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Revenue from matching platforms
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We consider the pricing problem of a platform that matches heterogeneous agents
using match-contingent fees. Absent prices, agents on the short side of such mar-
kets capture relatively greater surplus than those on the long side (Ashlagi et al.
2017). Nevertheless we show that the platform need not bias its price allocation
toward either side. With independently drawn preferences, optimal price alloca-
tion decisions are independent of market size or imbalance; furthermore, changes
in the optimal price level move both sides’ prices in the same direction. In con-
trast, preference homogeneity biases price allocation in a direction that depends
on the form of homogeneity; furthermore, changes in market imbalance move
both sides’ prices in opposite directions. These effects arise due to the exclusivity
of matchings in two-sided market settings.
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1. INTRODUCTION

The proliferation of online, “winner-take-all” matching platforms has led to intensified
interest in the study of platform pricing. While an established literature on two-sided
markets explains much about such pricing, it has mostly! abstracted away from two
real-world characteristics of markets that can lead to market size effects on pricing that
otherwise would not be present. Specifically, we consider settings where exclusive (one-
to-one) partnerships are created among horizontally differentiated agents.

(D) Exclusivity. Canonical models of two-sided markets realistically represent certain
platforms (video game consoles, credit cards, newspapers, etc.) by assuming that each
participating agent interacts with all (or a constant fraction of) agents on the other side
of the market. Our interest is in platforms that exist specifically to create one-to-one (or
capacity constrained) matchings (e.g., ride-sharing or matchmaking services).
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(II) Heterogeneity. Many models of two-sided interactions consider some form of ho-
mogeneity in preferences; e.g., that agents commonly rank potential partners or express
indifference over partners. Such assumptions are realistic in certain environments, but
in others—especially those exhibiting exclusivity—agents’ preferences over potential
partners are heterogeneous; examples include dating or headhunting services.

Characteristics (I) and (II) lead to a third distinction between existing work and ours:
consideration of the matching process itself. Agents care not only about the price they
pay to the platform, but about the identity of the partner with whom they are matched.?
Though the platform controls prices, it may or may not control the matching process
itself. Centralized platforms (e.g., ride sharing) may be able to directly specify matching
outcomes. Decentralized ones (e.g., dating sites) do so only indirectly by setting the
rules by which agents interact to make pairing decisions. This leaves the question of
which matching outcomes might actually occur on such platforms.

When search and information frictions are low, it is reasonable to assume that de-
centralized platforms yield matching outcomes in the core, i.e., stable matchings a la
Gale and Lloyd (1962). Indeed, Adachi (2003) obtains such outcomes in the equilibria
of a decentralized matching model with random encounters. Hitch et al. (2010) validate
this notion empirically, demonstrating that interactions at an online dating site resem-
ble stable matching outcomes with respect to estimated preferences.

Though stability is a natural assumption, our main results apply to any platform
whose matching outcomes satisfy a weaker set of assumptions. Specifically, we consider
any platform (decentralized or not) whose matching outcomes are (a) individually ra-
tional and (b) sensitive only to the agents’ ordinal preferences over compatible partners.
Examples include platforms yielding stable matchings, serially dictatorial matchings, or
maximal matchings subject to individual rationality. Our “black box” treatment of the
matching process allows us to bypass assumptions on the agents’ behavior and infor-
mation, while also clarifying the intuition underlying our results.

1.1 Overview

Our work sits between two established literatures. A fwo-sided markets literature, as
described above, analyzes pricing in environments that differ from ours. A two-sided
matching literature pioneered by Gale and Lloyd (1962) considers environments satis-
fying (I) and (II), but sets aside pricing. We ask how pricing structure in the latter kinds
of environments may differ from those studied in the former, particularly due to the
presence of market size imbalance and of preference homogeneity (or correlation).

The resulting insights depart from those obtained from either literature. For in-
stance, when matchings are nonexclusive it is primarily the marginal distribution of
agents’ values that determines the platform’s transaction fees, independently of mar-
ket imbalance and preference correlation. Intuitively, if an agent is not crowded out of
a potential pairing by that partner’s interaction with others, then revenue-maximizing
transaction fees for that pair can be calculated regardless of the presence of other agents.

2In contrast, without capacity constraints on interactions, it is natural simply to assume that a pair of
agents interacts whenever it is mutually beneficial, given prices.
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When matchings are exclusive, however, the platform’s pricing decision can be affected
by both absolute and relative market size in a way that depends on the structure of pref-
erence correlation (homogeneity). Generally speaking, market size drives the sum of
prices, or price level (Section 4), while market imbalance and preference homogeneity
interact to drive relative prices across the two sides, or price allocation (Section 5).

To establish that the latter effect requires this interaction, we first consider heteroge-
neous (independently drawn) preferences (Section 3). Here we show that neither market
size nor market imbalance affects the platform’s price allocation decision. This con-
clusion is not only a baseline from which to consider homogeneous preferences, but
also establishes another departure from intuition established in previous work. Ashlagi
etal. (2017) show that market imbalance leads to higher normalized payoffs for “scarce”
agents on the short side of stable matching markets than for agents on the long side.
One might thus expect a monopolistic platform to capture these imbalanced payoffs by
charging a relatively higher price to the scarce agents. We show that this is not the case
when agents are charged in the form of transaction fees; market imbalance by itself does
not justify imbalanced prices.

To illustrate with a simple example,® consider a setting with only one agent (“man”)
on one side of a market who can pair with at most one of ten agents (“women”) on the
other, each agent drawing an independent and identically distributed (i.i.d.) value from
[0, 1] for each potential partner. Assume that the platform yields a (single) match when-
ever at least one man-woman pair is compatible: their values for each other exceed their
respective transaction fees. By setting the man’s fee to be 0.5 and the women’s fee to be
0, amatch is created whenever at least one of the man’s ten draws exceeds 0.5. Swapping
the two sides’ fees, a match is created whenever at least one of the ten women draws her
value in excess of 0.5. Both scenarios thus yield the same expected revenue: there is no
strict benefit from charging a higher price to the man.*

This conclusion relies on two assumptions. First is that the matching outcome de-
pends only on each pair’s compatibility. If the outcome is sensitive to additional prefer-
ence information, the conclusion need not hold. We establish weak assumptions on the
matching process (Section 2.1) that preserve the example’s conclusion more generally.
Second is preference heterogeneity: i.i.d. values imply that (i) the man views the women
as “differentiated” and (ii) the women have “private values” for the man. Introducing
preference homogeneity along either of these dimensions also alters this conclusion as
we discuss in Section 5.

While our main focus is on price allocation, we consider price level in Section 4. Un-
like the former, price level decisions depend on the specification of the matching pro-
cess. Focusing on stable matching outcomes (motivated above), we provide an expres-
sion that yields a lower bound for the stable platform’s revenue and we illustrate that
thicker markets lead to higher price levels. The expression exactly describes expected
revenue for a serially dictatorial matching platform.®

3We are grateful to a referee for suggesting this illustration.

4With additional assumptions, the optimal fees are equal (Proposition 1), thus preserving the surplus-
imbalance result of Ashlagi et al. (2017) even net of optimal prices.

5A ranking between stability and a form of serial dictatorship is first established in a related model by
Arnosti (2016).
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1.2 Other approaches

Platform pricing has been studied in ways that differ from both our setting (exclu-
sive matchings among agents with heterogeneous preferences) and our pricing method
(transaction fees). Most prominently, the two-sided markets literature alluded to above
(pioneered by Rochet and Tirole 2003, 2006, and Armstrong 2006) focuses on nonex-
clusive matchings, with homogeneity in agents’ fixed or variable benefits from joining
the platform; see also Weyl (2010). Besides transaction fees, access fees also have been
considered, particularly where agents also value platform membership itself.

In our setting, where value is generated solely from exclusive matching, we set aside
access fees to preserve ex post individual rationality (IR). If agents decide whether to
join the platform before learning their preferences over the other participants, optimal
access fees simply charge each side the expected surplus of joining the platform, vio-
lating IR for some agents ex post. Notably, such access fees would typically be biased
toward the shorter side of the market as intuition might suggest; under stability this fol-
lows from Ashlagi et al. (2017). In contrast, we show that transaction fees induce no such
bias if preferences are heterogeneous.

Related work on exclusive matching platforms analyzes other forms of up-front pay-
ments, but in a setting of homogeneous (vertical) preferences, where efficient (or stable)
matchings are assortative. First, Damiano and Li (2007)8 offer agents a menu of access
fees, each giving entry to a “club” that randomly matches members. Knowing their types
when they choose clubs, agents end up coarsely sorted by type. The authors’ main con-
cern is the inefficiency (coarseness) of revenue-maximizing menus.

Second, one can reinterpret the money-burning signalling model of Hoppe et al.
(2009) as a platform that runs an all-pay auction, assortatively matching agents with
respect to their bids. Their results imply that an increase in market imbalance would
increase total revenue earned from the long side and increase total surplus on the short
side.

A search market literature also addresses pricing and exclusive matching. Bloch and
Ryder (2000) consider agents (again with vertical preferences) who have the outside op-
tion to find a partner via a search market with friction. They show that a platform using
flat fees loses low-type agents to the search market, while fees proportional to surplus
cause high types to defect. Analogous results in the case of transferable utility are shown
by Rubinstein and Wolinsky (1987) and Yavas (1992).

The related, wider problem of preventing defection from the platform is addressed
by Spiegler (2000) through more general (contractual) pricing arrangements. Roughly
speaking, his solution induces agents to stay on the platform by offering certain com-
pensations to one side of the market whenever agents on the other side defect. He fur-
ther shows that such schemes can be constructed in a way that limits the platform’s
liability.

Other topics beyond our scope, such as platform competition and information
structure, use models that further depart from ours. Depending on the setting, platform

6Also see Damiano and Hao (2008) for an analysis of competing platforms.
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competition can be softened when platforms offer nonexclusive membership (Caillaud
and Jullien 2003), each platform restricts agent participation on a unique side of the
market (Halaburda et al. 2018), and two platforms price to be cheaper (and larger) on
opposite sides of the market (Ambrus and Argenziano 2009). In terms of information
structure, Biglaiser (1993) studies platforms as “experts” that reduce adverse selection;
Fershtman and Pavan (2020) and Gomes and Pavan (2016) study the impact of infor-
mation structure on platform pricing and design. We abstract away from informational
considerations by “black-boxing” the matching process.

2. MODEL

There are two finite sets of agents, referred toasmen M = {1, 2, ..., M} and women W =
{1,2,..., W}. A (one-to-one) matching is afunctionv: M x W — M x W that satisfies the
following usual conditions for all (m, w) e M x W: (i) v(m) € W U {m}, (ii) v(w) € M U{w},
and (iii) v(m) = w if and only if v(w) = m. We say agent i € M U W is unmatched (or
single) at v when v(i) = i. We say (m,w) € M x W is a marriage when v(m) = w. The
number of marriages in v is denoted |v|.

If man m € M is matched to woman w € W, m obtains value u,,(w) € [0,1] and w
obtains u,,(m) € [0, 1]. The value of being unmatched is zero (denoted u;(i) = 0). These
normalizations are not critical to our results.

A profile of values, denoted u = ((um ), (uy)w), is randomly drawn from a joint dis-
tribution. Heterogeneous preferences (Section 3 and Section 4) are represented by in-
dependently drawn values. Namely, a random economy is one where each value u,, (w)
is independently drawn from (marginal) distribution F 4 and each u,,(m) is indepen-
dently drawn from F)y. The corresponding densities (fa4, fiy) are continuously differ-
entiable with positive support on [0, 1]. Homogeneous preferences are represented by
correlated values as constructed in Section 5.

Agents make transfers to the platform as described below. At a matching v, an agent
i who pays x to the platform has a payoff of u;(v(i)) — x.

2.1 Matching platforms

A matching platform specifies prices and, given these prices, yields a matching outcome
as a function of the agents’ realized values. In terms of prices, we focus on platforms that
charge agents via match-contingent fees. That is, an agent’s payment to the platform is
a function only of (i) the side of the market to which the agent belongs and (ii) whether
or not the agent ends up in a marriage. Formally, prices are a pair p = (pa, pyv) €
[0, 1]%, where matched men and women pay the platform p and pyy, respectively.”
The payments of unmatched agents are normalized to zero.

Fixing such prices p, a platform is defined by the manner in which it creates match-
ings as a function of the agents’ realized values. A matching process p. is a function that,
for any p and u, yields a matchingv=pu, ,: M x W - M x W.

"The restriction to [0, 1] is innocuous since the support of values is on [0, 1]; e.g., see the arguments in
the proof of Lemma 2.
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There are multiple interpretations of the function w, which is a “black box” repre-
sentation of how agents end up being matched. At one extreme, imagine a centralized
platform that can fully observe the agents’ preferences, u. Such a platform may be able
to fully dictate the matching outcome by choosing an arbitrary u, e.g., one that maxi-
mizes the number of marriages. In contrast, a decentralized (or uninformed) platform
may be able to specify only some set of rules by which decentralized agents interact and
form marriages on the platform. In this case, u, , could represent an equilibrium out-
come of the game induced by such rules under prices p at a realization u.® Earlier we
motivated the assumption that u, , represents a stable matching with respect to prefer-
ences induced by p and u. Nevertheless, our main results apply to matching processes
that satisfy weaker conditions.

First, we restrict attention to ex post individually rational outcomes. Given prices
p = (pm, py) and realized values u, we call the pair (m, w) € M x W p-compatible (at u)
if both u,,(w) > paq and uy,(m) > pyy. The matching process w is individually rational
if, for any p and u,

V(m,w)e M x W, [ppu(m)=w] = [mandw are p-compatible].

The main assumption we make on the matching process is that its outcomes are
sensitive only to the agents’ ordinal preferences over compatible partners. Condition 1
requires the matching outcome to remain constant whenever a change in prices (p, p’)
and/or realized values (u, u’) has no effect on (i) the set of compatible pairs of agents
and (ii) the agents’ ordinal preferences over such partners.

ConbpiTioN 1. A matching process u is ordinal subject to compatibility (hereafter, ordi-
nal) if, for any p, p’ and u, v/, we have up , = n,,,» whenever the following two condi-
tions hold.

(i) The set of p-compatible pairs at u equals the set of p’-compatible pairs at ’.

(ii) For all such p-compatible pairs (m, w), (m,w'’), and (m’, w) at u,

Up(w) > up(w') & up(w) > u,(w')

U (m) > uy(m') & uy(m) > u, (m').

Many natural matching processes satisfy this condition, such as those that yield
man-optimal (or woman-optimal) stable matchings with respect to the agents’ ordinal
preferences induced by « and p. This follows from the fact that the deferred acceptance
algorithm that calculates such matchings is a function only of agents’ ordinal prefer-
ences over compatible partners; see Section 4. Other examples include those based on
certain serially dictatorial choice functions (again see Section 4) and those that choose
maximal matchings subject to individual rationality. In general, whenever the match-
ing process represents outcomes that result from some strategic behavior of agents on

8That is, u can represent an implementable social choice function under some solution concept. In the
case of stability, see Roth (1984a), Kara and Sénmez (1996), and Alcalde (1996).
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a decentralized platform, the condition conveys the idea that the agents’ behavior de-
pends only on their realized ordinal preferences over “relevant” (i.e., compatible) poten-
tial partners.

Conversely, Condition 1 rules out matching processes that are sensitive to prefer-
ence intensity or to preferences over incompatible partners. Consider decentralized
platforms on which pairs are created only when both partner’s net payoffs exceed some
positive threshold ¢ > 0. In this case, a small price increase might change the outcome
of the matching process without affecting ordinal preferences or compatibility, violating
the condition.

Some of our price allocation results apply in the natural case that higher prices de-
crease the number of created marriages. In fact, we only need this law of demand as-
sumption to hold in expectation.

ConbITION 2. A matching process w is monotonic if the expected number of real-
ized marriages is strictly decreasing in prices: for any pairs of prices p < p’, we have

Eu(|Mp,u|) > Eu(|l’«p’,u|)-

All of the matching processes mentioned immediately after Condition 1 also satisfy
Condition 2. In fact, they satisfy a stronger, pointwise version of monotonicity: for all «,
| p,ul = ||, with strict inequality for some positive density of us.9

Condition 1 and Condition 2 suffice to prove our main results on price allocation in
Section 3. However our discussion of homogeneous preferences in Section 5 is simpli-
fied by restricting attention to “maximal” matching processes, in the sense that at least
one member of any p-compatible pair must belong to some marriage.

ConbDITION 3. A matching process u is weakly unimprovable if, for any prices p and
realized values u, there exists no p-compatible pair (m, w) e M x W such that u, ,,(m) =
mand wp ,(w) =w.

The processes mentioned after Condition 1 are all weakly unimprovable.

3. PRICE ALLOCATION

Fixing a matching process p and prices p = (paq, pyy), the platform’s revenue is the
price level, pr = p a1 + pyy, multiplied by the number of created marriages, |up, ,|. For a
random economy, the number of created marriages is a random variable that we denote
below by K ,. Expected revenue is thus pr - E(K ) = (pam + pw) - E(K)p).

Even if we fix a price level pr, the allocation of pr between p 4 and pyy typically
affects the distribution of K ,,, and thus affects the platform’s expected revenue.'? There-
fore, the platform’s pricing decision can be viewed as a choice of a total price level pr
followed by a decision of how to allocate pr between the two sides:

max (pm+pw)E(Kp)=max(pT- max E(Kp)).
p=(PM;pwW) pr PM+PwW=pT

price allocation decision

9In the case of stability, this follows from a result of Gale and Sotomayor (1985).
10Thus our model fits Rochet and Tirole’s (2006) definition of two-sided markets.
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Focusing on the price allocation decision, we first show that price allocation affects
the distribution of marriages K, only to the extent that it affects the probability that
any arbitrary man-woman pair is p-compatible. Define the incompatibility parameter
q(p) to be the probability that an arbitrary pair (m, w) € M x W is incompatible at prices

p=(pm>PwW):
q(p)=q(pm, pw) = Frm(pr) + Fiw(pw) — Fapa(pam) F(pw).

Lemma 1 states that for ordinal matching processes, the distribution of marriages is
a function only of g(p): All price pairs with the same incompatibility parameter yield
the same expected number of marriages.'!

LEMMA 1 (The distribution of marriages depends only on ¢(p)). Suppose the matching
process  is ordinal. For any p' = (py,, pyy) and p" = (p'y,, py,) that satisfy q(p') =
q(p"), Ky and K ,» have the same distribution.

Proor. For any prices p, since values u;(j) are drawn independently, the probability
that any pair (m, w) will be p-compatible is 1 — g(p), independently of any other pair’s
compatibility. Therefore, the probability that the set of p-compatible pairs will be some
arbitrary set C C M x W is

(1—q(p))'“"- g(pyMP-ici,

which is a function only of g(p). Since g(p') = g(p”), p’ and p” induce the same distri-
bution over all possible sets of compatible pairs, C C M x W.

Fix some realized set of compatible pairs, C. Since values are drawn independently,
an agent’s ordinal preference ranking of his/her compatible partners in C is uniformly
random regardless of prices. That is, conditional on any such C, p’ and p” induce the
same (uniformly random) distribution over ordinal preferences.

The outcome of an ordinal matching process depends only on the realization of
(i) the set of compatible pairs C and (ii) the agents’ ordinal preferences over their part-
ners in C. Since p’ and p” induce the same distribution over (i) and (ii), they induce the
same distribution over matching outcomes; K, and K ,» thus have the same distribu-
tion. O

A general implication of Lemma 1 is that the platform does not bias its price alloca-
tion toward any particular side of the market as a function of market size imbalance (i.e.,
the size of M relative to ). We formalize this in two ways, through Theorem 1 (when
Faq = Fyy) and Theorem 2.

Consider the special case in which there are no ex ante differences between the two
sides of the market other than size, i.e., where F, = F)y. The expected number of mar-
riages (and, hence, expected revenue) is then a symmetric function of p( and pyy re-
gardless of any imbalance between M and W. This follows immediately from Lemma 1
and the symmetry of g() in its arguments, so we omit a formal proof.

' This conclusion may not hold when w is not ordinal. See Example 1 in the Appendix.
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THEOREM 1 (Revenue symmetry). Suppose the matching process is ordinal and that
Fp = Fywy. Let prices p = (pm, pw) and p' = (p'y, p)y) be such that py = py,, and
pw = Py Then p and p’ yield the same expected revenue to the platform.

Thus any expected revenue earned by charging a relatively higher price to the short
side of the market could be achieved by reversing the price list. This contrasts with the
intuition (mentioned in Section 1.1) to charge more to the side of the market with higher
per capita surplus. Optimal transaction fees are not biased toward the short side of the
market, even if that side obtains higher gross payoffs from participation.

In light of this, it is natural to suspect that, at least for symmetric distributions Fq =
Fyy, a revenue-maximizing price allocation charges both sides equal prices regardless
of any market imbalance. This is indeed the case when the value distributions satisfy
a standard hazard rate condition. We say that F; has a strictly increasing hazard rate if
hi(x) = fi(x)/(1 — Fi(x)) is strictly increasing in x € [0, 1]. (Omitted proofs are provided
in the Appendix.)

ProposiTioN 1 (Symmetry with monotone hazard rate). Suppose the matching process
is ordinal and monotonic, and that F»q = Fyy has a strictly increasing hazard rate. For
any 0 < pr <2, prices p’, = py,, = pr/2 uniquely maximize expected revenue subject to
the constraint p pq + pyw = pr-

In particular, unconstrained revenue-maximizing prices satisfy p’ , = p}, whenever
Fr = Fyy has monotone hazard rate. Without the hazard rate condition, the platform
might strictly benefit by charging two unequal prices; see Example 2 in the Appendix.
Even in this case, the platform is indifferent about which side receives the higher price
(Theorem 1).

Obviously when F, # Fyy, the revenue-maximizing price allocation need not be
symmetric. Nevertheless, it remains independent of market size since optimal price al-
locations are simply those that minimize the incompatibility parameter, g().

THEOREM 2 (Optimal price allocation is independent of market size). Suppose the
matching process is ordinal and monotonic. For any 0 < pr < 2 and prices p’ , + pj,, =
pr, the following two statements are equivalent.

(i) Prices (p,, pyy) minimize q(pm, pw) subject to the constraint pa + pyy = pr.

(ii) Prices (p’4, Pyy) maximize expected revenue subject to the constraint p g + pyy =
PT-

Proor. Under the constraint prs + pyw = pr > 0, (p)y,, p}y) maximizes expected
revenue if and only if (p’,, p},) maximizes the expected number of marriages. By
Lemma 1, the expected number of marriages is a function only of g().

To see that it is a decreasing function of ¢(), consider any 0 < ¢’ < ¢” < 1. Clearly
there exist prices p’ < p” with q(p") = ¢’ < q(p”) = q¢”. By monotonicity, p” yields lower
expected marriages than p’. Maximizing expected revenue is thus equivalent to mini-
mizing q(). O
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While the optimal allocation of a given price level, pr, is independent of market
sizes (M and W), the choice of pr itself is typically affected by market sizes (see Sec-
tion 4). The resulting indirect effect on price allocation is ambiguous without further as-
sumptions. Nevertheless, under the hazard rate condition, we can show that optimally
allocated prices (p’ ,(pr), p}y(pr)) are nondecreasing in the price level pr.

ProrosiTION 2 (Price co-movement). Suppose the matching process is ordinal and
monotonic, and that F , and Fyy have strictly increasing hazard rates. Then the following
statements hold.

e Forany( < pr < 2, there are unique prices, (pj‘w(pT), p;"/v(pr)), that maximize ex-
pected revenue subject to the constraint p g + pyy = pr.

e These optimally allocated prices co-vary in price level: p’,(pr) and py,(pr) are
nondecreasing in pr.

As a corollary of this result, any arbitrary change in market sizes affects both sides’
(unconstrained) revenue-maximizing prices in the same direction. That is, fix all of the
primitives of our model other than market~siz~es. Suppose that prices (p’,, py,)) max-
imize expected revenue for market sizes (M, W), while prices ( ﬁjw ﬁ*W) maximize ex-
pected revenue for market sizes (M , W). Then by Proposition 2, either (p%, pyy) <
(D> P) OF (Plgs Pyy) Z (Pl Piy)-

We explore two important points about this conclusion. First, one cannot deter-
mine which of these two inequalities holds without specifying how the matching pro-
cess varies across different market sizes. Section 4 considers price level in the natural
case where p selects stable matchings at all market sizes. Second, the co-movement
of optimal prices hinges on the assumption of independently drawn preferences. Sec-
tion 5 shows how different forms of preference homogeneity overturn this conclusion in
different directions.

4. PRICE LEVEL

In this section, we consider the topic of optimal price level (p7) for matching processes
that yield pairwise stable matchings a la Gale and Lloyd (1962) as motivated in the In-
troduction. In our context, a matching is stable with respect to prices p when (i) each
matched pair is p-compatible, and (ii) no “blocking pair” of agents can match with each
other and obtain strictly higher values (net of price) than in the matching. The well
known deferred acceptance (DA) algorithm of Gale and Lloyd (1962) computes such a
matching, which furthermore contains the same number of marriages as any other sta-
ble matching (Roth 1984b). Therefore, we restrict attention to the following DA match-
ing process without loss of generality.

DEerINITION 1. The DA matching process, wPA yields, for any prices p and values u, the
matching ,ulgj“u that results from the following algorithm. Initialize all men to be eligible
and, ineachround r =1, 2, ..., execute the following steps.
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Step ¢.1. Each eligible man proposes to his favorite (highest-valued)!?

p-compatible
woman among those to whom he has not already proposed. (If no such woman

exists, he proposes to no one.)

Step ¢.2. Each woman is tentatively serially dictatorially matched to her favorite man
among those who have proposed to her (if any exist). These men become ineli-
gible; all others become eligible. If each eligible man has proposed to each of his
p-compatible partners, the algorithm outputs the tentative matching; otherwise
execute round ¢ + 1.

Observe that uP? satisfies the conditions of Section 2.1. Condition 1 is satisfied since
the algorithm is a function only of the agents’ ordinal preferences induced by p and u.
Condition 2 follows from Gale and Sotomayor (1985): a price increase induces “prefer-
ence truncations,” shrinking the set of matched agents. Condition 3 is immediate from
stability.

To analyze price level in relation to market size and imbalance, we would like
a tractable expression for expected revenue under uP* as a function of both prices
(pm,> pyw) and market sizes (M, W). Due to the combinatorial nature of this prob-
lem, such an expression remains out of reach. Instead we draw conclusions by first
demonstrating that this expected revenue is approximated (and bounded) by the ex-
pected revenue obtained under the following (compatibility-constrained) serially dicta-
torial matching process (which also satisfies the conditions in Section 2.1).

DEFINITION 2. The serial dictatorship (SD) matching process, uSP, yields, for any prices
p and values u, the matching w37, that results from the following algorithm. Initialize all
men to be eligible and, in each round ¢ € {1, 2, ..., W}, execute the following step.

Step t. Woman w = ¢ is matched to m, her favorite p-compatible man among those
who are eligible. (If no such man exists, she is single.) Man m is removed from the
set of single men.

Arnosti (2016) formally shows that the expected number of stable marriages is
bounded by that obtained under a similar procedure. He considers large matching mar-
kets with short, constant-length preference lists on one market side, while our prefer-
ence lists are “shortened” via prices and thus not of constant length as markets grow
large. Since this technical difference is minor, we merely verify Arnosti’s bound in our
setting through simulation (see Figure 2) rather than extend his formal arguments to our
setting.

Additionaly, we provide a closed-form expression for expected revenue (or mar-
riages) under u5P, requiring the following notation.

12We ignore the zero probability event of ties. One form of preference homogeneity in Section 5 yields
ties that can be broken arbitrarily without affecting the results.
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DerINITION 3. For any real number ¢ € [0, 1], the g-analog of integer j € Z and the g-
factorial of j are, respectively, defined as
— qj

1
Glg=1+q+ - +¢'=—=

- [lg! = [jlglj — g -+~ [114.

The g-binomial coefficient for integers k,n € Z (k < n) is

[n} _ [n]g!
k], Tklgln—Klg!"

Since our purpose is to consider how market size affects the distribution of marriages
under uSP, we make this dependence on M and W explicit. Analogous to the notation
used in Section 3, for any prices p = (pat, pyy), we let random variable K nt,DM,W denote
the number of marriages created by uSP for a random economy at prices p.

TueoreM 3 (Distribution of marriages under uSP). For any M, W and prices p =
PM,> Py With incompatibility parameter q = q(p), the number of marriages created un-
der uSP for a random economy has the following distribution.'® For 0 < k < min{M, W},

M| W
P(Kpyw=k)=(1~ Cl)kq(M_k)(W_k)[k} [k} [Kk]q!- 1)
gL* lq

Its expectation is provided by Kemp (1998):

TR il (L L L i

j=1

2)

The first two terms in (1) have a straightforward interpretation: the term (1 — ¢)*
is the probability that k given pairs of agents are compatible, while g™~ =k) ig the
probability that all other agents are incompatible. The remaining terms are a probabilis-
tic analog to the number of ways to form k pairs from the sets M, .

Figure 1 graphs (2) for various levels of incompatibility ¢(p), fixing M = 50 while
varying W. The graph illustrates the intuitive fact that when the market is very imbal-
anced (W far from 50), the platform creates close to the maximum feasible number of
marriages (min{}¥, 50}) even at relatively high prices (g(p) close to 1). In relatively bal-
anced markets, alternatively, the platform faces a richer trade-off between price and
volume.'# The same intuition holds true for stable platforms (uP*).

13Equation (1) is analyzed by Blomqvist (1952) and Kemp (1998). Ebrahimy and Shimer (2010) use it to
describe employment in a stock-flow labor model.

14To illustrate, when M = W = 50, and F4 and Fyy are both U[0, 1], revenue-maximizing prices under
wSP are approximately P = Py =0.718 (q(p*) ~ 0.92). These prices yield approximately 41.9 expected
marriages, leaving 16% of the market unserved. While these numbers are merely illustrative, they demon-

strate a nontrivial price-volume trade-off.
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F1GURE 1. The expected number of marriages under serial dictatorship for various g(p), fixing
M =50.

We compare the expected number of marriages created under uSP and uPA, observ-
ing that the former is both an approximation and a bound for the latter. Following the
intuition discussed above, it is unsurprising that these values approximate each other
in very unbalanced markets, where both matching processes create close to the max-
imum feasible number of marriages, min{M, W}. Therefore, we focus on the (“worst”)
case of balanced markets (M = W), where the expected number of marriages under ei-
ther process need not be close to min{M, W}. Our resulting conclusions easily extend to
unbalanced markets.

Figure 2 graphs the percentage by which the expected number of marriages un-
der uSP falls short of the expected number of marriages under uP2. To be precise, let
KPA»mw denote the number of marriages created by uP? for a random economy at
prices p. The figure graphs the percentage [E (K}?,’?W,W) ) (K,S;],)M,W)] J/E (KpDﬁV[,W) as
a function of (balanced) market size n = M = . Consistent with the related asymptotic
results of Arnosti (2016), the values in the graph are positive.

The figure also hints that for any pair of prices (i.e., any g(p)), the percentage differ-
ence converges to zero. The following theorem implies a slightly stronger conclusion:
the expected number of single agents under uSP converges to a constantasn=M =W
grows large; see Figure 3.1°

THEOREM 4 (Expected singles under uSP). For random, balanced economies of size
n=M =W, let random variable S?Pn denote the number of unmatched men (hence un-

matched women) under uSP at prices p. For any prices p with incompatibility parameter

15The distribution of SIS,]?,, has thin tails (see (8) in the Appendix). Therefore, Figure 3 approximates S(q)
by summing the first (sufficiently many) terms of (3).
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(Equation (2)).
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FIGURE 3. The expected number of unmatched men (women) under uSP in large, balanced
markets at prices p is S(g(p)).

q = q(p), its asymptotic expectation is

lim  E(S30)=5(g) = []o_o[(1 - qi):| [i il ] 3)

M=W — 00 Pl e ((1 —q)--- (1 _ qs))Z

The result is significant since it allows us to draw a related conclusion about the
number of unmatched agents under uP?, even in economies of arbitrary size and im-
balance. First, begin with a balanced economy of size n = M = W and fix prices p. It
is intuitive that S(g) is an upper bound for E (S%I’)n) ; i.e., there are more expected single
men/women in the limit than in the finite economy. Second, recall that E (Sf}?,,) is an
upper bound on the expected number of single men/women under uP%; i.e., there are
fewer marriages under 5P than under uP? (Figure 2). Third, under uPA, it is clear that
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the expected number of single men is greater than it would have been in an unbalanced
economy of size n = M’ < W’; i.e., adding agents to one side of the market (say, W) de-
creases the platform’s “shortfall” relative to the maximum feasible number of marriages,
n=min{M’, W'}.

Combining these three inequalities yields our conclusion: the expected number of
marriages that a stable platform fails to produce by charging prices p = (pa+r, pw) >
(0, 0) is bounded above by S(q). Fixing prices, the fraction of potential marriages that
the platform fails to create—but that could have been created at lower prices—becomes
vanishingly small as the market grows. Not only does a larger market benefit the plat-
form in the obvious way of increasing the number of potential matches, but also does so
by increasing the feasible per capita value of matchings yielding higher surplus extrac-
tion per agent. The relative “cost of stability” suffered by the platform in smaller markets
vanishes as the market grows large.

These conclusions rely on certain assumptions we have made so far. Aside from the
standard abstractions we make in our model (e.g., a lack of search frictions, etc.), the
most significant assumption has been that of independent preferences (z). We address
this in the following section.

5. PREFERENCE HOMOGENEITY

We reconsider the effect of market imbalance on price allocation when preferences ex-
hibit homogeneity. Recall that under heterogeneous preferences (independently drawn
values), market imbalance has no direct effect on price allocation (Theorem 2) and any
indirect effect (via its effect on the price level) moves both sides’ prices in the same di-
rection (Proposition 2).

Here we show how two forms of preference homogeneity alter these conclusions.
First, market imbalance biases price allocation, but in a direction that depends on the
which type of homogeneity is present (Proposition 3). Second, any change in market
imbalance moves the two sides’ prices in opposite directions (Proposition 4).

We consider the two forms of homogeneity separately. In the first—within-side ho-
mogeneity—all agents on one side of the market agree on the desirability of any given
agent on the other side. Such “vertical” preferences have been assumed in various works
on exclusive matching platforms discussed in Section 1.2. In the second—partner ho-
mogeneity—any given agent values all potential partners equally. This assumption, ap-
pearing, for example, in the two-sided markets literature, reflects undifferentiated part-
ners while allowing heterogeneity in outside options.

Throughout this section, we assume that the profile of agents’ values u is drawn from
a joint distribution that satisfies one of the following two sets of assumptions.

DErINITION 4. Preferences exhibit within-side homogeneity when the following condi-
tions occur.

e For each w € W, the men have a common value U, (w) drawn from F 4, so for all
meM, uy(w)=Up(w).
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e For each m € M, the women have a common value Uyy(m) drawn from Fyy, so for
all w e W, uy,(m) = Uy (m).

e These (W + M) different values are drawn independently.
Preferences exhibit partner homogeneity when the following conditions occur.

e Each m € M has a participation value U (m) drawn from Fp,, so for all w e W,
um(w) = Up(m).

e Each w € W has a participation value Uyy(w) drawn from Fyy, so for all m € M,
uy(m) = Uy (w).

e These (M + W) different values are drawn independently.

Under either form of preference homogeneity, the space of plausible matching pro-
cesses becomes less rich. Indeed much work under within-side homogeneity assumes
or derives a stable (assortative) matching outcome. Our observations apply more gener-
ally to any matching processes that satisfy Condition 3, since they yield the same num-
ber of marriages as uPA.

FacT. Suppose preferences exhibit either form of homogeneity. Let . be individually ra-
tional and weakly unimprovable. For any prices p, the expected number of marriages
under . and uP? is equall.

This fact is proven simply. Under within-side homogeneity, the women commonly
find any given man “acceptable” with probability 1 — Fyy(pyy). The number of accept-
able men is thus a (binomial) random variable, k 5. Similarly, the number of acceptable
women is kyy. Clearly uP? creates k = min{k o4, kyy} marriages (assortatively). An indi-
vidually rational u creates no more than k£ marriages; a weakly unimprovable u creates
no fewer.

Analogously, under partner homogeneity, there are (binomially distributed) &y,
men and k),, women “willing to participate.” An individually rational, unimprovable
w creates k’ = min{k’, (, k,,} marriages.

In either case, expected revenue maximization involves the (intractable) expected
minimum of two binomial variables. Since our goal is to qualitatively contrast market
imbalance effects under our two forms of correlation, we simplify the discussion by ex-
amining a large (continuum) market.

5.1 Price allocation: Large markets with homogeneity

We consider the model of Section 2 but with a continuum of agents: a mass M of men
and a mass W of women. Our definitions extend to this setting in a straightforward way,
so we omit their reformalization for brevity.

Under within-side homogeneity, analogous to k o and kyy above, there are (now de-
terministic) masses of “acceptable” men k rq = (1— Fyy(pwy)) * M and women Ky = (1—
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men woInern

F1GURE 4. Within-side homogeneity leads to a relatively higher price for the short side of the
market: M > W leads to Fyy(pw) > Fa(pa).

Fai(pa)) * W, yielding a mass of marriages k = min{x ¢, xyy}. Revenue-maximizing
prices clearly yield k p¢ = kyy, implying

1-F w
w(pw) _w @

1=Fpmpm) M

Therefore (see Figure 4), the short side of the market is charged a relatively higher
price than the long side in the sense that if, say, W < M, then Fyy(pyw) > Frm(pam)-
When F( = Fyy, this additionally means pyy > p .

Partner homogeneity inverts this relationship: The platform equates the masses of
men k' = (1 = Fyy(pw)) * W and women «),, = (1 — Faoq(prm)) * M who are “willing to
participate.” By inverting the right hand side of (4), the price bias now relatively favors
the short side. We summarize as follows.

ProprosiTioN 3 (Market imbalance and preference homogenelty) Consider an imbal-
anced market where (without loss of generality) M > W and suppose the matching process
is individually rational and weakly unimprovable.

e Under within-side homogeneity, the revenue-maximizing platform charges a rela-
tively higher price to the short side: Fyy(pyw) > Fa(pm)-

e Under partner homogeneity, the revenue-maximizing platform charges a relatively
higher price to the long side: Faqr(pam) > Fyw(pw).

The proof follows from (4).

Last, we show that with preference homogeneity, a change in market imbalance
moves the two sides’ prices in opposite directions. This contrasts with the independent
values case where prices co-vary (Proposition 2).

ProposiTION 4 (Price negative co-movement). Suppose Fyq and FW have strictly in-
creasing hazard rates. An increase in the proportion of men, M /W, changes revenue-
maximizing prices (p’y, pyy) as follows.

e Within-side homogeneity: p’ , weakly decreases and py,, weakly increases.

e Partner homogeneity: p’, , weakly increases and py,, weakly decreases.
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An intuitive illustration of this result is so-called surge pricing on ride-sharing plat-
forms that exhibit partner homogeneity (agents are ex ante indifferent over partners).
A relative shortage of drivers leads to higher rider prices and lower driver prices (higher
wage). Interestingly, the introduction of heterogeneous preferences over potential part-
ners to such environments would make surge pricing less desirable (Proposition 2).

For within-side homogeneity, an increase in M /W gives each woman a more valu-
able partner. As the platform extracts this value by raising pyy, marriages become more
profitable. The platform thus lowers p to generate more of them. This argument is
reminiscent of the “see-saw” effect in Rochet and Tirole (2006): a price increase on one
side incentivizes a price decrease on the other. Unlike in their model, the argument
holds here only under an interaction between preference homogeneity and market im-
balance.

6. CONCLUSION

We have established a qualitative distinction between pricing decisions on exclusive
and nonexclusive matching platforms. With exclusivity, an interaction between pref-
erence homogeneity and market imbalance impacts optimal price allocation: transac-
tion prices become biased toward either the short or long side of the market depending
on the form of homogeneity. This bias disappears when preferences are fully hetero-
geneous. An amplification in market imbalance either moves the two sides’ prices in
the same direction (heterogeneous preferences) or opposite direction (homogeneous
preferences).

The reasoning behind this is that the two cases differ in their price allocation ob-
jective. For ordinal, monotonic matching processes, this objective under heteroge-
neous preferences is to minimize the incompatibility rate for any arbitrary pair of agents
(Lemma 1). Under homogeneous preferences the objective is to minimize incompati-
bility between “marginal” participants on the platform (Equation (4)), which depends
on market sizes.

These results highlight an empirical requirement on exclusive matching platforms
that is absent in the case of nonexclusive matching: knowledge of the presence and
structure of preference homogeneity and, unless preferences are sufficiently heteroge-
neous, an assessment of the imbalance between the sizes of the two sides of the market.

APPENDIX: OMITTED PROOFS AND EXAMPLES

The following example illustrates that the conclusions of Section 3 may fail for non-
ordinal matching processes.

ExaMPLE 1 (Asymmetric pricing for non-ordinal n). Let M = {m} and W = {1, ..., 10},
with each value u;(j) drawn uniformly from [0, 1]. Let u be such that, for any prices
p and realized values u, m marries his favorite woman, argmaxu,,(w), if she is p-
compatible with him, and otherwise remains single. The outcome is sensitive to m’s
preferences over incompatible women, so u is not ordinal. It is easy to see that (i) at
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prices pa = 0 and pyy = 0.5, a marriage is created with probability 0.5; (ii) at prices
P\ =0.5 and p},, = 0 this probability is (1 — 0.5'°). Even though g(p) = q(p’), the ex-
pected number of marriages is greater at prices p’. O

Proposition 1 and Proposition 2 are proven with the following result.

LEMMA 2. Suppose the matching process is ordinal and monotonic, and that F x4 and Fyy
have strictly increasing hazard rates. For any 0 < pr < 2, there is a unique pair of prices,
(P\» Pyy), that maximize expected revenue subject to the constraint pq + pw = pr-
These prices minimize the absolute difference in the two sides’ hazard rates:

(P> PYy) = argmin | (pA0) — o (pw)|- 5)
PM>PWE PMHPW=PT
Proor. By Theorem 2 it suffices to show that there is a unique pair of prices that min-
imize g(paq, pyy) subject to the constraint pas + pyy = pr, and that these prices sat-
isfy (5). Recall our restriction to prices paq, pyy € [0, 1]. Note that this restriction is
without loss of generality here since, for 0 < pr < 2, g-minimizing prices must satisfy
PMs Pw € [0,1). First, ppg > 1 or pyy > 1 implies g() = 1 while prices (pr/2, pr/2)
guarantee g() < 1. Second, if say ppq < 0, then a small increase in p 4 and decrease in
pw = pt — ppm > 0 strictly decreases g( ).
Under the constraint p g + pyy = pr, the requirement p 4, pyy € [0, 1] can be writ-
ten as max{0, pr — 1} < pay < min{l, pr}. Therefore, defining g(pr) = q(pm, pr —
PMm), the minimization problem can be written as

r}l}? G(pam) s.t. max{0, pr — 1} < pp <min{l, pr}. (6)

Differentiating g on this range, we have

i
Z;PA/;A) = (1—=Fw(pr — pA)) frm(PA) — (1= FA(pa) v (T — PMD,

which is continuous in pa4. For interior values of p,, i.e., max{0, pr — 1} < pp <
min{1, pr}, this can be written as

dq(prm) _

dpo (1= Fw(pr — pA0)) (1 = FEam(pa)) (Baa(pam) — hw(pr — pM))s

where division by zero is avoided for ps < min{l, pr}. Furthermore, this inequality
along with max{0, pr — 1} < p also implies

(1= Fw(pr — pA0))(1 = Fam(pa)) > 0,

meaning that for interior values of p ¢, dg(pat)/dp s has the same sign as the differ-
ence

(haa(prt) = b (pr — pAD))- @)
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By the monotone hazard rate assumption, (7) is strictly increasing in p r¢. Hence on the
range max{0, pr — 1} < pa¢ <min{l, pr}, the sign of dg(-)/dp 4 is either (i) always nega-
tive, (ii) always positive, or (iii) crosses zero from below at exactly one price pj‘w. In these
three respective cases, ¢( ) is minimized at (i) Py =min{l, pr}, (i) pl, =max{0, pr —1},
or (iii) where haq(p’y () = hw(pr — p’,)- In each case, this is the price that minimizes
(5), proving the lemma. O

ProoFr oF ProposITION 1. The result follows immediately from Lemma 2 and observ-
ing that the solution to (5) is given by p% ((pr) = pr/2 when Faq = Fyy. O

Without the hazard rate condition, revenue-maximizing prices may be unequal even
if Foq = Fyy, as illustrated in the following discretized example.

ExamPLE 2 (Optimal, unequal prices). Consider one man and one woman (M =W =
1), and the matching process that creates a marriage whenever the agents are p-
compatible. The value that each agent assigns to the potential mate is (independently)
either 0.1 (probability 7) or 0.9 (probability 1 — 7). One can restrict attention to prices
PMs Pw € {0.1,0.9} and check by inspection that the following price pairs maximize ex-
pected revenue:

(P> Pyy) =(0.9,0.9) when 7 <4/9

(P> Py) €{(0.1,0.9),(0.9,0.1)} when4/9 <m <4/5

(P> Pyy) =(0.1,0.1) when4/5 < .

In the case 4/9 < 7 < 4/5, it is strictly optimal to charge unequal prices. Nevertheless,
the set of optimal price lists is symmetric (see Theorem 1). O

ProoF oF ProposiTION 2. For any 0 < pr < 2, Lemma 2 states that there are unique
revenue-maximizing prices, (p’y,(pr), py,(pr)). We show that P (pr)is nondecreas-
ingin pr. Anidentical argument applies to p3,,(pr).

Fix 0 < p’, < p’; <2 and denote optimal price allocations

Pm=rmrr)  pw=rr—puPr)  Pm=rm(PT) P =pT— Pu(PT)-

Suppose, to the contrary, that p/ , = p/,, — & for some & > 0. With the constraints in (6),
this implies

max{0, p7 — 1} < pi( < P’y <min{1, p%}
max{0, p7 — 1} < py, < piy, + 8 < pyy, <min{1, p7}.
Next observe that

() < haa(Ping) = hw(pyy) < hw(Piy +8) < hw(pyy)-
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The strict inequalities follow immediately from the hazard rate assumption. To derive
the weak inequality, observe that if ~r((p/y () > hw(p),,), then for small € > 0, p’,  — € >
0 and pﬁ/\, + € < 1 would strictly reduce the absolute difference in hazard rates, i.e.,

| (Pl =€) = bw (P + €)| < [ham(Pg) = hw ()]s

in contradiction to (5).

By definition, (p’},, p},) minimizes (5) with respect to p7.. However, hr(p'y,) <
hw(py,) implies that for small € > 0, p’, , + € < 1 and py,, — € > 0 strictly reduces the
absolute difference in hazard rates, i.e.,

| (Pl +€) = hw (pyy — €)| < [hm(Pa) — hw(Piy)

>

which contradicts (5). O

ProoFr oF THEOREM 3. Fix p = (pa4, pyy) with incompatibility parameter g = g(p). We
prove (1) for arbitrary M by induction on W. Since p is fixed, we simplify notation by
writing K7, to denote K?PM,W'

Fix M. Equation (1) clearly holds when W =1: P(Ky,1 =0) = g™ (the woman is
incompatible with each man) and P(K ;1 = 1) = 1 — ¢g™. For some arbitrary W, suppose
(1) accurately describes the distribution of K7 1. We show that it accurately describes
the distribution of K/ w.

Observe that the SD algorithm (Definition 2) creates at most one (permanent) mar-
riage in each step 1 < < . Also, the total number of marriages created through step
W — 1 has the same distribution as K, y_;. In words, running SD on a random econ-
omy of size (M, W — 1) is equivalent to running the first W — 1 steps of SD on a random
economy of size (M, W).

Furthermore, for SD to yield a total of k marriages after the final step t = W, there
must have been either k or kK — 1 marriages created through step t = W — 1. Consider the
(conditional) probability of obtaining k£ marriages given either of these two scenarios.

Scenario 1: k marriages are created through step t = W — 1. Entering step t = W,
there are M — k men yet unmatched. Woman W is incompatible with each of them
with probability g™ —*. That is, with probability g™, step t = W adds no additional
marriage to the existing k.

Scenario 2: k — 1 marriages are created through step t = W — 1. Entering step t = W,
there are M — k + 1 men currently unmatched. Woman W is p-compatible with at least
one with probability 1 — g™ —*+1_ That is, with probability 1 — g™ —*+1 step t = W adds a
kth marriage to the existing k — 1.

The total probability of SD yielding k marriages is, therefore,

P(Kyw=k)=P(Kyw—1=k— 11— " N 4+ P(Kpr w1 = k)g" .
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Using (1) to substitute for the distribution of K, y_1, this equals

M w-1
o Nk=1 (M —k+1)(W—k) M—k+1
1-9""q [k_l] [k 1L[k Ug!(1=¢")

+ (1= g)f M=k ”[]Z] [Wk_ 1} k1! (@™ ™)
q q

W—k
(4 N\ kM- MW= M+
_([k]qa—q))(l Ve [k—l} [k ] [Klq} (1 = )

+(1—q)"q(M"‘)(W‘k)[Aﬂ [Wk_ 1] [klq!
q q

:<L>(1_q)kq(M—k)(W—k)|:M:| [k]‘l |:Wi| [k]q [k] ( M k+1)
(k11— ) k], M —k+11, | k |, 071,

W~ Ky,

e q)kq(M—k)(W—k)[ [W}
q
1)
k| W1,

k [klq!

M
g7 k(1 — gk gM-W— k)|:ki|
q

M1 [W] W —k]
k (M—k)(W—k) W —klg
+ [k
o [kuk o, e
= (1 - q)fgM-W= k>[ [W [k]q!<qw_k[k]q+[W—k]q)
gLk lq (Wlq
Ml [w
= f— k (M_k)(W_k) |
1-9)"q [kL[kL[k]q.,
proving (1) for Kjs,w. Equation (2) is proven by Kemp (1998). 0

ProOF OF THEOREM 4. Fix prices p with ¢ = q(p). In abalanced market of sizen = M =
W, the probability that uSP yields a perfect matching, i.e., of having zero unmatched
agents, is given by (1):

P(KSD, =) = (1— g)"g"= = [ZL[ZL[n]q!
=(1-g")-(1-4).

As n goes to infinity, P(Kp n.n = 1) converges to q,’)(q) =[]z, - g"). Tt can be shown
that 0 < ¢ < 1 implies ¢(g) > 0. Therefore, P(KSP
across all market sizes n.

».n,n = 1) is bounded away from zero

In unbalanced markets of arbitrary sizes M, W, the probability of exactly k mar-
riages, and hence g = M — k single men and & = W — k single women, can be written in
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terms of g and £ using (1):
k+g| [k+h
S S k gh
1%Kﬁhnv=k)=l%K£k@k+h=k)=<1—q)qg[ . }q[ . ]thh

Letting the market grow large by letting k — oo, the probability that there are g single
men (and hence 4 single women) converges to

lim P(Kisal,jk+g,k+h =k)

k—o0

. k+g| [k+h
= lim (1 — g)*¢%" k1!
ker;O( 9)"°q [ K L[ K L[ Iq

Y
((1 _ qk+1) o (1 _ qk+g>> <(1 . qk+1) o (1 _ qk+h))

(1—q)-(1-¢°) (1=q)-(1-4")

= lim (1— q)kqgh(
k—o00

= lim (1—¢%)---(1 - q)¢*"

k—o0

1

. 8)
I—q)--(1-¢%)-A—q)---(1-g"

=d(q)g"

Hence in the case of asymptotically large balanced markets (g = &), the expected num-
ber of single men (and hence women) converges to (3):

= = SS 1
S(q)=¢(q)§~?'q A-q-(1-¢)d-q--(1-¢) )

ProoFr oF PropPosITION 4. We prove that under partner homogeneity, the revenue-
maximizing price charged to the men is weakly increasing in n = M /W, the relative
proportion of men. By relabeling the sides of the market, the same proof implies that
the women’s revenue-maximizing price weakly decreases in 7.

Fori= M, W and x € [0, 1], define p;(x) = Fl._l(l — x) to be the price at which x is the
proportion of agents on side i who are willing to match. Our assumptions on F and
Fyy imply that p () and pyy() are strictly decreasing and continuously differentiable.

Recall that the platform sets prices in a way that equates the two masses of agents
willing to match, which we write as k oy = xyy = «, a la Figure 4. Revenue maximization
can be written as the optimal choice of «:

max _ k- [pam(k/M)+ pyw(k/W)].
k<min{M ,W}

Equivalently, the objective can be written in terms of choosing the proportion of men
willing to match, which we denote k = k/M:

max M- [pa(R)+ B o1
R<min(l,1/n) [Aam(®) + pw(nic)]
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The first-order condition necessary for an interior optimum 0 < k < min{1, 1/7} is
PM(R) + pw(ni) + & - Py (&) 4+ ni - piy(nk) = 0. 9)

By definition, x = 1 — F;(p;(x)). By the inverse function theorem p/(x) = —1/f;(pi(x)).
Substituting these terms and denoting the hazard rates 4;(x) = fi(x)/(1 — F;(x)), the
first-order condition (9) is

1 1
A (P (©)  hw(pw(ni))

G(k,m) = pm(k) + pw(nk) —

Since each p;() is strictly decreasing in «, the hazard rate assumption implies that
—1/h;i(p;i(-)) is also strictly decreasing in k. Therefore, G() is strictly decreasing in x and
the second-order conditions are also satisfied.

Observe that G(k, ) is continuous in k and strictly positive when evaluated at k = 0.
Therefore, there are two possibilities: either there is a unique interior optimizer 0 < k <
min{1, 1/n} that satisfies (9) or G(k, n7) > 0 for all interior k, the constraint binds, and the
unique optimizer is k = min{1, 1/7}.

Regardless of the case, let k*(n) denote the unique optimizer as a function of 7.
Consider an increase in the ratio of men to women from some 7’ to some n” > 7'.
As 7 increases, G(k, n) decreases and the constraint k < min{1, 1/n} becomes weakly
tighter. Therefore, this must lead to a weakly lower optimal proportion of matched men:
k*(n”) < k*(n’), whether the constraint binds or not. This implies a weak increase in the
optimal price charged to the men:

Pm(* (")) = paa(*(n')).

By relabeling the sides of the market, the same conclusion can be drawn for the optimal
price charged to the women’s side.

The proof for within-side homogeneity is analogous, but relates the proportion of
acceptable men k to the women’s price rather than the men’s. Thus the opposite con-
clusion is reached, proving the proposition. O
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