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On guarantees, vetoes, and random dictators
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A mechanism guarantees a certain welfare level to its agents, if each of them can
secure that level against unanimously adversarial others. How high can such a
guarantee be, and what type of mechanism achieves it?

In the n-person probabilistic voting/bargaining model with p deterministic
outcomes a guarantee takes the form of a probability distribution over the ranks
from 1 to p. If n > p, the uniform lottery is shown to be the only maximal (unim-
provable) guarantee. If n < p, combining (variants of) the familiar random dicta-
tor and voting by veto mechanisms yields a large family of maximal guarantees: it
is exhaustive if » = 2 and almost so if p < 2n.

Voting rules a la Condorcet or Borda, even in probabilistic form, are ruled out
by our worst case viewpoint.

KeyworDs. Worst case, guarantees, voting by veto, random dictator.
JEL cLASSIFICATION. D63, D71.

1. GUARANTEES AND MECHANISMS

Two staples of the collective decision literature, voting by veto and the random dictator
mechanism, are commonly used, informally, to simplify negotiations: the committee
may agree to dismiss first a number of “obviously bad” outcomes, or to resolve disagree-
ments by flipping a coin. We show formally that, when the goal is to offer the best ex
ante protection to individual agents, the two mechanisms and their many combinations
stand out in the worst case analysis.

Fix an arbitrary collective decision problem by its feasible outcomes (allocation of
resources, public decision making, etc.), the domain of individual preferences and the
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number 7 of relevant agents. We evaluate a mechanism (game form) solving this prob-
lem by the guarantee it offers to the participants: this is the welfare level each one can
secure in the resulting game no matter what other players know or how they will play
their part. The worst case assumption is that their moves are collectively adversarial, so
my guarantee is the value of the two-person zero-sum game where I play first against the
rest of the world. A higher guarantee is a better default option, it encourages acceptance
of and participation in the mechanism.

QuesTtioN. How high can such a guarantee be, and what type of mechanism achieves
it?

Guarantees test the ex ante fairness of a mechanism, from the viewpoint of an agent
clueless about other participants or unwilling to engage in risky strategic moves. Itis also
an ex post test: an agent using a best reply to the other agents’ strategies gets at least her
guaranteed welfare (because she has a safe strategy achieving that level no matter what),
so any Nash equilibrium of the game delivers at least that level of welfare to everyone.

The guarantee approach is far from new to economic theory (Section 2 briefly re-
views the literature), but this paper is the first to use it in the probabilistic voting model,
interpreted equivalently as a bargaining model. There are finitely many pure (deter-
ministic) outcomes and we can choose a convex compromise between these by running
a lottery, or allocating time shares, or dividing a budget; for clarity we use the lottery
interpretation. We also maintain a symmetric treatment of agents (anonymity) and of
outcomes (neutrality). Therefore, it only takes the number » of agents and p of pure
outcomes to define a guarantee: it is a lottery A over the ranks 1 to p (where rank 1 is
the worst and p the best), which is feasible in the sense that for any profile of utilities
of the agents we can find a lottery over pure outcomes for which every agent’s expected
utility is at least that from the lottery A.! An equivalent definition for agents endowed
with purely ordinal preferences plays a key role throughout; see Definitions 1 and 2 in
Section 3.

The worst case viewpoint immediately rules out the usual voting methods a la Con-
dorcet or Borda, whether in deterministic or probabilistic form. When there are three
or more agents, if everyone else reports the preference opposite to mine, my worst out-
come is selected. We show that it is always feasible to offer a much better guarantee
to everyone. As explained below, our approach is relevant for problems involving more
outcomes than agents selecting one of them: this points to small committees and direct
bargaining, emphatically not to political elections.

In our model, a guarantee A is maximal (unimprovable) if no other guarantee A’
stochastically dominates A. Our results are of two types: for some values of (n, p) we de-
scribe completely the set of maximal guarantees and simple mechanisms to implement
them; for the other pairs (n, p) the structure of this set resists a full characterization, so
we only construct and implement a large subset of maximal guarantees. In both cases,
the guarantees at the center of our analysis, and corresponding mechanisms, are built

IThat is the utility of her worst outcome with probability A;, of her next worst outcome with probability
A2, and so on.
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from the three ingredients voting by veto, random priority rules, and uniformly random
choice.

The simplest guarantee of all is the uniform guarantee, denoted uni(p), choosing
each outcome with probability %. One way to implement it is to run this lottery and ig-
nore individual preferences entirely. A more interesting way uses uni(p) as a canonical
disagreement option: to any given mechanism ®, we add a last round where each par-
ticipant can reject the outcome proposed by ® and force a uniformly random choice of
the final outcome.

The uniform guarantee uni( p) is maximal for any (», p). If n > p, and only then, it
is the only maximal guarantee: any other guarantee is weakly worse for everyone in all
problems, and sometimes strictly (the proofis easy; see Section 4).

Problems with two agents, n = 2, are not much harder to crack and the result is
more interesting. A maximal guarantee is any lottery symmetric with respect to the
median rank (Proposition 2, Section 4); these lotteries cover a polytope of which the
vertices are easily described and implemented To fix ideas suppose p = 6, so the poly-
tope is a triangle with uni(6) = (5, o %, %, 5 —) in its center and the following vertices.
The random dictator guarantee rd(2, 6) = (2, 0,0,0,0, 2) obtains as usual by tossing
a fair coin and letting the winner choose a pure outcome. To implement the guaran-
tee A = (0,0, 1 5 2, 0, 0), we ask first each agent to veto two outcomes,? after which the
rule picks umformly at random a nonvetoed outcome. To implement the third vertex
w=(0, %, 0, 2, 0), we give one veto token to one agent and four tokens to the other,
choosing the roles by tossing a fair coin (equivalently each agent gets to veto one out-
come, then a random dictator completes the choice).

Our next example illustrates some of the difficulties in tackling problems with more
than two agents.

Example Three agents n = 3, six outcomes p =6 Define the veto guarantee vt(3, 6) =
(0, 3 3 ) 3 , 0, 0) (recall the first coordinate is the worst rank), implemented by first giving
one veto token to each agent then choosing uniformly at random one of the remaining
outcomes: after the vetoing round, my worst case is that the other agents kill my two
best outcomes and I kill my worst outcome; hence the rank distribution cannot be worse
than vt(3, 6). Note that distributing one veto token followed by a deterministic choice
implements A = (0, 1, 0, 0, 0, 0), dominated by vt(3, 6).

The “naive” random dictator mechanism implements the guarantee A! = (%, 0,0,0,
0, %): my worst case is that the two other agents pick my worst outcome. We can
do better. Let each agent report (one of) his top outcome(s); if they all agree on a
choose g; if they each choose a different outcome, pick one of them with uniform prob-
ability; finally, if the choices are a, a, b, we randomize uniformly between a, b and
an arbitrary third outcome c. This implements the correct random dictator guarantee
rd(3, 6) = (%, %, 0,0,0, %), that dominates A!.3

ZWhether these choices are simultaneous or sequential has no impact on the implemented guarantee.

3Modify the above mechanism RD as follows: if they all agree on  select the outcome uniformly between
a and two other arbitrary outcomes. We still implement the guarantee rd(3, 6) but the new mechanism itself
is dominated in the obvious sense by RD.
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It is easy to check directly that uni(6), rd(3, 6), and vt(3, 6) are maximal guarantees.
This follows for rd(3, 6) and vt(3, 6) by inspecting respectively the left or right profile of
strict ordinal preferences

<1abxyzc <1axyzbc
<2bcyzxa <2byzxca
<3cazxyb <3czxyab

(where agent 1’s worst is @ and best is ¢). At the left profile, giving a % chance of their
best outcome to each agent requires to pick a, b, or ¢, each with probability %: then
each agent experiences exactly rd(3, 6) over her ranked outcomes, implying that any
lottery A dominating rd(3, 6) is not feasible at this profile. Similarly at the right profile,
implementing vt(3, 6) implies zero probability on «, b, ¢, and at most (hence exactly) %
on each of x, y, and z. The symmetry of these two arguments is not a coincidence: it is
explained by the duality relation connecting vt(3, 6) and rd(3, 6) (Section 5).

What other guarantees are maximal for n = 3, p = 6? Convex combinations
preserve feasibility but not maximality: for instance, an equal chance of the two
mechanisms implementing vt(3, 6) and rd(3, 6), respectively, delivers the guarantee
%Vt(3, 6) + %rd(3, 6) = (%, %, %, %, 0, %) dominated by uni(6). But lotteries between
uni(6) and vt(3, 6), or between uni(6) and rd(3, 6) are maximal. In fact, the two inter-
vals [uni(6), vt(3, 6)] and [uni(6), rd(3, 6)] capture all maximal lotteries forn =3, p =6
(Theorem 1, Section 4.3).

The two intervals in the above example illustrate the typical choices faced by a de-
signer poised to maximize individual welfare guarantees. The veto guarantee is a rea-
sonable option when bargaining is about choosing an expensive infrastructure project,
or a person to hold a position for life; the random dictator approach makes sense if we
are dividing time between several public decisions, like two alternating roman consuls;
the uniform guarantee stands out if we value a disagreement outcome revealing no in-
formation about individual preferences.

The punch lines We can describe the set of maximal guaranteesifn =2 orn > p, aswell
as if there are at most two outcomes per person: if 3 < n < p < 2n, just like in the exam-
ple above, the set of maximal guarantees contains the nonconvex union of the two inter-
vals of lotteries from the uniform guarantee uni( p) to either the veto vt(n, p) or random
dictator rd(n, p) and not much more; see Theorem 1 and Proposition 3 in Section 4.

In the remaining cases n > 3, p > 2n, we do not know the full structure of the set
of maximal guarantees but we provide some useful insights. First, this set is a noncon-
vex finite union of polytopes, all sharing the uniform guarantee as a vertex (Proposi-
tion 5). Second, if d is the strict integer part4 of %, we can construct 2¢ such polytopes
by concatenating exactly d elementary rounds of vetoes or random dictator (Theorem 2,
Section 6).

4The largest integer strictly smaller than ...
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We also provide simple mechanisms implementing the maximal guarantees we
identify. Critical to their practical application, these mechanisms rely on ordinal prefer-
ences only, as do the agents’ safe actions when they report which outcome(s) they veto,
or which ones they prefer among those still in play.

2. RELATED LITERATURE

The optimal design of a mechanism under the risk averse assumption that other agents
are adversarial is discussed by the early literature on implementation in several slightly
different formulations: implementation in maximin (Thomson (1978), Dasgupta, Ham-
mond, and Maskin (1979)), prudent (Moulin (1981)) or protective strategies (Barbera
and Dutta (1982)). As explained in Section 1, our guarantees are compatible with a wide
range of strategic behaviors.

Steinhaus’ seminal papers (Steinhaus (1949), see also Dubins and Spanier (1961),
Kuhn (1967)) invented the worst case approach for cutting a cake fairly among any num-
ber of agents. His simple mechanism generalizes Divide and Choose and guarantees to
each agent a fair share: one that is worth at least % of the whole cake. The main focus
of the subsequent literature is envy- free divisions: how to achieve one by simple cuts
and queries (Brams and Taylor (1995), Robertson and Webb (1998), Aziz and McKenzie
(2016)) and proving its existence under preferences more general than additive utilities
(Stromquist (1980), Woodall (1980)). An exception is the recent paper of Bogomolnaia
and Moulin (2020) returning to the worst case approach under very general preferences
and identifying the MinMaxShare (my best share in the worst partition of the cake I can
be offered) as a feasible guarantee, though not a maximal one.

The last decade saw an explosion of research to define and compute a fair alloca-
tion of indivisible items, proposing in particular a new definition of the fair share as the
MaxMinShare (Budish (2011)): my worst share in the best partition of the objects I can
propose. This guarantee may not be feasible (Procaccia and Wang (2014)) but this hap-
pens very rarely (Kurokawa, Procaccia, and Wang (2016)); the real concern is that the
mechanisms approximating this guarantee are all but simple.

Other early instances of the worst case approach are in production economies
(Moulin (1992a, 1992b)) and in the minimal cost spanning tree problem (Hougaard,
Moulin, and Osterda (2010)).

The random dictator mechanism is a staple of probabilistic social choice (Gibbard
(1977), Sen (2011)). In axiomatic bargaining, it inspires the Raiffa solution (Raiffa (1953))
and the mid-point domination axiom (Sobel (1981), Thomson (1981)) satisfied by both
the Nash and Kalai-Smorodinsky solutions.

Voting by veto is another early idea introduced by Mueller (1978) to incentivize
agents toward compromising offers: each agent makes one offer, which together with
the status quo outcome makes p = n + 1 outcomes, after which they take turns to veto
one outcome each (in our model the natural status quo is the uniform lottery over out-
comes). This procedure is generalized in Moulin (1981). The area monotonic bargaining
solution (Anbarci and Bigelow (1994), Anbarci (1993)) is a direct application of voting by
veto between two parties, similar to distributing LPT_IJ veto tokens to each agent in our
model.
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A handful of recent papers discuss variants of voting by veto in the classic imple-
mentation context; see, for example, De Clippel, Eliaz, and Knight (2014), Barbera and
Coelho (2017), Laslier, Nunez, and Sanver (2020). All three papers implement maximal
guarantees. Closer to home, Section 4 in Kirneva and Nunez (2021) explains the strategic
properties of a veto mechanism implementing arbitrary compositions of our guarantee
vt(n, p).

We mention finally the small literature on bargaining with cash compensations and
quasilinear utilities (Moulin (1985), Chun (1986)) where only the uniform guarantee is
discussed, while our results unveil many more possibilities.

Organization of the paper Basic definitions are in Section 3, including guarantees,
maximal or not, and their implementation in two models: first when preferences over
outcomes are ordinal and agents compare lotteries by stochastic dominance; second,
when they use von Neumann-Morgenstern (vNM) utilities to compare them. The two
definitions are equivalent.

In Section 4, we describe and implement the maximal guarantees in the three special
casesn > p, n=2, and p <2n. Section 5 introduces two technical tools critical for the
proof of our two theorems: a duality operation respecting maximality and pairing voting
by veto and random dictator, and the concatenation of fewer than £ of these building
blocks. We derive in Section 6 the geometric structure of the set of maximal guarantees,
and its subset obtained by the concatenation just mentioned; we also list a handful of
open questions.

Section 7 concludes and the Appendix provides four proofs and illustrates one of our
open questions.

3. GUARANTEES: DEFINITIONS

Anonymity and neutrality (symmetric treatment of agents and outcomes, respectively)
are hard wired in the definition of a guarantee, which only depends upon the number »
of agents and p of deterministic outcomes. It is an element A of A( p), the simplex of lot-
teries over the ranks in [p] = {1, ..., p}. Here, A1 is the probability of the worst rank and
Ap that of the best rank. We give two equivalent definitions of guarantees respectively
for the case of agents with ordinal preferences or von Neumann-Morgenstern (VNM)
utilities.

The set of deterministic outcomes is A with generic element a, and A(A4), with
generic element ¢, is the set of lotteries over A. We keep in mind the alternative inter-
pretations of A(A) as time sharing or division of a budget between the “pure” outcomes
in A.

The set of agents is [n], with generic element i. Agent i’s ordinal preference over 4 (a
complete, reflexive, and transitive relation) is written -;. Agent i’s VNM utility over A is
avector u; inR4 and u; - ¢ = Y a4 Uiala is her utility at lottery £.

Notation. For lotteries A € A(p), we write [/\]’,Z instead of the sum Z’,Z A¢. The sym-
metric of A with respect to the middle rankis A: Ay = A, 1 forall k € [p].
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The rank-ordered rearrangement (aka order statistics) of u; € R4 is denoted uj eR?
and obtained by writing the entries of u; in nondecreasing order:

k
vk elpl: Zui‘,=min{2um|Tg A, |T] =k}
t=1

aeT

Similarly, given the ordinal preference -; the rank-ordered rearrangement of the lottery
2 e A(A) is denoted ¢* A(p) and defined as

Vk e [p]: [E*i]lf = min{ZEa|T is a k-tail ofi,-}
aeT

where a k-tail of I; is a set of agent i’s kK worst outcomes (not necessarily unique, due to
indifferences): so ¢1' is the weight of agent i’s worst outcome (or the smallest weight of
i’s worst outcomes), and so on.

The stochastic dominance relation (dominance for short) in A( p) plays a central role
throughout. We write A - u and say that A dominates u if we have®

Vkelpl: WY <(ulf) < [Vkelpl:AIF = (wl?)

DerINITION 1 (ordinal preferences). Given n and p, the lottery A € A(p) is a guarantee
atn, p iffor any n-profile 7 of preferences 7 = (:Z;);_, on A4 there exists alottery £ € A(A)
such that ¢* |- A for all i € [n]. Then we say that the lottery ¢ implements A at profile .

DeriNITION 2 (VNM utilities). Given n and p, the lottery A € A(p) is a guarantee at n, p
if for any n-profile of utilities 7 = (u;)?_, on A there exists a lottery £ € A(A4) such that
€-u; > A-u? forallie [n]. Then we say that the lottery £ implements A at profile 7.

The ordinal definition is agnostic with respect to the risk attitude of the agents. The
cardinal one specifies it completely.

LEmMMA 1. Definition 1, Definition 2, and the following property are equivalent:
n n
for any vNM profile (u;)i_, : Zu,:o = Z)vuf <0 (1)
i=1 i=1

We write G(n, p) for the set of all guarantees at n, p: it is a polytope in A( p).

Property (1) refers to the sum of the agents’ utilities, rather than to each agent’s utility
separately. Thus, it naturally corresponds to a variant of the cardinal definition, where
utilities are transferable among agents and treated quasilinearly. The lemma shows that
a guarantee is feasible if and only if it does not distribute more than the sum of utilities
does.

5We also use the equivalent definition: Vz e R : {z1 <zp <--- < Zpl=>A-z>p-z.
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ProoF. Definition 1 = Definition 2

Fix a lottery £ € A(A) and suppose the vNM utility u; € R“ represents the same pref-
erence on A as ;. Writing u?, ¢* for the corresponding rearrangements, the identity
€ - u;=¢* . u} is easily checked. Fix now A meeting Definition 1 and an arbitrary profile
(u;)}_, of vNM utilities, with associated ordinal preferences (2Z;)?_;. If £ implements A
at (=; l’.‘:l, the relation ¢*' - A and the identity give £ - u; > A - uy as desired.

Definition 2 = property (1)

Fix (u;)}_, such that Y i, u; =0and choose ¢ implementing A as in Definition 2: the
inequalities £ - u; > A - u} imply (1).

Property (1) = Definition 1

We check first that (1) implies, for all (u,-)l’.‘:1 e (R4)", the inequality

n n

E A-uf < max E Ujg 2)
‘ acA “©

i=1 =1

Fix any (u;)!_; and set z = max,c 4 " | uig. Writing 1 the vector with all coordinates
equal to 1, we pick a profile (v;)!_; such that u; < v; for all i and Y vig = z for all a.
Applying now (1) to (w;)?_;: w; =v; — 21, wehave Y | A-uf <) 7' A-vf <z and the
claim.

Fix now A meeting property (2) and a preference profile (:Z;)7,. Call S; the set of
utilities v; € [0, 1]/ representing *-; weakly: a =; b = v;, > vj;, for all a, b. Note that S;
is the closure of the set of utilities representing ~; exactly. By property (2) for any profile
(v))l, e II’_,S;, there exists a € A such that )}, v, > > "i_; A - v}, which implies

n

min ~ max ) (vig—A-v])=0
(v;)i €lllS; acA 1

The summation is a linear function of the variable (v;)}_; varying in a convex compact,
and of a. By the minimax theorem, there exists £ € A(A4) suchthat ) 7 £-v; > Y7 | A~
vf for all (v;)}, e II_,S;. Taking v; =0 for all i > 2 gives £ -v; > A - v} for all v; € $3.
Equivalently, ¢*! - v¥ > A - v} for any weakly increasing sequence v} in [0, 1]7: the desired
property ¢*1 - A follows, and the argument is the same for each i > 2:

G(n, p) is a polytope (the bounded intersection of finitely many closed half-spaces)

Fix an ordinal preference profile 7. In order for a guarantee A € A( p) to be implemented
by a lottery ¢ € A(A) as in Definition 1, the lottery ¢ has to satisfy a system of linear
inequalities of the form £, > Ap, £y = Ap, ..., by + e = Ap +Ap_1, €y +Lag = Ap+ Ap_q,
conetc, by +lp+---+L0,=1,0,>0,£,>0,...Note that the left-hand side of this linear
system is determined by the profile 77, and the right-hand side is an affine function of A.
By the Farkaslemma, the existence of a solution ¢ to this system is equivalent to A lying in
the intersection of a finite collection (determined by ) of closed half-spaces. Requiring
that A satisfy this for each of the finitely many possible ordinal profiles = results in a
polytope, as claimed. O
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If n = 2, Lemma 1 gives a simple characterization of guarantees. Check the following
identity (recall X is the symmetric of A with respect to the middle rank):

YueRA: A (—uw)=—-X-u* 3)
and use it to rewrite property (1) in the case n = 2 as A - u* < X - u* for all u. By Footnote 5,
the latter is equivalent to A - A, and thus

AeG(2,p) — [A]If > [)\]ﬁﬂ_k

fora11k=1,...,EJ )
But for n > 3 it is much harder to discover a set of such inequalities representing
G(n, p), or the set of its extreme points.
The implementation of a guarantee by an abstract mechanism follows in the obvious
way from Definitions 1 and 2.

DEFINITION 3. Amechanism ® on 4 = {ay, ..., ap}, [n] ={1, ..., n}is defined by a set of
strategies X; for each i € [n] and a mapping ¢ from X/}, the Cartesian product of the sets
Xi, to A(A). We say that ® implements a lottery A € A(p) if for any i € [n] and Z; agent
i has a strategy x; € X; such that ¢(x;, x_;) implements A (according to Definition 1) for
all x_; € Xy

The existence of this safe strategy ensures that, at any utility profile = each player
prefers (at least weakly) each Nash equilibrium outcome of the corresponding ®-game
to the A outcome.

It is straightforward to see that a lottery A € A(p) is implementable at every pref-
erence profile (according to Definition 1) if and only if it is implementable by some
mechanism (according to Definition 3). To check that a certain lottery A on ranks is a
guarantee in the sense of Definitions 1, 2, it is often convenient to describe a simple
mechanism implementing it. But nonsimple mechanisms routinely deliver better equi-
librium outcomes, from the welfare point of view, than a simple one. For example, the
simplest implementation of the uniform guarantee uni(p) is to pick uniformly at ran-
dom an outcome in A; but if ¥ is any bargaining mechanism, we also implement uni( p)
by (1) playing ¥, then (2) giving to every agent the option to force a uniform lottery on
A (if she prefers this lottery to the outcome of V).

Note that the guarantee A is anonymous and neutral by construction, but it can be
implemented by mechanisms which are neither. For instance, if n = 2, p =5, the guar-
antee A = (0, 0, 1, 0, 0) is implemented by giving two veto tokens to each agent: this can
happen sequentially or simultaneously.®

From the welfare point of view, the guarantees of interest are those that cannot be
improved, the maximal ones.

6In the simultaneous version, we can add any mechanism to select among the possibly several nonve-
toed outcomes.
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DEerINITION 4. The guarantee A € G(n, p) is maximal if
Yuedgn,p): pubA = pu=2A

The set of maximal guarantees is M(n, p) C G(n, p).

4. MAXIMAL GUARANTEES IN THREE SPECIAL CASES
4.1 Casel:n>p

The uniform lottery uni(p) is always feasible and if n > p it is the best guarantee. We
illustrate the argument for p = 4. Pick a profile where the preferences of a subset of four
agents have the familiar cyclical patterna <b <c<d,b<c<d <a,c<d<a~<b,and
d < a < b < c. Suppose that A is a guarantee implemented by the lottery ¢ at this profile.
Considering the first two preferences where a is successively the worst and best outcome
gives A4 < €, < Ay; this is true for all outcomes so by summing up four inequalities we
get Aq < % < A1. Definition 1 again gives [/\]g1 <Ulg+4Lp < [/\]f and the same is true for the
pairs b, ¢, ¢, d, and d, a: therefore, [/\]‘31 < % < [A]%. We conclude uni(p) - A.

ProrosiTioN 1. The uniform guarantee, uni(p); = %for all k € [p], has the following
properties:

(i) Itis maximal for all n, p.
(i) If n > p it dominates every other feasible guarantee: M(n, p) = {uni(p)}.

(iii) Ifn> 3 itis avertex of G(n, p), hence of M(n, p), too.

Intuitively, part (i) should be clear: if we start from uni(p) = (%, . %) and shift
any probability mass to the right, we end up assigning higher probability to the top &
ranks than to the bottom & ones (for some k). This is not feasible, because one agent’s
top k outcomes may be another agent’s bottom ones. The intuition for part (ii) was
illustrated in the p = 4 example above: when n > p a full cyclical symmetry prevents us
from assigning more than % to the top k ranks, for any k. Part (iii) is similar, but a bit
more technical.

ProoF. Statement (i). The equality uni(p) - u} = uni(p) - u; for all u; implies for any
profile (u;)’_,

n n
Zu,-:O E uni(p)~(2u?)=0 (5)
i=1 i=1

Suppose some u € G(n, p) dominates uni(p) and consider a profile of the form
(u1, —u1, 0, ..., 0) where u; is arbitrary. Summing up the inequalities w - u] > uni(p) - uj
and u - (—u1)* > uni(p) - (—u1)* gives w - uj + u - (—u1)* > 0. Because u meets property
(1) all three inequalities are equalities, and we conclude p = uni(p).
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Statement (ii). Assume n > p and pick an arbitrary guarantee A in G(n, p), and a
cyclical permutation o of A: the latter maps utility u to u”: u = uy ;. We pick any u
and consider the profile

2 p—1
g (o g
(u,u,u y ooy U ,0,...,0)

with n — p null utilities. Clearly, Zf;é ue = vl for y =), 4u4, SO we can apply
property (1) to the profile (u — %1, u’ — %1, cutt - %1, 0,...,0). Together with

(u"k )* = u* for all k, this gives

=uni(p) - u*

RS R B

p—1

0> Z(/\~(u”k)*—z) =pA-u)—y = A u'<
k=0 p

as desired.

Statement (iii). Suppose uni(p) is a convex combination of two distinct A, A% in
G(n, p). For any profile such that ) i, u; = 0, property (1) implies >; ; A* - u¥ < 0 for
s =1, 2. Upon writing uni(p) in (5) as a convex combination of A!, A2, we see that the
two inequalities sum to an equality therefore they are both equalities and each A* meets
(5). For n > 3, only uni( p) does.

We check this claim for a generic lottery A. Define 6, = [)\]5 -k for k € [p] and
8o = 0, then pick any three nonnegative integers k, /, m summing to p. Consider a profile
of 0, 1 utilities where u1; up; uz are equal to 1 precisely on three sets of respective sizes k,
[, m partitioning A4, while other utilities, if any, are identically zero. Applying (5) to this
profile yields & + 8; + 8,, = 1. It is easy to check that this simple integer version of the
Cauchy equation implies 6; = % for all k. O

4.2 Case2: n=2

Assuming p = 6 to fix ideas we show that a maximal lottery must be symmetric. Re-
call from the discussion after Lemma 1 that G(2, p) is defined by the inequalities (4).
We assume that A is a maximal guarantee, and show that A; = Ag, A2 = A5 and A3 =
As. Indeed, (4) implies that A; > Ag; this inequality cannot be strict, because then
(A1 —&, A2+ &, A3, A4, A5, Ag) still satisfies (4) for small enough ¢, contradicting the maxi-
mality of A. Next, A; = Ag and (4) imply that A» > As5; again, this cannot be strict, because
then (A1, A2 — &, A3 + &, A4, A5, Ag) still satisfies (4). Finally and similarly, we can deduce
the remaining equality A3 = A4.

ProposITION 2. Maximal guarantees for n = 2.
Ifn=2 < p, the lottery A € A(p) is a maximal guarantee if and only if it is symmetric:

Mo=Apix forl<k= H (6)

The extreme points (vertices) of the polytope M(2, p) are the following guarantees \':

p+1

1
Aﬁ:)\;ﬂrkt:i fort:l,...,\‘gj; and )\p;:l if p is odd
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We see that for » = 2 the maximal guarantees are the symmetric ones. Thus, to
choose a maximal guarantee we only need to allocate the total probability mass among
the rank pairs {1, p}, {2, p — 1}, etc. The extreme allocations are those that give the en-
tire mass to one such pair. The center of the polytope M (2, p) is the uniform guarantee
uni( p), contrasting sharply with the case n > 3, p > n where uni( p) is a vertex of M(n, p)
by Proposition 1.

Prook. To prove the if statement, we fix A € G(2, p) and symmetric. Rewrite (6) as A -
u* = X - u* for all u*, which by the identity (3) means A - u* = —A - (—u)* for all u*. The
latter is property (5) for n = 2, so the maximality of A follows as in the proof of statement
(i) in Proposition 1.

To prove only if pick A € G(2, p), which means A + A (i.e., (4)). As the dominance
relation is preserved by convex combinations we have %(X + A) = A where %(X 4+ A) is
symmetric: thus, A is dominated if it is not symmetric.

We let the reader check that the extreme points of the polytope defined by (6) are
the lotteries with only two ranks in their support (or just the middle rank, when p is
odd). O

The mechanisms implementing the vertices of M (2, p) combine in a simple way
the veto and random dictator ideas. Asking one randomly chosen agent to select a pure
outcome implements A! = (%, o,...,0, %), which we call the random dictator guarantee
and denote rd(2, p) as in Section 1. Giving one veto token to each agent, then select-
ing one of the remaining outcomes with uniform probability implements the guarantee

A= (0, ﬁ, e ﬁ, 0), which we write vt(2, p). It is maximal, though not a vertex of
M(2, p) exceptif p=3or4.
To implement A2 = (0, %, 0,...,0, %, 0), we ask first each agent to veto one outcome,

after which we pick a random dictator between the remaining p — 2 (or possibly p — 1
if the vetoes coincide) outcomes. Similarly, we implement A’ by giving ¢ — 1 veto tokens
per person, then choosing a random dictator to pick one of the nonvetoed outcomes.

43 Case3:3<n<p<2n

We define first the guarantees vt(n, p) and rd(n, p), already introduced in the three and
two agent cases. First,

vt(n, p) = <0,

1
1 ——
p—n’”"p—n

is implemented by one round of veto (one token per person) followed by the uniformly
random choice of a nonvetoed outcome. Next, for

n—1

1 1 1
rd(n,p): ;,...,;,0,...,0,—

n
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each agent reports an outcome we deem his best one, then we randomize between n
different outcomes containing all the reported best outcomes of the agents.

Both guarantees are maximal: generalizing the proof in the example of Section 1
for vt(3, 6) and rd(3, 6) is straightforward.” Moreover, Proposition 4 in the next section
shows that, for any n, p such that n < p, all lotteries in the intervals [uni( p), vt(n, p)] and
[uni( p), rd(n, p)] are maximal as well. The remarkable fact is thatif 3 < n < p < 2n these
two intervals capture most maximal guarantees.

THEOREM 1. (i) Foranyn, p suchthat3 <n < p, we have

[uni(p), vt(n, p)] U [uni(p), rd(n, p)] € M(n, p) 7

(i) Thisisanequalityif p <2n—2 and if p = 2n except when (n, p) = (4, 8) or (5, 10).

The hard proof of part (ii) requires the technical tools developed in the next section,
and is done in the Appendix A.3.

Our next result shows why additional maximal guarantees appear in the cases ex-
cluded by statement (ii) above, and describes the full set M (n, p) in two such cases. As
shown in the proof, the mechanisms used in these cases require different ideas beyond
vetoes and random dictators. Moreover, the case n = 4, p = 7 exhibits extremal maximal
guarantees which (unlike all previous examples) are not uniform on their support.

ProrosiTiON 3. (i) If p=2n—1andif(n, p) = (4, 8) or (5, 10), the inclusion (7) is strict.

(ii) For n =3, p =5, there are two pairs of maximal guarantees on the boundary of
A(5):vt(3, 5), rd(3, 5) and the pair

1 1 X (1 11
)\= _)070)_;0 H A = _707_)_70
2 2 3 33

The set M(3, 5) is the union of the four intervals joining uni(5) to these guarantees.

(iii) For n =4, p =7, there are three pairs of maximal guarantees on the boundary of
A(7):vt(4,7), rd(4, 7) and the two pairs

1 1 * 11 111
/\: _,0;070)_1(),0 H A = _7_)0;_y_,_)0
2 2 55 555
(12 o1 w_(lgll 11,
M_ 3’9’9’ ’ )3) ) I‘L - 4’ )4) 4) 12) 6’
The set M (4, 7) is the union of the six intervals joining uni(7) to these guarantees.

The duality operator discussed in the next subsection pairs vt(n, p) with rd(n, p) as
well as A with A* and u with u*.

“For example, for rd(n, p) pick a profile with the preference a; < --- < a,_1 < B < a, and the n — 1 others
obtained by a cyclical permutation of the a;-s leaving the block B fixed.
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PRrROOE. Statement (i). Assume p = 2n — 1. At any profile, we can choose a set of n — 1
outcomes meeting (containing at least one of) the top two outcomes of each agent. A
uniform lottery over these outcomes guarantees to every agent a probability of at least
n%l for his top two outcomes. Hence, there must be a maximal guarantee that does
that, but neither uni(p), vt(n, p) nor rd(n, p) does this, hence neither does a convex
combination of these.

For (4, 8), one checks easily that we can always choose a triple of outcomes meeting
the top three outcomes of each agent in at most one element. A uniform lottery over the
complement of that triple guarantees to every agent at least % for his top three outcomes,
and the argument is completed as above. For (5, 10), a simple case check shows that we
can choose a triple of outcomes meeting the top three outcomes of each agent. A uni-
form lottery over them guarantees to every agent at least % for his top three outcomes,
and the argument is completed as above.

Statements (ii) and (iii). The mechanisms implementing A and A* in each case fol-
low the same logic as above. For A, we can always pick two outcomes x, y meeting the
top two (when (n, p) = (3, 5)) or three (when (n, p) = (4, 7)) of any agent, then we draw
x and y each with probability % For A%, we can always pick two outcomes x, y such that
the worst two (when (n, p) = (3, 5)) or three (when (n, p) = (4, 7)) of any agent contain
at least one of them, then we randomize uniformly over the remaining outcomes.

For the rest of the proof, which becomes quite tedious, we give only a brief outline
here (details are available upon request from the authors). The mechanisms implement-
ing u and u* when (n, p) = (4, 7) require non-uniform lotteries tailored to the configu-
ration of the top two and the bottom two outcomes of each agent. The maximality of A
and A* in each case and of w and u* when (1, p) = (4, 7) is shown using suitable prefer-
ence profiles, with a similar argument to that given in Section 1 for rd and vt. These facts,
together with Proposition 4 in the next section, imply that the union of the intervals join-
ing uni(p) to vt(n, p), rd(n, p), A and AX (and also to w and u* when (n, p) = (4, 7)) is
contained in M(n, p) in each case.

To prove that this containment is actually an equality, one considers an arbitrary
guarantee v € G(n, p) and shows that it is dominated by a guarantee in one of those
intervals. This part breaks into cases as follows. If [v]’f > % fork=1,...,p—1, thenw
is dominated by uni(p). If v; < % orv, > %, then the arguments in the corresponding
cases in step 3 of the proof of Theorem 1 show that v is dominated by a guarantee in
the interval [uni( p), vt(n, p)] or [uni( p), rd(n, p)], respectively. When (n, p) = (3, 5), this
leaves the cases v; + 12 < % or v4 + vs > %, where the implementation constraints for
suitable profiles show that » is dominated by a guarantee in [uni(5), A*] or [uni(5), A],
respectively. When (n, p) = (4, 7) four cases remain: v1 + v < 2, v1 +v2 +v3 < 3, v5 +
v6 +v7 > 2 or vg +v7 > 3. They can be handled similarly, showing that » is dominated
by a guarantee in [uni(7), w*1, [uni(7), A*], [uni(7), A] or [uni(7), ul, respectively. O

Note that Theorem 1 and Proposition 3 together give a full description of maximal
guarantees whenever3 <n< p <n+3.
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5. DUALITY AND CONCATENATION

The technically more involved results of this section are key to the proof of Theorem 1
and the general results in Section 6.

5.1 Aduality operation preserving M(n, p)

Although the results in this subsection apply for all n, p, they are only usefulif 3 <n < p:
we maintain this assumption from now on.

The duality operator is easy to explain if it applies to a lottery A on the boundary
dA(p) of the simplex A(p) (atleast one coordinate of A is zero): it goes from A to its sym-
metric lottery A, then from X to the end point in A( p) of the half-line starting at A toward
uni(p). For instance, it maps vt(3,7) = (0, §, 1, 1, 3,0, 0) first to 4 = (0,0, 1, 1, 3, 5, 0)
then to the intersection of the half-line {x + a(uni(p) — p)|a > 0} with the boundary
dA(p):

vt(3, )* = + z(uni(7) —u) = (l, L 0,000, 1) =1d(3,7)
3 33 3

Note that if A, like vt(3, 7), is uniform on its nonfull support, the same is true of its dual
A*. Moreover, the support of A* is obtained from the support of A by reversing the or-
der on [p], then taking the complement. This explains the intuition behind this duality:
If a uniform lottery on a proper subset S of 4 implements the guarantee A at some pref-
erence profile, then the uniform lottery on the complement 4\ S implements A* at the
reverse preference profile.

Given a lottery A in A(p) different from uni( p), the radius to A is the interval of the
half-line from uni( p) toward A contained in A( p) (it ends on the boundary dA( p)), con-
taining all lotteries of the form uni(p) 4+ 6(A — uni(p)) for some 6 > 0. The antiradius
from A is the interval in A( p) of the half-line from uni(p) away from A, that is, the set of
all lotteries of the form uni(p) + (uni(p) — ) for some & > 0.

If A is aboundary lottery its dual A* is the end point of the antiradius from A. Figure 1
illustrates this construction for p = 3.

Write the largest coordinate of a lottery as A = maxj <<, Ax, and note that A, > 1

g p
because A € JA(p); recalling Ay = A 41k, an easy computation gives

A* = (14 @) uni(p) — @
1

— A,j=a(A+—Xk) forl <k < p, wherea = ———— (8)
p'/\+—1

Keeping in mind that minj <x<, A = 0 itis easy to check the identity (A\*)* = A.
For nonboundary lotteries, we extend this definition linearly on the radius to A

[nedA(p)and A =Suni(p) + (1 - &u} == A*¥=8uni(p)+(1-du*, (9

so that A — AX is a proper duality in A(p). In particular, vt(n, p) and rd(n, p) are dual of
each other, while uni( p) is self-dual.
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Initial A

Anti-Radius from X

A* Dual

\\J{{u'(?)

.

Symmetric A ~
Radius to A

F1Gure 1. The duality operation.

We check that among maximal guarantees, uni(p) is the only self-dual one. By the
discussion in Section 3, a feasible guarantee A is dominated by . Fixnow A € G(n, p)N
dA(p) and self-dual: by (8), the interval [A, A] contains uni( p), implying A uni( PYEA,
a contradiction because uni( p) is maximal. Definition (9) concludes the argument for A
self-dual but not in JA(p).

ProposITION 4. (i) If A # uni(p) is a maximal guarantee, the radius to A and the anti-
radius from \ (the symmetric of A with respect to the middle rank) are contained in
M(n, p).

(ii) The duality operation A — \* in A(p) preserves maximal lotteries:
[M(n, p)]* = M(n, p)

For the proof, we need a technical result characterizing M(n, p) in G(n, p) by its
position with respect to the polar cone of G(n, p). Notation: we write G® for the polar
coneof GCRP: G® ={zeRP|VyeG:z-y <0}

LemwmA 2. The guarantee A € G(n, p) is maximal if and only if there exists a vector z €
G(n, p)® such thathzl zx=0,z1<z2<--<zpandA-z=0.

Proor oF “1r.”. Fix A in G(n, p) and z in G(n, p)® as in the statement, and suppose A is
dominated by p. As the coordinates of z increase strictly, w - A and u # A imply A - z <
w - z. Now feasibility of w and z € G(n, p)© give -z < 0. This contradicts the assumption
A-z=0. U

Note that the condition Z/f:l zy = 0 was not used therefore Lemma 2 remains valid
without this condition. But the condition makes the “only if” part stronger. The long
proof of this direction is given in Appendix A.1.
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ProOF OF ProPOSITION 4. Observe first that the statements in Proposition 4 hold if we
replace M(n, p) by G(n, p). This follows easily from the characteristic property (1), the
identity (3), and the definition (8).

Statement (i). We fix A € M(n, p) and z € G(n, p)© as in Lemma 2. Consider first
a lottery p = uni(p) + 8(A — uni(p)) in the radius to A: it is in G(n, p) as well by the
observation above. For maximality, we use Zle zx =0and A-z=0to compute w -z =
(1 —8)uni(p) - z+ 6A-z=0and conclude u € M(n, p) by Lemma 2 again.

Still fixing A € M(n, p) and z, we pick a lottery w = uni(p) + 8(uni(p) — 2) in the
antiradius from X; we know that wisin G(n, p). Now for any & € G(n, p) the observation
implies that (1 + 8) uni(p) — SE isin G(n, p), in particular,

0> ((1+6)uni(p) — 8¢) -z=—6¢-z
where the equality uses Zle zx = 0. Writing
w = (_Zpr —Zp—1y--+» _Zl)

and using the identity (3), we conclude that ¢ - w < 0. Thus, w is in G(n, p)©, too, and

it satisfies the requirements in Lemma 2 with respect to u: - w=—8A-w==5A-z=0,
which proves the maximality of w.

Statement (ii) follows from statement (i) and the definition of the duality operation.

O

5.2 The operators VT and RD

We construct a rich family of maximal guarantees by successive compositions of two
operators VT and RD mapping a guarantee A in G(n, p) toone in G(n, p + n).

Fixing A € G(n, p), we implement V'T ® A as follows: ask agents to report their worst
outcome, eliminate » outcomes containing all the reported ones, then implement A over
the remaining p outcomes. The latter are ranked weakly higher than 2, ..., p + 1 for
each agent, so we see that I’'T ® A is a bona fide guarantee; and that VT ® A obtains by
inserting A between one zero in rank 1 and n — 1 zeros after rank p + 1.

The implementation of RD ® A is similar, but only if A is a boundary lottery in
G(n, p). Agents report thei\ir best outcome, then we pick » outcomes containing all re-

nAy

ports; with probability T we choose one of those uniformly, and with probability
1

ax T We implement A among the remaining p outcomes.

DerINITION 5. Fix a lottery A € A(p).
Weset VT @ A=(0,A,0,...,0) € A(p + n) with n — 1 zeros after and one before A.
The lottery RD ® A € A(p + n) is given by

RD®A=[VT®A*]* (10)

If A € 9A(p), we obtain RD ® A by filling uniformly » — 1 ranks before A and one after as
follows:
n—1
Ay Ay Lo, M )
nAy+1""7"" " nAy +1"nA +1 7 ndg +1

(1D

RD®/\=(
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If A € 9A(p), we must check that the two definitions (11) and (10) coincide. Write
w for the boundary lottery on the right-hand side of equation (11): applying (8) and

M+=ﬁweget
1 A
* _ + o~
’ C(pam = —1<”)‘+Jrll M)
p nA++1
1 n—1
~ —_——
=ﬁ()\+1—(/\+,)\,)\+,...,A+))=VT®/\*
=
as desired.

The definition implies V' T ® uni( p) = vt(n, p+n) and RD ® uni(p) =rd(n, p +n); we
give many more examples in the next subsection.

LEMMA 3. The composition of guarantees by VT and RD respects their feasibility and
maximality. For any A € A(p),

AeMn,p) = VTRQANRDRKAeM(n, p+n)

and the same statement holds by replacing M(n, p) by G(n, p) and M(n, p + n) by
G(n, p+n).

For the proof, we need a second characterization of maximal guarantees; the proof,
much easier than that of Lemma 2, is also in the Appendix A.2.

LeEmMmA 4. The guarantee A € G(n, p) is maximal if and only if for all k € [p — 1] there
exists a preference profile m such that, for any lottery £ implementing A at w (Definition 1)
we have
e =gk 12

max[£]; =[]} (12)
Proor. Proof of Lemma 3 The implementation argument above shows that V'T ® A is
in G(n, p) if A is. If now A € M(n, p), we fix an index k € [p — 1] and an (n, p)-profile
7 ensuring property (12) as in the premises of Lemma 4. We construct the following
(n, p + n) profile 6:

p
<1 a1 7T a a
...... - (13)
<ndp T 4y - dp—1

where the initial profile = on p outcomes occupies the ranks 2 to p + 1, while the pref-
erences over the n other outcomes are cyclical. If a lottery ¢ implements VT ® A at 6, it
can put no weight on any a; outcome because (VT ® A); = 0, therefore, the restriction
of ¢ to the outcomes of 7 implements A at 7, so property (12) holds for ranks 2 to p + 1
as well as for the first one and the last » — 1 ones.
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That RD ® Aisin G(n, p) respectively in M (n, p), if A is follows from the same prop-
erty for VT, using the duality relation (10) and the fact that duality respects feasibility
and maximality (Proposition 4). O

5.3 Canonical guarantees

Starting from the uniform guarantee, its composition by an arbitrary sequence of the
operators VT and RD generates a large family of maximal guarantees: we call them
canonical, because the veto and random dictator ideas stand out in the characterization
results for n =2 and p < 2n (Section 4).

DEFrFINITION 6 (Canonical guarantees). Fixn, p,3 <n < p, such thatd = LPTAJ and p =
dn+ g forsome g=1, ..., n. Each sequence I’ = (Ft)ﬁ’:1 in {V'T, RD} of length h, h < d,
defines a canonical guarantee in M(n, p) by composition of these operators starting
from uni((d — h)n + q), that s,

Mer’e- - @rMeui((d—mn+q)=T'®[I?*® (.- (" @uni((d — H)n +q)) )

where I QT @ ... @ T" @ uni((d — h)n + q) isin M(n, (d —t + 1)n + q) for all ¢ € [h].
We write their set as C(n, p), of cardinality 2d+1 _ o,

By Lemma 3, all canonical guarantees are maximal, because the composition by
each I'" adds n outcomes to the previous ones, they are in M(n, p). By duality (10),
canonical guarantees come in dual pairs: exchanging VV'T and RD in each term of the
sequence I" produces the dual guarantee.

An important observation is that each A € C(n, p) is uniform on its support therefore
determined by this nonfull support. This implies that it is a vertex of G(n, p) (the proof
mimics that of statement (iii) in Proposition 1); hence, also a vertex of M(n, p).

If d =1 (p <2n) vt(n, p) and rd(n, p) are the only canonical guarantees. We give
some examples where d > 2, writing for brevity a canonical guarantee asI''  I? ® - - - ®
I'" without the initial uniform lottery.

Constant sequences: the composition of 4 veto steps, or of 4 random dictator steps,
gives dual guarantees of a similar shape: their support is at the extreme ranks or in the
center:

h h (n—1)h
—— — 1 1 rm—
VT®~'®VT=<0,...,O,

y ey ,0,...,
p—nh p—nh

(n—1)h h
! 1 1 1 1
—
RD®---QRD=(—,...,—,0,...,0, —, ..., —
e (nh nh nh nh)

A simple mechanism for the former gives 4 veto tokens to each agent, then random-
izes uniformly between the remaining outcomes, even if there are more than p — nh of
those (which will only improve the guaranteed welfare). To implement the latter, we
elicit from each agent her / top outcomes, then randomize uniformly between any nh
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outcomes containing all reported tops, adding arbitrary outcomes if the reported ones
are fewer than nh. The last instruction is important: ignoring it could result in giving too
much weight to someone’s worst outcomes (as illustrated in the example of Section 1).

For d = 2, we have six canonical guarantees, four from the constant sequences and
a dual pair from (V'T, RD) and (RD, V'T). For instance, in C(3, 7):

11 1 11 1 1
VT ®RD = (0, 33 0, 3’ 0, 0), RD®VT = (Z, 7 0, T 0,0, Z)

The mechanism for RD ® V' T selects three outcomes containing the top ones of each
agent; then with probability 3/4 it picks one of those uniformly, and with probability 1/4
plays vt(3, 4) among the remaining outcomes.

Our final example is in C(3, 11) where d = 3 and we have three pairs of nonconstant
sequences of length three, for instance:

11 11 1
(RD, VT; VT)_>/\= _)_)0)0’_’_»0)0)0)0’_
55 55 5
11 11 1 1
(RD,VTyRD)_>)\= ) _)O; ) _)0707 _)O;Or_
6 6 6 6 6 6

6. GENERAL RESULTS AND OPEN PROBLEMS

Theorem 1 in Section 4 tells much about the structure of M(n, p) in the case d = 1.

For general values of d = LPT_lj , we know only a few general facts. Lemma 2 in Propo-
sition 3 provides our best clue. For any z € G(n, p)® such that G(n, p) intersects the hy-
perplane H = {y|z - y = 0}, the intersection H N G(n, p) is a face of G(n, p), in particular
a polytope. The lemma tells us that such a face defined by a vector z with increasing
coordinates is a subset of M(n, p), and that all maximal guarantees obtain for some z.
This proves the following.

ProprosITION 5. For 3 <n < p, the set M(n, p) is a finite union of faces of the polytope
G(n, p), each having uni( p) as a vertex.

Our second main result identifies a large subset of M(n, p) constructed from the
canonical guarantees.

THEOREM 2. Fixn, psuchthat3<n<p,d= L”T_IJ.

For each sequence I of length d in {V'T, RD}, the canonical guarantees from the d
initial subsequences® of T, plus the uniform guarantee, are the vertices of a simplex of
dimension d contained in M(n, p).

The proofis in the Appendix A.4.
Theorem 2 describes 29 components of M(n, p) (faces of G(n, p)). To see that this
may not exhaust M(n, p), we take the simplest example not covered in Theorem 1:

8That is, the guarantees I'', T1 @ T2, T @ I @ '3, etc.
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n=3, p=17,s0d=2. Theorem 2 describes four triangles of maximal guarantees com-
ing in dual pairs. The uniform lottery is always a vertex and the other two vertices are
canonical guarantees:

sequence vertex 1 vertex 2

VT, VT (0%11%00) (0,0,1,0,0,0,0)
RD,RD  (3,50,0,0,0,3) (585505 s
VT,RD (0,4, 11100 (0,330 3,0,0)
RD,VT (3,3,0,0,0,0, 1) (3, 1,0,1,0,0,7)

where the dual pairs are the top two and the bottom two rows. In addition to these four
triangles, the maximal set M (3, 7) also contains two intervals, joining uni(7) to each of
the following two dual noncanonical guarantees:

1 11 * 11 11
A= _rO)Or_)_,O’O ’ AT = _7_)0)0’_r_)0 .
3 3 3 4 4 4 4
In general, we keep in mind that many more guarantees than the ones described in
Theorem 2 are maximal. Pick any noncanonical guarantee A in M(n, p) NdA(p), for in-
stance, those described in Proposition 3 or in the previous paragraph: by Lemma 3, suc-

cessive compositions of A with VT and/or RD generate, for any /# > 1, 2" noncanonical
maximal guarantees in M(n, p + hn) NJA(p + hn).

Conjectures and open questions We conjecture that no convex combinations of canon-
ical guarantees other than those described in Theorem 2 (i.e., corresponding to nested
sequences in {V’'T, RD}) can produce a maximal lottery.

We conjecture that the maximal dimension of a simplicial component of M (n, p) is
d=21].

We do not know how to evaluate the number of such components, which we know
is at least 2¢.

Finally, we give an example in Appendix A.5 of a three person mechanism imple-
menting several noncomparable guarantees: it offers a two item menu of guarantees
among which the agents can choose.” We do not know how long a menu of guarantees
can be, given n and p.

7. CONCLUDING COMMENTS

Our results provide a formal vindication of the role of Voting by Veto (Veto) and Random
Dictator (RDict) as ex ante protections of each individual decision-maker’s welfare. But
much depends on the comparison of n (the number of agents) and p (the number of
outcomes).

Our message is especially clear for bargaining situations between only two agents,
n = 2: then the vertices of the set of maximal guarantees simply combine a round of
Veto (possibly with multiple veto tokens) followed by one of RDict (Proposition 2).

9We thank an anonymous referee for suggesting that this may be the case.
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For general problems, the situation is more nuanced. If we need to protect at least as
many individuals as there are outcomes (n > p), the Uniform (Unif) guarantee drawing
blindly an outcome is the only acceptable guarantee (Proposition 1). Veto and RDict
play no role if the electorate is large.

By contrast, if there are at most twice as many outcomes than agents n < p < 2n,
essentially all maximal guarantees obtained by a convex combination of Unif and Veto,
or of Unif and RDict (Theorem 1).

Finally, if we have significantly more outcomes than agents (p > 2n and n > 3) we
produce many more (exponentially more in d = Lp74j) maximal guarantees by combin-
ing up to d elementary Veto or RDict blocks; some of their convex combinations are
maximal as well (Theorem 2). But the mechanisms implementing them become in-
creasingly opaque. A practical application of our canonical guarantees would involve
at most one round of Veto with up to d — 1 tokens per person followed by RDict on the
nonvetoed outcomes, or the dual mechanism starting by RDict.

APPENDIX: FOUR PROOFS AND ONE MECHANISM
A.1 Proofof Lemma 2

We must prove the only if statement: for any A € M(n, p), we can find a vector z as in
Lemma 2. Consider the following cone W in R¥”:
n n
W = {z:Zuj‘ for some U = (u;)!_, such that Zu,:o (14)
i=1 i=1

By its characteristic property (1), G(n, p) is the intersection of W© with A(p) there-
fore G(n, p)® is the Minkowski sum of (I/I_/) and R?, where (W) is the convex hull of
W. Moreover, the identity >_; x)cinx(p) Yix = 2-(i,a)ein]x 4 Yia iIMplies S zk=0inW
therefore W = G(n, p)° N{z| Z,’;l zi = 0}.

We fix now a maximal guarantee A and define the subcone Z of W

Z= {z eG(n, p)°

p
sz=0and/\~z=0
k=1

This cone is convex, and every element of Z satisfies z; <z <--- < z,, because these
inequalities hold in W. To prove that Z contains some z such that z; < z2 <--- < z,, we
choose in Z oneZ in which the number of equalities between consecutive coordinates of
Z is as small as possible. If there is no equality, we are done. Otherwise, assume that the
first equality is Z; =Z;, 1. We will show the existence of some z € W such that z; < z 1
and A - z = 0; this leads to a contradiction because Z + z € Z has fewer equalities than Z.
Consider two cases.

Case 1 A\ >0

We proceed by contradiction and assume that if z € W and z; < zx41, then A -z <0.
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Call IT the set of profiles U = (u;)!_; such that

n
Y uj=0 and uj, =0, uj,, =1 (15)
i=1

The corresponding vector z = Y i, u} is in W therefore > ;" A - uf <0 forall U e II.
We show next, again by contradiction, that the supremum of )"}, A - u¥ over II cannot
be zero.

If it is, there is a sequence U* in II such that the sequence }_;_; A - u{* converges to
zero. By taking subsequences, we can make sure that for each i, the way each u? orders
the outcomes in 4 does not depend on s (but depends on (i)). Then for each i there is a
lottery A’ on A4, its coordinates a permutation of those of A, such that A - u$* = A’ - uf for
all s.

Consider the polyhedron Q of n x p matrices X = [x{];c[n],sc 4 defined by three sets
of conditions:

In each row i, the entries are ordered the same way as in every u}
Y im1 x? =01in each column a,
x1a =0, x1, = 1 where a and b are the outcomes ranked k and k + 1 by each u}

Note that Q is nonempty because it contains each matrix U°.
By construction, each X in Q defines a profile in [Tand A - x} = Al x; for all i. There-
fore, we have

n
D Ax;<0 forallXeQ
i=1

lim Z A u; =0 for the sequence U’ in Q

§—>00
i=1

This is impossible: if the closed polyhedron Q is disjoint from the hyperplane H :
% | Al x; =0, it cannot contain points arbitrarily close to H.

Thus, there is some positive ¢ such that for any profile U in Il we have Y ;' ; A - u} <
—e¢, and we can now conclude the proof in Case 1. These inequalities imply for any
profile U

n

Zui=0andu’i‘k<u’f’k+l S Z)\ Ul pg1 — ujy) (16)
i=1

Indeed if ”1 k1= *k =1 the profile (u; — 1 Uz + u bous, ..., up) isin Il, and rescal-
ing our profile by *714* implies the clalm
1k
Note that in (16) we can replace coordinate 1 by any coordinate i. Therefore, we have

Zu,_O = Z/\ Uj <__Z( U jen — Uik) a7n

i=1
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Because A > 0, the lottery u obtained from A by shifting & or A, whichever is less,
from Ay to Ag; dominates ), and property (17) implies it is feasible.

Case2 A\, =0

In this case, because Ze W itisasum of m elements 2/ e W,je [m], each z/ defined
by n utilities (w )”_1 as in (14). Note that if £k > 1 then ul k 1 < ul k for some iy, jo.

Pick such iy and jy (or arbitrary ones if £k = 1). Let a € A4 be such that u]"*k = u{(‘)’ For
some small & > 0, modify (uf")?:1 to (u;)?_, by letting u;, , = ufg Q=& Uina= ll .t e

for some i; # ip, and leaving all other utilltles unchanged. Because A; = 0 and by our
choice of i, jo, for small enough ¢ we have  i_; A-uf > Y7 - _]O =A-2/0=0.As A s
feasible, this must be an equality and, therefore, z = lel uje”zZ and satisfies z; < zx 11
by construction.

A.2 Proofof Lemma 4

Statement If. Pick two guarantees A, u in G(n, p), such that A meets the property above
while u = A. Pick k € [p — 1] and a profile 7 as in the statement. Choose a lottery ¢
implementing u at 7 and an agent i reaching the maximum in (12): we have [Z*i]’f <
[M]lf < [)\]’f and [¢*]k = [)\]’f. As k was arbitrary in [ p — 1], we conclude p = A therefore A
is maximal.

Statement Only If. Suppose now that A € G(n, p) fails the property in the lemma:
there is some k and some ¢ > 0 such that at any profile 7 there is some lottery ¢ imple-
menting A at 77 and such that

%%Vﬂfzmﬁ—e (18)

We show that A is not maximal. Suppose first A, > 0 and construct A’ dominating
A by shifting a weight §, smaller than ¢ and Ay, from A, to Ax; (and no other change).
The lottery A’ is still in G(n, p): at a profile 7 the lottery £ implementing A and meeting
(18) implements A’ as well. Suppose next A, = 0. Then we have for all i,

[ <[] <k — e = ! -

so that if A;_; is positive we can apply the previous argument. If A;_; = 0 again, we re-
peat this observation until we find some positive A;, t < k —2, whose existence is assured
by (18).

A.3 Proof of Theorem 1

We prove part (ii): if 3 <n < pand p <2n — 2, or p =2n but n # 4, 5, then any maximal
guarantee lies in one of the intervals [uni( p), vt(n, p)], [uni(p), rd(n, p)].

Step 1. Recall the following notion from the Shapley-Bondareva theorem. A family
S1, ..., Sm of subsets of [ p] is balanced if there exist positive weights vy1, ..., v, such that

Zi:jeSi vi =1 forevery j e [p].

LEMMA 5. Assume that p <2n—2,0r p=2nbutn+4,5andlet2 <k < |%|. Then there
exists a balanced family Sy, ..., Sy, of subsets of [ p] of size k each, such that m < n.
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Assume first that p <2n—2and 2 <k < L%J. If k£ divides p, the lemma is obvious
(take a partition of [p]). Suppose p =tk +rwhere 1 <r <k — 1. Let S; = {(i — )k +
1,...,ik}fori=1,...,¢t. Also,let S;=C;U{tk+1,...,ptfori=¢t+1,...,t+ k, where
the sets C; are of size k — r and form the & cyclic intervals in a cyclic arrangement of ;.
Letyi=-=vi1=Lvi=¢, Yiy1 =" =Ytk = % These weights make Sy, ..., Sy x a
balanced family, and it remains to check that t + k < n.

Wehaver+k < £+k<max{f+x:xe[2, £} =15 2 1f p <2n—2, this gives 1 + k <
n+ 1 as desired.

Assume next p =2n and 2 < k < n. When k divides p a partition works, so we may
assume that 3 < k <n — 1, and thus n > 4. We further exclude the exceptional cases
n=4,5and assume n > 6. If k < n—2, we stillhave £ 4+ k < n+1 as in the original proof.
Thus, we may assume that k = n — 1. We provide two variants of the construction of the
balanced family, depending on parity.

Case 1. k =n — 1 is even. Partition [p] = [2k + 2] into S, P, ""P§+1 where |§| =
and the other sets are pairs. Take S with weight 1, and for each P;, the union of all P;,
J # i, with weight % This gives a balanced family of size % +2<n.

Case2. k = n — 1 is odd. Partition [p] = [2k + 2] into S, T, Py, ...,P% where |S| =k
|T| = 3 and the other sets are pairs. Take S with weight 1, for each P; take the union of T
and all P;, j # i, with weight %, and for each element a of T take the union of {4} and all
the P; with weight . This gives a balanced family of size 51 +4 < n.

Step 2. Assume (n, p) are as in Lemma 5 and let 2 < k < p — 2. Then for any A €
G(n, p) we have [)\]/1‘ > k

By duality, it suffices to show this for 2 < k < ng. Let S1, ..., S, with weights
Y1, ..., Ym be a balanced family as in the lemma. Consider a profile of strict preferences
in which {a; : j € §;} is the set of the k worst outcomes of agent 7, i=1,...,m. Let £
be a lottery that implements A at this profile. Then 1 =37, ;€0 =372 i > jcs, ba; <
> LYilAL% =% 2%, implying the desired inequality.

Step 3. For (n, p) as in Lemma 5, we fix A € G(n, p) and show that it is dominated by
a guarantee in [uni(p), vt(n, p)] U [uni(p), rd(n, p)]. This will establish part (ii) of Theo-
rem 1. We distinguish three cases.

Case 1. Ap > . Set A, = x and keep in mind that feasibility implies x < .. We will
show that A is dominated (weakly) by the guarantee w € [uni( p), rd(n, p)] such that u, =
x,thatis, uy =xforl<k<n—landug=yforn<k <p—1,withnx+ (p—n)y=1.

Set p = n + g and partition A4 as {ay, ..., a,} U {by, ..., by} then consider a profile of
preferences where for everyone:

the a-s occupy the ranks 1 to n — 1 and p and each a appears exactly once in rank p;

the b-s occupy the ranks n to p — 1 and the pattern of the b-s is cyclical for the first g
agents.

Pick alottery ¢ implementing A at this profile. Then ¢, > x for each a implying [)\]’f >
kx for 1 <k <n — 1; moreover, A, = x by assumption. It remains to show that [)\]g_, <
x+ryforl <r<gq— 1. Indeed by summing the implementation constraints for the top
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r + 1 outcomes of the first g agents, we get (denoting the top outcome of agent i by a;):

q q q q q
qlAlh_, < Zeai +rZ€bi = (Zzai + Zﬁb,-) +(r—1) Zfb,-
=1 =1 i=1 =1 i=1
<(1-(m—g@x)+ -1 —nx)=q(x+ry)

Case 2. M\ < %. Set A\ = x and p = n + q. We show similarly that A is dominated
(weakly) by the guarantee u € [uni(p), vt(n, p)] such that u; = x: thatis, u; = x for p —
n+2<k<pandpr=yfor2<k<g+1,withnx+qy=1.

We consider a profile of preferences over the outcomes in {ay, ..., a,} U {b1, ..., by}
where:

the a-s occupy the ranks 1 and p — n + 2 to p and each a appears exactly once in
rank 1;

the b-s occupy the ranks 2 to g + 1 and the pattern of the b-s is cyclical for the first g
agents.

Then the proof mimics that in case 1 by showing first that a lottery implementing A
at this profile has [)\]ﬁ g1 = kx for 1 < k <n — 1, then focusing attention on the first
g + 1 ranks to show [/\]frl >x+ryforl <r<g—1. We omit the details.

Case 3. A, < % < A1. Combining these inequalities with those in step 2 we see that A

is strictly dominated by uni( p).

A.4 Proofof Theorem 2

We fix 1 < ¢ < n such that p = dn + q and prove the statement by induction on d.
It is clear for d = 1 as {'T} and {RD} are the only two sequences and the intervals
[uni( p), vt(n, p)], [uni( p), rd(n, p)] are in M (n, p).

Fix d > 2 and consider a sequence I e {V'T, RD}¢ starting with r‘=vr. By Defini-
tion 5, the composition by T commutes with convex combinations of I, I? @ T3, .. ..
Using the notation Vex[-] for such combinations, and the simplified notation V' T instead
of VT ® uni(p — n), etc., we have

Vex[VT, VT @T?,..., VT @I ®-. @]
=VT®VeX[uni(p—n),FZ,F2®F3,...,F2®~--®Fd] (19)

where by the inductive assumption the second convex combination of canonical guar-
antees in C(n, p — n) and of uni(p — n) is a maximal guarantee. By Lemma 3, so is the
left-hand convex combination, call it A, and by Proposition 4 so is a convex combination
of uni(p) and A.

The proof of the inductive step for a sequence starting from RD is more involved,
because RD does not commute with convex combinations, even of boundary lotteries;
therefore, property (19) where RD replaces VV'T can only be true if the two sides use
different convex combinations.
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Observe first that if the lottery A is maximal at n, p — n and in JA(p — n), then any
w € Vex[rd(n, p), RD ® A] is in M(n, p) N JA(p) as well. That u is on the boundary is
clear. By (11), u takes the form

n—1

——
o o o
MZ(_v---r_v(l_a)A!_)

n n n

Consider a profile similar to (13) in the proof of Lemma 3, where by maximality of A we
choose 7 ensuring property (12) in Lemma 4:

p—n
—~—

<141 ---ap-1 T dp

...... ’n'

<n Qn apn—2 T dp-1

If the lottery ¢ implements w at this profile, we have ¢,, = 7 therefore its weight on the
remaining p — n outcomes in 7 is (1 — ) and the claim follows by Lemma 4 again.
We fix now an arbitrary convex combination

d
A=) aRDRI?*® - ®I'
j=2

in G(n, p) and claim that it takes the form RD ® A where A is some other convex combi-
nation

d

A=) BI*® eI
j=2

This claim allows us to complete the induction step as follows. By the induction hypoth-
esis, A isin M(n, p — n), and it is easy to see (and explained in detail below) that it is on
the boundary. By what we just observed, any Vex[rd(n, p), RD ® A] is also maximal; by
the claim, this means that any convex combination of the guarantees corresponding to
the initial subsequences of I' starting with RD is maximal. Finally, Proposition 4 handles
the addition of the uniform guarantee.

Prook. Proof of the claim Recall that canonical guarantees are uniform on their sup-
port, which we now describe for the canonical guarantees in our sequence. We parti-
tion the ranks 1, ..., p into subsets S!, ..., S¢*! each of size n except for the last one of
size g. The set S! is the support of rd(n, p) (the ranks 1 to n — 1 and p). IfI'’> = RD,
then S? has the ranks n to 2n — 2 and p — 1, and the support of RD ® I'? is S' U §2. If
I'> = VT, then S? has the rank n and those from p —n + 1 to p — 1, and the support of
RD®T?is STUS3U-..U S9! (the complement of $?). Continuing in this fashion, each
I'/ defines a new set S/ that is added to its support if [V = RD, while if [V = VT we add
Sitly ... U §9t1 to the support. We keep track of this construction by entering a one
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for sets in the support and a zero for those outside it: with the notation ¢ € {0, 1} and
& =1 — g, our sequence in C(n, p) is described by a table as follows:

Sl g2 ¢3 ¢4 ... Sd Sd+l
RD ®T? 1 e &, &, --- &, &
RD®I?@I3 1 e e3 g5 --- & &4
RDQRTI?2® - QT 1 &5 &3 &4 - &4 821
where &; = 1if [V =RD, ¢; = 0if [V =
Defining ©; =n ijz g+ (p— kn)sk, we see in the table that ®, is the size of the
support of I? @ --- ® ', while that of RD  T? ® - -- ® T’ has cardinality ©; + n. On its
support RD®I? @ --- @Ik ®---®I'*is OL,( on its own support.
Clearly, but critically, there is a column with only zeroes. This holds if &3 =0
(%2 =VT),orif es =1 but e3 = 0, etc., until, if gj =1 for all j, the last column is null.
A symmetric argument shows that in addition to the first column, there is another col-
umn full of ones. The first remark implies that A and A are respectively in JA(p) and
JA(p — n); the second that the maximal coordinate of A is AL = Zj’ 9 g Now we select
the coefficients 8; such that

1 &Z aj
nAiy+10; O;+n

d
forallj=2,...,d, and Z,szl

Check that g is well-defined because summing the first d — 1 equalities above implies

ni; .
n)\++ 1 -

Ma.

aj<1,
i +n

which determines A . After rearranging the equation above as

d
n)\++1 ]X:®]+n

the last equality Zj-lzz B; =1 follows.

We check finally the equality A = RD ® A for this choice of 8. Because A € JA(p — n)
the lottery RD ® A is given by (11); in particular it is constant on each set S¥, just like
A. We see in the table that RD ® A equals ¥ in S!, while A is Worth Z =2 0 i

they coincide. Each entry in another column Sk atrow j adds e, T 1 =) @ " to RD ® A and

s@) — to A, where ¢ is the coefficient of that particular entry, so the desired equality
follows O

SO
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A.5 A mechanism implementing several guarantees

Letn=3, p=5and A=(3,0,0,4,0) and u = (}, 1, 3,0, 0). Note that A is maximal
while w is a guarantee undominated by A. We construct a mechanism implementing
both A and .

Each agent i can either name a pair L; of outcomes that he likes, or a single outcome
d; that he dislikes. Then the mechanism selects a set S of outcomes and performs a
uniform lottery over its members. In cases 1-3 below, || = 2, while in case 4, |S| = 4.

Case 1: All three agents name pairs they like. Then we take S to be a pair that meets
each of the three named pairs.

Case 2: All three agents name outcomes they dislike. Then we take S to be a pair
avoiding the three named outcomes.

Case 3: Two agents name pairs they like, say L and Ly, while the third agent names
an outcome d3 he dislikes. Then we take S to be a pair meeting L; and L, while avoid-
ing d3 .

Case 4: One agent names a pair he likes, say L, while the other two agents name
outcomes they dislike. Then we take S to be a set of four outcomes containing L;.

It is easy to check that an agent naming his top two outcomes as the ones he likes
guarantees himself at least A, while an agent naming his bottom outcome as the one he
dislikes guarantees himself at least .
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