiction with (24). O

ProposITION 7. If = is a betweenness preference, then
pFq Ep(v) 2 Eg(v) Vv € Wiyt
Moreover, the set Wy, is either a singleton or infinite.

Proor. Define =" by

pF'q < E,(v)=E4(v) YveWhe

By Proposition 6, we have that if p =" ¢, then K(p, ) > K(q, t) for all ¢ € (0, 1), that is,
p =" q. By Proposition 5, if p =" ¢, that is, K(p, t) > K(q, t) forall t € (0, 1), then p = g.
By Cerreia-Vioglio et al. (2017, Lemma 1 and footnote 10), we can conclude that p =" ¢
implies p =’ g, proving that =" coincides with 3='. Finally, assume that W, is not a sin-
gleton. It follows that there exist #1, #, € (0, 1) and x € (w, b) such that k(x, t;) # k(X, t).
Without loss of generality, assume that k(x, t;) < k(X, ). By contradiction, assume that
Whet| € N. By the intermediate value theorem and since k (%, -) is continuous on (0, 1),
it follows that

{k(x,D},c0) 2 [K(E 1), k(X 0)].
Since k(x,t;) < k(X, tp), it follows that [{k(X,?)};c(0,1)] = co—a contradiction with
I{k(x, D}e0,1)] < Whetl € N. U

We now prove Theorem 4.

Proor oF THEOREM 4. (ii) implies (i). By Cerreia-Vioglio et al. (2015, Theorem 1), the
statement trivially follows.

(i) implies (ii). Since ‘= is a betweenness preference, it satisfies Axioms 1-3. By The-
orem 2 and Remark 3, and since Wit = {k(-, 1)}1¢(0,1) represents 3=/, it follows that W in
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(6) can be chosen to be Wj;. This yields (6) and, in particular, (9) with inf in place of min.
Note that for each v € Wye, we have that V' (6y) = w = c(Sy, v) and V (8p) = b = c(5p, V).
Thus, the inf is attained for §,, and §,. The proof below yields that the inf is attained at
each p € A, proving (9).

We next prove (10). Consider p € A\{8, 8p}. Since = satisfies Axiom 3, we have that
I}(p) € (0, 1) and it is the unique number in [0, 1] such that

f k(x,V(p))dp=V(p). (25)
[w,b]
Define v, = k(, I}(p)) € Whet. Define x € [w, b] to be such that X = ¢(p, v),). Note that

vp(X) =v,(c(p,vp)) =vp (vpl (/[w ) k(x, I}(p)) dp)) = /[w ) k(x, I}(p)) dp.
By (25), it follows that
/[ K& V() dos =y =V (p)

Since = is a betweenness preference, we can conclude that 17( 0z) = 17( p), thatis, 8z ~ p
and so ¥ = x .14 This yields that

Vip)=xp=x=c(p,vp),
proving that the inf is attained at v ,. O

Proofr oF REMARK 1. (i) implies (ii’). Since 3= satisfies Axioms 1-3, there exists a con-
tinuous utility function V' : A — R such that V' (6,) = x for all x € [w, b]. By Proposition 7,
the expected utility core 3=’ of = admits an expected multi-utility representation with
set Whet. Define V: A — Rby V(p) = SUPyep, (P> v) for all p € A. We next show that
V =V. Fix p € A. Note that V(p), V (p) € [w, b]. By construction, it is immediate to see
that

(8, V) =V(p) = v:;lvp c(p,v) =c(p,v) YV € Whet.
bet

By Proposition 7, this yields that 8,;( » »=" p. Since 3=’ is a subrelation of 3=, we can con-

clude that 6, = p, that s, V(p) = V (87, =V (p), proving that IV > V. By contradic-
tion, assume that I £« V. It would follow that there exists p € A such that V(p)>V(p).
This would imply that there exists y € [w, b] such that V(p)>y=>V(p). We could con-
clude that 8, = p. By Proposition 7 and since = satisfies positive certainty indepen-
dence, we could conclude that 8, =" p, that is, y = c(8y,v) > c(p, v) for all v € Whey,

yielding that V(ip)>y=> SUPyep,, C(P5 V) = V ( p)—a contradiction. This proves that

V(p)= sup c(p,v) VpeA.
veWhet

14Recall that a betweenness preference is a binary relation on A that satisfies Axioms 1-4. In this case,
given p € A, x is the unique number such that §,, ~ p.
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To prove that (12) and (11) hold, the same arguments used in proving (10) and (9) ap-
ply.

(ii") implies (i’). Consider x € [w,b] and p,q € A as well as A € [0,1]. Note
that

Sx=p = sup c(6x,v)> sup c(p,v) = x> sup c(p,v)
vEWhet VEWhet VEWhet
= (O, V)=x>¢c(p,v) YVEWphe = 8x%'p

= A6+ (1 —-ANg=Ap+(1-2N)g,

proving that 3= satisfies positive certainty independence. O

REMARK 4. As already observed, a careful inspection of Gul’s model formulation (see
(4)) suggests that two types of normalizations are needed to link the implicit Gul’s rep-
resentation to Dekel’s. To do so, we define few objects: « : Imu — R, y: Imu — R,
g:[0,1]—>R,I7:A—>R,andk:[w,b] x [0, 1] — R. We set

1 _];(was)
== - and y(s) = = _ Vs e Imu.
k(b,s) —k(w,s) k(b,s) — k(w,s)

a(s)

We also set
g =V (A8 +(1—1)8y) VA€[0,1]
and, since g is strictly increasing, continuous, and Img =Imu = ImV,
Vip)=g'(V(p)) VpeA.
Finally, we set
k(x, 1) =a(g()k(x, g(t)) +v(g(1)) Vx € [w,b],Vt€[0,1].
It is easy to check that k and V satisfy all the assumptions of Theorem 1.1° Since
k(1) =a(g0)k(-, g(0) +¥(g(n) Vre[0,1]

and g : [0, 1] — Imu is strictly increasing, continuous, and onto, we have that for each
t € [0, 1], there exists an element z € Imu such that k(-, ¢) is a positive affine transfor-
mation of 12(-, z). Similarly, for each z € Im i, there exists an element ¢ € [0, 1] such that
IE(-, z) is a positive affine transformation of k(-, #). Recall that Wy, = {12(-, 2)}zemu. In
particular, this implies that inf,cpy,, ¢(p, v) = minyepw,, ¢(p,v) for all p € A as well as
SUP e, c(p, v) = maxyepw,, c(p, v).

Proor or THEOREM 3. (i) and (ii). By Dillenberger (2010) and Artstein-Avidan and Dil-
lenberger (2015), and since B > 0, it follows that ;= satisfies Axiom 5. By Theorem 4 and

15Indeed, points (i) and (ii) are satisfied on [0, 1] and not just (0, 1).
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Remark 4, it follows that if 8 > 0, then V' : A — R, defined by

Vv = min ,V) = min , VpeA,
(p) ni c(p,v) i c(p,v) Vp

VEV Vet VEVVda

is a continuous utility representation of =, where Wye; = {k(-, 1)};¢(0,1)- Thus, if g > 0,
then (7) follows. If 8 =0, then Wy, = {u} and (8) follows.

(iii) By Dillenberger (2010) and Artstein-Avidan and Dillenberger (2015), and since
B € (—1,0), it follows that = satisfies positive certainty independence. By Remarks 1
and 4, it follows that if 8 € (—1, 0), then V' : A — R, defined by

Vv = max c(p,v)= max c(p,v) VpeA,
(p) na (p,v) Wda(p) P

Ve VVpet ve

is a continuous utility representation of =, where Wyer = {k (-, 1)}1(0,1)- O

We next prove our results on the behavioral identification of parameters for DA pref-
erences.

Proor oF ProposiTION 1. Before starting, define by & the positive and affine transfor-
mation of u such that #(w) =0 and u(b) = 1. Recall that (i, B) also represents . We
denote by Wy, the corresponding set of local utilities given by k defined as in (4) and
computed with (iz, 8). By Proposition 7 and Remark 4, recall that 3=’ is such that

/

prq <= E,(v)>2E;v) YveWqa, <<= c(p,v)>c(q,v) YveWqy. (26)
We list four facts that are going to be useful:

(a) For each v € Wy, there exists a strictly increasing and continuous function f, :
Imi — Rsuchthatv= f,ou.

(b) For each v e Wy,, if B > 0 (resp., B8 <0), then f, is concave (resp., convex).
(c) We have i1 € Wy,.

(d) Since = is a DA preference, recall that for each x € [w, b] and for each A € [0, 1],

_ Au) + A+ B = Vi(w)

V(sy)=a(x) and V(A8 + (1—A1)dy) T+ B0—N)

If p = 185 + 464, then

1 1

|
=2ixg2 0 PTae,) *

(i) By points (a) and (b), and since 8 > 0, we have that if p € A and x € [w, b], then
x>c(p,u) = x=c(p,v) YveWq,.
By point (c), we have that

x>c(p,v) YveWq, = x=>c(p,u),
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yielding that
x>c(p,u) <= x>c(p,v) YveWqa. (27)

By (26) and (27), and since &2(w) = 0 = i2(b) — 1, we can conclude that for each x € [w, b],

max{A € [0,1]: 8, = A8 + (1 — 1)8y} =max{r €[0,1]: x> c(A8p + (1 — A) Sy, i) }

=max{Ae[0,1]:x>a " '(V)} =u(x).

By point (d), we conclude that

1 1

'Bzﬁ(x,;)_ ~ max{A €0, 11:8x; = A8p + (1 — 1)dy}

>

proving the statement.
(i) By points (a) and (b), and since 8 < 0, we have thatif p € A and x € [w, b], then

c(p,uy>x = c(p,v)=x YveWy,.
By point (c), we have that

cp,v)zx YweWqa = c(p,u)=x,
yielding that

c(p,uy=zx < c(p,v)=x VYveEWy,. (28)

By (26) and (28), and since &(w) = 0 = i2(b) — 1, we can conclude that for each x € [w, b],

min{A €[0,1]: A8y + (1 — A)8y =’ 8¢} =min{A € [0,1]: c¢(A8p + (1 — N)8y), i) > x}

=min{A€[0,1]: @' (A) > x} = a(x).

By point (d), we conclude that

1 1
B== —2=— - -2,
u(xp) min{A € [0, 1]: A8 + (1 — A8y = 8x,}
proving the statement. U

Proor oF ProrosITION 2. We adopt the same normalizations and objects of Proposi-
tion 1. Since we have two preferences, we index the corresponding objects by 1 and 2.
Before starting, recall that ; : A — R, defined by

Vi(p) = min c(p,v) VpeA,

ve da

represents 3=; for i € {1, 2}.
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(i) implies (ii). Since #; and i, are normalized, and u; is cardinally equivalent to
uy, we have that i1 = it,. Define ut = ity = 1. By (26) and (27), we have that for each
x € [w, b] and for each p € A,

Sx=\p & x=c(p,v) VveWéa & x>c(p, i)
— x>c(p,v) VveWﬁa & Oy p.

Since B1 > B2 >0, for each v € Wza, there exists v Wclla, which is a strictly increasing,
continuous, and concave transformation of v. This implies that

min c(p,v) > min c(p,v) VpeA.
veWs, veWl,

Since the functional on the left-hand (resp., right-hand) side represents =, (resp., »=1), it
follows that for each x € [w, b] and for each p € A,

6)( 72 P - 5)( 71D,

proving the implication.
(ii) implies (i). By (26) and (27), we have that for each x € [w, b] and for each p € A,

x>c(p,u1) <= x>c(p,v) VveWéa
= &Ep = S=p
= x>c(p,v) YweWi, < x>c(p, i),

yielding that i, is an affine transformation of i;. Since iy and i, are normalized, it fol-
lows that i1; = i1, in particular, proving that u; and u, are cardinally equivalent. Define

p= %Sb + %Bw. Let x; 5 be the certainty equivalent of ;. Since u; is equal to iy, let
il = Uy = ilp. By Proposition 1 and its proof, we have that

1 1
Bi=———-2 and Br=—-—-2.
u(xy,p5) u(xz,5)
Since =1 is more risk averse than =, we have that x, ; > x1_ p, thatis, 81 > 8. O

PRrROOF OF PrROPOSITION 3. Define W =co(Wjet). Given the assumptions, WV is convex
and compact, and (13) holds with W in place of Wy.'® First, note that the map c :
A x W — [w, b], defined by

c(p,v) = vil(Ep(v)) Y(p,v) e Ax W,

16Since k : [w, b] x [0, 1] — R is jointly continuous, and k(x, t) € [0, 1] for all x € [w, b] and all ¢ € [0, 1],
it follows that Wyer = {k(-, )}1e(0,1) is @ (uniformly) bounded and equicontinuous family of functions in
C([w, b]). This implies that the convex hull of Wi, co(Whet), is bounded and equicontinuous. Since clo-
sure in supnorm preserves boundedness and equicontinuity, we can conclude that co(Wiet) = cl(coWhet))
is a bounded and equicontinuous family of functions of C([w, b]). By the Arzela—Ascoli theorem, CO(Wyet)
is compact. Finally, we are left to show that Co(Wy,) is a subset of Uyor. Clearly, each v € TO(W)e;) is con-
tinuous, and such that v(w) = 0 and v(b) = 1. Thus, we need to prove only that v is strictly increasing. Let
x,y € [w, b] be such that x > y. Since k is strictly increasing in the first argument and continuous in the
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is quasiconcave and upper semicontinuous in the first argument, and is quasiconvex
and lower semicontinuous in the second argument. By Sion’s minimax theorem, and
since A is a convex and compact set of A, this implies that

max min ¢(p, v) = min maxc(p, v).
peAveW veW peA

Let ¥ € W be such that max ¢ 4 c(p, V) < max,e 4 c(p, v) for all v € W. Note that

i = V =V *) = i * * D
I,?eaﬁﬂ%c(p’v) max (p)=V(p*) &IIVI&C(p,v)Sc(p , )

<maxc(p, ) < minmaxc(p, v).
peA P veW peA P>

Since max ¢ 4 minyeyy ¢(p, v) = Minye)y Max e 4 ¢(p, v), this yields that
c(p*, v) =maxc(p, D),
(p*,0) maxc(p, )
proving the statement. O

We next move to the applications contained in Section 5.2. We begin by offering,
in a framework action space, two versions of Proposition 3. The first, for 8 > 0, is key
to prove our result on portfolio choice. The second, for 8 < 0, is needed to prove our
result on justifiability. We then discuss our Bayesian persuasion application. This latter
application is a direct consequence of Proposition 3.

ProrosiTiON 8. Consider the framework of Remark 2 and the problem in (15). If
(i) = is a DA preference with parameters (u, ), where 8 > 0
(i) A is a compact and convex subset of a separable normed vector space
(iii) av+> u(g(a,s)) is continuous and concave for all s € S
(iv) a* € AissuchthatV (pg ) >V (pa,y) foralla e A,
then there exists € COWhey) such thatEp,. () 2 E,, (V) foralla € A.
Proor. Given Theorem 3 and Remark 4, define W = co(Wjet). Given the assumptions,

W is convex and compact, and (13) holds with W in place of W (cf. the proof of Propo-
sition 3). Recall that for each v € W, there exists a strictly increasing, continuous, and

second, we have that there exist 7 € [0, 1] and & > 0 such that

inf - > min [k(x,t) —k(y, )| =k(x, ) —k(y, 1) > 0.
ve%bet[v(X) v(y)] = tg[léﬁ][ x, 0 —k(y, 0] =k(x,D—k(y,D)=e>
It is immediate to show that infyecon,,) [V(X) — v(¥)] > &, yielding that inf,cc501,,) [V(X) — v(¥)] > e. This
implies that v(x) > v(y) for all v € cO(Whet). Since x and y were arbitrarily chosen, this shows that each
element of CO(Wpey) is strictly increasing.
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concave function f, : Imu — [0, 1] such that v = f, o u. By the change of variable theo-
rem, this implies that

c(Pau,v)=v (Ep,, () =v"" (/[ ) fo(u(x)) dpa,,u,)

= v_1<</s fo(u(g(a, s))) d,u)) Yae A,Vve W.

Since a +— u(g(a, s)) is concave for all s € S, it follows that a — f,(u(g(a, s))) is concave
for all s € S. This implies that a — c(p4,u,v) is quasiconcave on A for all v e W. Itis
immediate to verify that a — c(pg,,, v) is upper semicontinuous on A for all v e W. By
standard arguments, it also follows that v = ¢(pq, 4, v) is quasiconvex and lower semi-
continuous on W for all a € 4. By Sion’s minimax theorem, this implies that

max V' ( ) = max min c( v) = min max c( V).
acA Pau acA veW Pa.p veW acA Pa.u

Let € W be such that max,e 4 ¢(pa,pu, V) < MaXge 4 ¢(Pa,u, v) for all v e W. Note that

max min ¢(pg,u, v) =maxV(pg,u) =V (per,p) = min c(pax u, v) < c(par,p, V)
ac A veWW acA veW

= Ko §) = I MK (P )
Since max,e 4 Minyeyy ¢(Pa,p, V) = Minyeyy Maxqe 4 ¢(Pa,p, v), this yields that
c(Pa*, s v) = maxc(pa,u, v),
acA
proving the statement. O

Proor oF COROLLARY 1. First, observe that 4 = [0, W] and g(a,s) = ar(s) + (W —
a)ry(s) for all a € A and for all s € S. Clearly, 4 is a compact and convex subset of a
separable normed vector space. Since r is measurable and ry is constant, s — g(a, s)
is measurable for all @ € 4. Finally, by construction, a — g(a, s) is continuous and
affine for all s € S. Since u” < 0, u is concave and, in particular, a — u(g(a, s)) is con-
tinuous and concave for all s € S. By Proposition 8, there exists v € CO(Wy,et) such that
E Pa’f)A,#(ﬁ) >FE pw(f)) for all a € A. In other words, aj, is the solution of the portfolio
problem for an expected utility decision maker who is more risk averse than u. It is well
known that this implies that af,, < agy. O

ProposiTioN 9. Consider the framework of Remark 2 and the problem in (15). If
(i) = is a DA preference with parameters (u, ), where 8 <0
(ii) a* € AissuchthatV (pg ) >V (pa,y) forallac A,

then there exists 0 € Whe such that Epa*,ﬂ(ﬁ) >Ep,,(0) forallae A.
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Proor. By Theorem 3 and Remark 4, we have that V' (p4+ ) = c(pa+,u, V) for some v €
Whet- By Theorem 3 and assumption, we have that

c(Pat,p, V) =V (par,p) =V (pap) = max c(Pa,u,V) = c(pau,V) Yae A,

VEV Vet

proving the statement. O

ProoFr or CoROLLARY 2. Given a strictly increasing and continuous von Neumann-
Morgenstern function v : [w, b] — R, we denote by 7, the set of justifiable actions for
the expected utility preference generated by v. If a € Jpa, then there exists u € A(S)
such that V' (pa,,) >V (pyp,,) forall b € A, where I is the functional in point (iii) of The-
orem 3 (see also Remark 4). By Proposition 9, we have that there exists v € W, such that
c(Pa,u> D) = c(pp,u, ) for all b € A4, that is, a € J;. Since g < 0, we have that u is more
risk averse than v. By Battigalli et al. (2016), this implies that J; € 7, = Jgy. We can

conclude that a € 7, = Jgu. Since a was arbitrarily chosen, the statement follows. O

PRrOOF OF PROPOSITION 4. Let [w, b] = [0, 1]. Denote by B the Borel o-algebra of [0, 1].
Given p € A, we denote by e(p) the expectation of p. Denote by = the sender’s DA pref-
erence with parameters (u, 8), where u is as in (16) and 8 > 0. Assume = is represented
by V' : A — R as in Theorem 3. The problem of the sender is

max V' (p) subjectto pe A4, (29)

where A ={p € A: p >\ps r}. Before starting, we need some notation. Given an el-
ement p € A, we denote by F), : [0,1] — [0, 1] the cumulative distribution of p, that
is, Fp(t) = p([0,1]) for all ¢ € [0,1]. Standard calculations show that in (16) we have
e*(y) = min{(%y)ﬁ ,é}forall y € [0,1] and y = (a/0)é*~!. Dworczak and Martini (2019,
Proposition 3) prove that if e(r) = 1 < y, then a solution of (29) for the expected utility
agent with u as in (16) is pfy;, with cumulative distribution Fgy : [0, 1] — [0, 1] defined
by

F.(x) x<ux*
Fry(x) =1 F(x*) x*<x<y Vxel0,1],
1 x>y

where x* is such that the probability s, defined by s(B) = r(B N [x*, 1])/r([x*, 1]) for all
B € B, satisfies e(s) = y. Define Fpa = FPEA' where pf,, is a solution to (29). Finally,
define Uconc to be the set of all functions v : [0, 1] — R that are continuous and concave.
We can begin.

Since A is compact and V' is continuous, let pf;, be a solution of (29). By Proposi-

tion 3 and since A is convex, there exists 0 € CO(Wpet) such that

Epe () >E,(D) ¥peA. (30)
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By contradiction, assume that p},, #mps piy-! Define ®pa, ®gy : [0, 1] — R by

t t
Dpa(t) =f Fpa(x)dx and Pgy(t) =/ Feu(x)dx Vtel0,1].
0 0

It is immediate to see that ®pa and Pry are continuous functions. Since, by construc-
tion, pgy, PHa =mps ¥, we necessarily have that ®pa (0) = Pgy(0) as well as

1 1 1
¢’DA(1)=/0 FDA(X)dX=/0 Fr(X)dX=/O Fgy(x) dx = ®gy(1). (D)

Since pj), Zmps Pry» this yields that there exists 7 € (0, 1) such that

dpa(r) =/
0

Since pf, >mps r and Fgy(x) = F;(x) for all x € [0, x*], we can conclude that

t

P
Fpa(x)dx > /0 Fey(x)dx = ®gy(1). (32)

t t t
<DDA(t)=/ FDA(x)dXS/ F,(x)dx:/ Fgy(x)dx =®gy(r) Ve |0, x*].
0 0 0

This implies that 7 in (32) must belong to (x*, 1). Since ®pa and ®gy are continuous as
well as ®pa (x*) < Pry(x*) and Ppa(f) > Pgy(f) for some £ € (x*, 1), we have that

= min{t € [x*, 1] :Ppa(t) = CDEu(t)}

is well defined. Note that 7 > 7 > x* and 7 < y.!8-19 By (31), we have that

f 1 i 1
/OFDA(x)dx+/ FDA(x)dx:(DDA(l)ZCDEU(l)Z/O FEU(x)dx+/ Fgy(x)dx,

i i
17Recall that, equivalently, p >vps ¢ if and only if fot Fp(x)dx < jot Fy(x)dx for all ¢ € [0,1] and

. 1
/01 Fp(x)dx = [y Fg(x)dx.
18Otherwise, 7 < 7. We have two cases:
Case 1: 7 = {. In this case, we would have that

0 = ®pa(f) — Pry(?) = Ppa(?) — Pey(?) > 0,

a contradiction.
Case 2: f < {. In this case, we would have that

®pa(x*) — Pey(x*) <0 < Ppa(?) — Pru (D).

Since ®py — Pgy is a continuous function on [x*, 7], this would imply that there exists 7 € [x*, 7] C [x*, 1]
such that

®pa(f) — Pry(f) =0,

thatis, f < < f < i—a contradiction.
19By contradiction, assume that 7 > j. Since Fgy is such that Fgy(x) = 1 > Fpa(x) for all x € [y, 1], this
would imply that

i P 7 7
q)EU(i)ZA FEU(x)dXZ/(; FEU(x)dx+/: FEU(x)dx=<DEU(f)+ﬁ Fgy(x)dx
t t

3 i
= ®pa(d) +_[ Fry(x)dx > ®pa(D) +[ Fpa(x)dx
t t
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yielding that

1 1
[ Fpa(x)dx = /: Fru(x)dx.
i i

Next we show that 7 can be chosen to be y. First, by (32) and since ®pa(f) = Py (),
observe that

i i i i
<I>DA(£)+ﬁ FDA(x)dx=/ FDA(x)derf FDA(x)dx=/ Fpa(x)dx
t 0 t 0

f t f
>/ FEU(x)dXZ/ FEu()C)dx—l-/: Fru(x)dx
0 0 t

t
= Pgy(7) +[ Fgy(x)dx,
t

yielding that

7 7
/: Fpa(x)dx > /: Feru(x)dx. (33)
t t

Since Fgy is such that Fry(x) =1 > Fpa(x) for all x € [y, 1], note that if 7 > y, then

{ y f
0< / [Foa(x) — Fpu(x)] dx = / [Foa(x) — Fpu(x)]dx + / [Foa(x) — Fpu(x)] dx
t t y

y
< / [Fpa(x) — Fey(x)] dx.
t

This implies that ®pa(y) > Pry(y). Since Fgy(x) = Fry(x*) for all x € [x*, §), if <
7, then it follows that Fpa(f) > Fruy(f). It follows that Fpa(x) > Fpa(f) > Fgu(f) =
Fgy(x*) = Fry(x) forall x € [£, y) C [x*, ¥), yielding that
y { y
f [Foa(x) — Feu(x)] dx = f [Foa(x) — Fey ()] dx + / [Foa(x) — Fau(x)] dx > 0.
t t t

This implies that ®pa(y) > Pry(y). It follows that

y 1 1 1
/: FDA(x)dx—i-f Fpa(x)dx =/: Fpa(x)dx =/: Fry(x)dx
i ¥y i i

y 1
_ / Feu(x) dx + / Feu(x) dx.
t y

By (33) and since 7 can be chosen to be , this yields that

y y 1 1
0<[yFDA(x)dx—/AyFEU(x)dx=/ FEU(x)dx—/ Fpa(x)dx.
i y y

t y

P i 7
=/0 FDA(x)dx‘i‘/: FDA(x)dx=/0 Fpa(x)dx = Opa (i),
t

a contradiction with (32).
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Since [ Fey(x)dx — [; Fpa(x)dx > 0 and Fey(x) = 1 > Fpa(x) for all x € [3,1], we
have that Fpa(y) < 1 and, in particular, p{,((y,1]) > 0. Since e(pp,) = e(r) <y,
note also that 1 > pj, ([y, 11) = p{,((7,1]) > 0. With this in mind, define gpa(B) =
PHa(B N 10,3))/ppa(l0,y)) and rpa(B) = ppa(B N [y, 1D/ ppha([y, 1D for all B € B.
Since ppj,([¥,1]) € (0,1), gpa and rpa are well defined elements of A. Also let A be

PHa0,9) =1 — pia([p, 1D € (0,1). Note that pfj, = Agpa + (1 — A)rpa as well as
e(gpa) €0, ) and e(rpa) = y € [y, 1]. We now have two cases:

Case *: y =y. It would follow that e(rpa) = y =y, yielding that rpy = &;5. This would
imply that pfy, = Agpa + (1 — A)rpa = Agpa + (1 — A)85. In particular, we would
have that Fpa(y) = 1—a contradiction.

Case **: y > y. Since A € (0,1) and e(qDA) < y < e(rpa), consider &, 7 € (0, min{A, 1 —
A}) such that 7+€€(‘1DA) + T+ge(”DA) =y. It follows that (A — 7), (1 — A —¢&) € (0, 1).
Consider the probability

Poa= (A —T7)gpa + (T+&)85 + (1 — A — &)rpa.

Since e(;gpa + 757DA) =y, note that

EB (v)>E_~ oAt rpa (V) = I EQDA(U)+ ErDA(U) Vv € Uconc-

T+a

This implies that

E ppa (V) = E(\—r)gpat(r+£)85+(1—A—e)rpa (V)
= (A= T)Eqpy (v) + (7 + &)Es, (v) + (1 — A — &)y, (v)
= AEgpy (V) + (1 = DEpp, (v)

+(r+8) <1an(v) — By () - r‘ssEm(v))

> AEgp, () + (1 = M Ep, (v) = ]EAqDAJr(lf/\)rDA(U) = Ep]*)A(v) Vv € Uconc,

that is, ppa >mps P, >mps ¥ and, in particular, ppa € 4. Finally, note that the
affine function ¢ : [0, 1] — R, defined by ¢(x) = (1 — o)ex for all x € [0, 1], is such
that

L(x)>u(x) Vxe(0,y) and £(x)=u(x) Vxel[y,11U{0}.
Note also that supp gpa # {0}.2° This implies that

- _ T &
u(y)=€(y)=€(e<7+8 e >> =Bz gpat2rpa ()

20Tf supp gpa = {0}, there would exist k € (0, 1) such that Fpa(x) = k for all x € [0, y). In this case, note
that F,(0) > Fpa(0). Otherwise, since F, is continuous, if F,(0) < Fpa(0), then there would exist x € [0, 1]
such that F,(x) < Fpa(0) for all x € [0, X]. It would follow that F,(x) < Fpa(0) < Fpa(x) for all x € [0, x],
yielding that

/Fr(x)dx</ Fpa(x)dx,
0 0
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EqDA(Z) +- ErDA(E) > EqDA(u) +- ErDA(u)

= E#‘]DA‘FWVDA(L‘)

Since © is a continuous, strictly increasing, and concave transformation of u, we
have that

-
Es; (0) = 0(y) >E - SQDA+TT9VDA(U)_ Tte Egpa(0) + —— Tt Erps (D).

We can conclude that

E ppa (0) = E—r)gpat(r+£)85-+(1-A—e)rpa (D)
= A= 1)Egpy(0) + (T + &)Es;(0) + (1 — A — &)Ep,, (9)

— AEqpp (9) + (1 = MEyp, (D)
+(r+s>(an(v> - —Eqm( )~ ErDAw))

> AEgpa (D) + (1 = M Epp, (D) = EAqDA+(1—,\)rDA(ﬁ) =E s, (0),
a contradiction with (30).

Cases * and ** prove the statement. O

APPENDIX B: WHEN DO BETWEENNESS PREFERENCES SATISFY NCI?

While Theorem 4 provides an explicit characterization for betweenness preferences that
satisfy negative certainty independence, a natural question is how to actually check if a
given betweenness preference does or does not satisfy negative certainty independence.
The next result, paired with the next remark, provides a rather simple tool to answer
this question, solely in terms of the functional form of k. We conclude the Appendix by
illustrating its use, by proving the results in Example 1.

In stating these results, the following notation is useful: given f : [0, 1] — [0, 1], we
say that f is convex (resp., concave) at t € (0, 1) ifand only ifforeachn e N, {#;}7_, € [0, 1],
and {A;}?_, €[0,1]suchthat ) ;_; A; =1,

n n
t=Y"Nti = f(O<Y Af(t) (resp., ).
= i=1
a contradiction with pf), >mps 7. Since Fgy(x) = Fr(x) for all x € [0, x*] and F,(0) > Fpa(0), it follows that
Fgy(x) = F(x) = F(0) > Fpa(0) = Fpa(x) for all x € [0, x*]. Moreover, Fgy(x) = Fgy(x*) > Fpa(0) = Fpa(x)

for all x € [x*, y). Finally, since Fry(x) = 1> Fpa(x) for all x € [y, 1], we can conclude that Fgy(x) > Fpa(x)
for all x € [0, 1]. This would yield that

i i
f Foa(x) dx < / Fpu(x)dx,
0 0

a contradiction with (32).
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Foreachs, ¢ € (0, 1), define f; ; to be the transformation from k(- ¢) to k(-, s), thatis, f; ; :
[0, 1] — [0, 1] is such that k(x, s) = f ;(k(x, t)) for all x € [w, b]. Note that f; ; must exist
since k(-, t) and k(-, s) are strictly increasing and continuous. Moreover, f; ; is strictly
increasing, continuous, and such that f; ;(0) =0 and f; (1) = 1.

ProposiTION 10. Let = be a betweenness preference. The following statements are equiv-
alent:

(i) Foreacht € (0,1) and for each s € (0, 1), the function f; ; is convex (resp., concave)
att.

(ii) The relation = satisfies negative (resp., positive) certainty independence.

Proposition 10 characterizes negative certainty independence within the class of be-
tweenness preferences, just in terms of the parameters of their representation. In fact,
testing negative (resp., positive) certainty independence amounts to checking whether,
foreach € (0, 1), the transformations f;,; are convex (resp., concave) at ¢ for all s € (0, 1).
This is a handy tool since f;; = k(-,s) o k~1(-,t) and is, thus, computable. Moreover,
checking convexity and concavity at ¢ is rather simple in light of Remark 5 below.

ProoF oF ProrosITION 10. Before starting, define V' : A — R by

V(p)_ 1nf c(p,v) (resp.,: sup c(p,v)) VpeA.

bEt veWbet

Define v; = k(-, t) for all ¢ € [0, 1]. Denote also by A the subset of A of all simple lotteries
(convex linear combinations of Dirac measures), that is, Ag = co({8x}xew,p])-

Cramm 1. Ifs,t € (0,1) and fs,; is convex (resp., concave) at t, then for each p € A,
Ep(v))=t = c(p,v) <c(p,vs) (resp.,>).

PrOOF. Let p € Ag and E,(v,) = t. If p = &y, then the statement is trivially true, since
c(p, vs) =x = c(p, v;). Otherwise, we have that there exist n € N\{1}, {x;}}"_; € [w, D], and
{Ai}, €10, 1] such that YiyAi=1and )}, A8y, = p. Define t; = v (x;) € [0, 1] for all
i€{l,...,n}. Since E,(v;) = ¢, this implies that Y/ ; Ajt; = > i Aive(x;) =Ep(vy) =t
Since f;,; is convex (resp., concave) at ¢, it follows that

Foa(Bp(v) = fri(0) < ZA foalti) = ZA fo(vi(x)

i=1

=Y Aws(x) =Ep(vy)  (resp., >).

i=1

Since vy = f5,; o v, we have that f; ; = vs 0 vt_l. This implies that c¢(p, v¢) < c(p, vs) (resp.,
>). <
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(i) implies (ii). Let p € A\{6y, 6p}. Since 3= satisfies Axiom 3, we can conclude that
17( p) € (0,1) and it is the unique number in [0, 1] such that

/[ ) k(x,V(p))dp=V(p).

Define ¢t = 17( p) and consider v;. Also let s be an element of (0, 1) and consider v as
well as f; ;. Since A is dense in A and = satisfies Axioms 1-3, we have that there exists a
sequence {p,}neny C Ag such that p, ~ p for all n e Nand p, — p. The condition p, ~ p
yields that E;,, (v;) = ¢ for all n € N. By the previous claim, and since {p,}sen € Ag and
fs,+ is convex (resp., concave) at ¢, this implies that c¢(p,, v/) < c(pn, vs) (resp., >) for all
n € N. By passing to the limit and since s € (0, 1) was arbitrarily chosen, we obtain that

C(P, Ut) = C(pa vS) (resp') 2) Vs e (Oa 1)

We can conclude that

V — — =
(p)= n%n c(p,vs) = n%n c(p,v) =c(p,vr)

VEVVpet

(reSp Vp)= I?gx c(p,vs) = max c(p, v)—C(p,vt))

VEV Vet

By using the same technique in the proof of (i) implies (ii) in Theorem 4, we have that x =
c¢(p, v;) is such that p ~ 8g,2! that is, ¥ = x,. Since p € A\{$,,, 8} was arbitrarily chosen,
we obtain that V' (p) = x, for all p € A.?? This implies that } is a utility representation of
. Since = satisfies Axiom 2 and V' (6,) = x for all x € [w, b], it is immediate to see that
V is continuous. By Theorem 4 (resp., Remark 1), this implies that = satisfies negative
certainty independence (resp., positive certainty independence).
(ii) implies (i). By Theorem 4 (resp., Remark 1), we have that IV : A — R, defined by

V(p)= n%n c(p, v)— rmn c(p,vs) VpeA

bet

(reSp Vip)= ,max c(p,v) = Jmax c(p, vs) VPGA)

bet

2IRecall that p € A\{6,, 85} and I}(p) € (0, 1), where the latter is the unique number in [0, 1] such that
/ k(x,V(p))dp=V(p).
[w,b]
Recall also that v, = k(-, V(p)) € Whet and ¢ = V(p). Define x € [w, b] to be such that ¥ = c¢(p, v,). Note that

vt(fc>=vt(c<p,v,>):vt(vt‘l(/[ b]k(x,l?<p>)dp>)=/[ blk(xﬁ(p))dp

It follows that
/ k(x,V(p))ddz = v, (¥) =V (p).
[w,b]

Since = is a betweenness preference, we can conclude that 19(8;) = V(p), thatis, 6z ~ p and so X = x.
2(Clearly, V' (8,) = x if either x = w or x = b.
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is a continuous utility representation of >=. By contradiction, assume that there exist ¢ €
(0,1) and 5" € (0, 1) such that fy , is not convex (resp., concave) at ¢. It follows that there
exist n e N\{1}, {;}_, € [0,1], and {A;}_; €[0,1] such that Y ;_; A; =land t =) i_ | A;it;
aswellas fy ,(t) > Y Aify (t;) (resp., <). Consider {x;}7_, such that v,(x;) = ¢;. Define
p € Agtobesuchthat p =37 | A;8,,. Itfollows that E,(v,) = Y7 Ajve(x;) = Y i Aty =
t. Since = is a betweenness preference, this implies that p ~ 8z, where x = c¢(p, v¢). In
particular, this implies that x, = x. At the same time, we also have that

foaEpn)) = fo () > Y Nifoi(t) =Y Nify o (ve(xi))

i=1 i=1

n
=) Ay (x) =E,(vy) (resp., <).
i=1

Since fy ;=vy o vt_l, we can conclude that

S;{‘&f})c(?’ vs)=V(p)=xp=c(p,v) >c(p,vy) > Sér(l(i}g)C(p, Vs)

(resp., max c(p,vs) =V (p)=xp=c(p,v) <c(p,vy) < max c(p, vs)>,
se€(0,1) se€(0,1)
a contradiction. O

ReEMARK 5. Convexity at ¢ is implied by the following sufficient condition: the subd-
ifferential of f; ; is nonempty at ¢, that is, df; ;(¢) # @. This takes a simple geometric
interpretation, as it amounts to saying that the graph of f; , is supported by a line at the
point (¢, f;, (1)), that is, there exists a function g : [0, 1] — R such that g(¢') = mt' + [ for
all# €[0,1], where /,m e R and f; ;(¢) = g(¢) aswell as g(¢') < f;;(¢') forall ¢ € [0, 1].

Proor. Denote f;; simply by f. Let ¢ € (0, 1). Assume that f: [0, 1] — [0, 1] is such that
df (t) # @. By assumption, it follows that there exists m € R such that

f()y=f®)=m(' —1) Vi el0,1].
Define g: [0, 1] - R by g(¢) =mt' + [ for all ¢ € [0, 1], where [ = f(¢) — mt. Note that
f(=g() and g()=<f() Vvi'el0,1].

Next consider n € N, {}? ; € [0,1], and {A;}?_; € [0,1] such that YA =1 and

=1 =

>, Aiti = t. It follows that

n n n
fn=gw= g(Z Am) =Y Aiglt) <Y Aif (1),
i=1 i=1 i=1
proving convexity at ¢. O

We conclude by putting into use the results above, showing that the betweenness
preference in Example 1 satisfies negative certainty independence.
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Proor oF ExamPLE 1. For each ¢ € [0, 1], define v;(x) = k(x, ¢t) for all x € [0, 1]. Given
s, t € (0,1), we need to show that f = v5 0 v;l is convex at ¢. Before starting, observe that
-1
:[0,1] — R,

X ifx <t
vt—l(x)z t+ /t2—|—4(x—t) . Vx € [0, 1].
5 x>t

Clearly, if s =¢, then f = v; 0 v;l is the identity on [0, 1] and it is convex at t. We then
have two cases:

Case 1: ¢ > s. In this case, we have that for each x € [0, 1],

f(x) = v5(v; ()

X ifx<s
_ X2 —sx+s ifs<x<t
412+ 4(x —1)\?2 [+ 2 +4(x—1)
< 5 ) —s( 5 >+s ifx>t.

Consider g: [0, 1] — Rto be such that g(x) = m(x —t) + f(¢) and m = max{2¢ —s, 1}.
We have three cases:

Case (a): 0 <t <s. Note that
gO)=f()—mt<f(t)y—t=1—st+s—t=(t—1)(t—s) <0.
We can conclude that
g(t)=m(l' =)+ fO)<f(O+1 —1
=t'+f()—t<t=f().

Case (b): s <t <t.Define h:[0,1] > R by h(x) = x2 — sx + s forall x € [0, 1]. Note
that 4(¢) = f(¢t) and K/ (¢) = 2t — s < m, yielding A’ (£)(¢ — t) > m(¢' — ¢t) for all
t' < t. Since h is convex, we have that

fA)=h({) =R @O)( —t)+h()=m(t' — 1)+ f()=g(¢') VI e(s,1].

Case (c): ¢ > t. Define i : [t,1] — R by h(x) = (tthZW)2 — S(Hivﬂ#(x_t)) +5
for all x € [1, 1]. It follows that % is concave. Note that ﬁ(t) = f(t) = g(1). Since
h is concave and g is affine, it is enough to verify that h(l) > g(1) to prove that
f(t)= h(t) > g(t") for all ¢’ € [¢,1]. Since ¢ € (0, 1) and h(1) =1, observe that if
m =2t —s, then

g =m(l—0+f(t)=Qt—s)(A—1)+ 1> —st+s

=2t -2t —s+st+tE—st+s
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=2t =t+t(1-1)<1=h().
Since0 <s<t<1,ifm=1,then
g —h()=g)—1=1—t+f(t)—1=1—t+>—st+s—1
=i+ —st+s=t(t—1)+s(1—1)
=({—95)(—-1)<0,
proving that g(1) < h(1).

Subpoints (a)-(c) just showed that the subdifferential of f is nonempty at ¢ and,
in particular, f is convex at ¢.

Case 2: t < s. In this case, we have that for each x € [0, 1],

fx) = vy (v (x))

X ifx<t
L+ +4(x—1)
_ ift<x<s
= 2
2+ 4(x —1)\2 [+ 2 +4(x—1) ' }
( 5 ) —s< 5 )+s ifx >3,

2 —
where 5 is such that Hti;rmt) = 5.3 Consider g : [0,1] — R to be such that
g(x) = x. We have three cases:

Case (a): 0 <t <t. Clearly, we have that f(¢') > g(¢').

Case (b): t < <5. Define A : [t,5] - R by h(x) = S0 “2;4(}‘_0 for all x € [¢, 5].
Since 4 is concave and g is affine, if we verify that 4(¢) > g(¢) and A(5) > g(5),

then f(¢') = h(t') > g(¢') for all ¢’ € [¢, 5]. Note that h(t) =t = g(t). We also have
that

) t+y2+4G—1) t+2+45(G5—1)
§)= >
2 = 2

VAR 45 (2507
= 5 = 5 =

5=g(3).

Case (c): ¢ > 5. Define i1 :[5,1] - Rby h(x) = (tJFZZW)2 P A G} "tzf(x_t)) +s
for all x € [3, 1]. Since 4 is convex, 4(1) = 1, and #'(1) = % € (0,1), we have

X Ve A= /2 _
2381ncew2t<s<1:Wandthemapx»—>w

is strictly increasing and
continuous on [¢, 1], we have that § exists and s > ¢.
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that
h(¢) =R D) = 1)+ h(1) = 1(f' = 1) + h(1)
=1 —-1+1=¢=g({) viels1]

Subpoints (a)-(c) just showed that the subdifferential of f is nonempty at ¢ and,
in particular, f is convex at z. U
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