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In this appendix, we present the sections and proofs omitted in the main paper.

In Section S.1, we discuss the relationship between continuous and discrete type
models. Sections S.2, S.3, and S.4 provide the proofs excluded from the Appendix in the
main paper. Section S.5 formally states and solves the three-type two-period example
introduced in the main text. Finally, Section S.6 provides a numerical example of the
approximate optimality of monotonic contracts.

The numbering of new lemmata here continues from the Appendix in the main pa-
per, so the first new lemma here is numbered Lemma A10 and so on.

S.1. FROM DISCRETE TO CONTINUOUS TYPES

In this section we formalize the statements made in Section 4.3 and show that the con-
tinuous case can be seen as the limit of the discrete case, so all problems of the FO ap-
proach in the discrete version are inherited by the continuous version and vice versa. To
keep the notation simple, we assume two periods and u(6, g) = 6q. Consider a type set
O = [0, 0] C RT, an associated prior distribution I"(9) at ¢ = 1, and a conditional distri-
bution F(6'|0) at t =2 defined on @. We assume I'(0) is differentiable in 6 with density
w(60) and that F(6'|0) is differentiable in both 6, with derivative Fy(60'|6), and #’, with
density f(6'|6). By standard methods we can obtain the envelope formula (4),!

U'(0) = q(0) - /9 4(0'16) - Fo(916) 0,

and then derive the FO-optimal contract

1—1°(6) Fo(0'16)
u(®)  f(0'10)

In the rest of this section, we refer to this as the continuous model.

q(0'16) =60’ + S.1)
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We now explore the connection between the continuous model and the discrete
model studied in the previous sections. The continuous model can be derived as the
limit of the discrete model as follows. Define @V = {6, ..., Ox} with 6y = 6, 65 = 6, and
0; = 0,11+ Ay, and let 'V (6;) = I'(6;) and F¥ (6;16;) = F(6;6;). Given this, the proba-
bility of a type jat r = 1is u) = I'V(6;) = I'N (0;41) and the probability of a type i at = 2
afteratypejatt=1Iis fN(0j|0,-) = FN(0j|0,-) - FN(0j+1|0i).2 In the rest of the section,
we refer to this as the discrete model.

Consider a sequence of supports @V for N — oo such that Ay — 0 as N — oo and
ON c N1, so that along the sequence, the finite approximation of @ becomes increas-
ingly fine.® Using the formula (9) derived in the paper, we can write the FO-optimal
contract along the sequence as

1—1N6;) FN()16;) —FN(ejwl-_l)A
ON

an (616, = 6; - (5-2)
p N (16
for any 6; € OV, 6; € ON. Note that uV can be written as u = W)TI;W - A6y and
Nep.pN_FN(p. .
fN(Ojlf)i) _f (Gfle‘)miv (0”1|0’)A0N. We can, therefore, rewrite (S.S.2) as

[FN(0;16;) — FN(6/10;-1)]/A6N

[r(e» — F(eiﬂ)} [Fijwi) —~ FN<0,-+1|01~>]
AOyN Abn

gn (016 = 0;+ (1 - TN (8;))

This condition immediately implies that

1= I'(6;) Fo(6;167)
=q(0;|0;
w0y fyey 900

lim qN(0j|0i) = Hj +
N—o00

since ,uﬁV/AHN — w(6;) and fN(0j|0l~)/A6N — f(016;) as N — oc. It follows that the limit
of the discrete FO-optimal contracts is equal to the continuous FO-optimal contract.*

This discussion makes it clear that there is a natural connection between discrete
and continuous types of dynamic principal-agent models. In light of this, we can
present two examples, discretized versions of which are presented in Battaglini and
Lamba (2015).

ExampLEs. Consider a two-period model. Assume and that types in the first period

are distributed uniformly on [5, 6] and consider the transition probabilities f,(6'|0) =
(6/—0)>

a-e 7@ and f,(0'|0) = | with f,(60|6) = . Note that og(«) is chosen so that

I S
14+0g(a)|6/—0

2In both definitions, we are implicitly assuming a dummy N + 1 type with mass 0.

3For example, consider the sequence (67, ..., 0%) such that 67 = 0, 037 = 9, and 0" — o7, = (6—6)/2m,
and so N =2,

4Since @V < OV, if 9; € OV, 0, € OV, then 0; € OM, 9; ¢ OM for M > N, s0 limy_, 0 g% (0;16;) is well
defined. To extend the contract for points on the real line that do not appear in the sequence of approxi-
mations, we can consider, for example, the sequence of linear interpolations of the discrete contract. It is
immediate to verify that this is a sequence of equicontinuous curves that converges to (S.1).
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v | al.15), al.15.1) /

_ (9/70)2
F1GuRre S.1. The functions F and g for the Markov process f,(6'|0) =a-e¢ 0@ .

4 F(.|5), F(.|5.1) ] B al-15). a(.15.1)

.,e‘ ; ‘ .‘e.

F1Gure S.2. The functions F and g for the Markov process f,(6'|6) = m.

the probabilities sum to 1. The larger is «, the higher is the persistence of the types. Fig-
ures S.1 and S.2 show two sample distributions and the associated quantities in period 2.
The contract is nonmonotonic in two ways: first, for a given history, it is nonmonotonic
in 6,. Because of this alone, the FO-optimal contract is not implementable and violates
a global constraint. In addition to this, the FO-optimal contract is not monotonic with
respect to 67; this can be seen from the fact that the contracts with the two different
histories cross each other.

S.2. PrRooF oF LEMMA Al

In the proof of Lemma 1 we use the following result.

LEMMA Al (Repeated). In a FO-relaxed problem, IRy (h'~') can be assumed to hold as
equality for all h'~' € H'=Y, and IC; ;1(h'~') can be assumed to hold as an equality for
allh''eH'landi=0,1,...,N —1.

Proor. We proceed in two steps.
Step 1. Suppose that U(fy|h'~!) = € > 0 for some h'~!. If t = 1, then decreasing
U(6;|h°) by € for all i does not violate any constraints and increases the monopolist’s
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profit. If r > 1, fix h'~! and decrease U(6;|h'™1) by € for all 6;. This does not change any
of the constraints and keeps the profit of the monopolist the same.

Step 2. Suppose that IC; ;,1(h'~!) does not hold as an equality for some h'~! € H!~!
and i =0,1,...,N — 1. Then decrease U(6;|h'~!) by € for each k <i. If t =1, all
the constraints are still satisfied and the monopolist’s profit is strictly higher, giving a
contradiction. If # > 1, this change does not affect any constraint except IC;_ j(h’_z),
where 6; is such that 4'~! = (h'~2, ;). The right-hand side of IC;_; ;(h'~?) is reduced by
b Zkgi(a(jfl)k — aji)e = 0AF(0;1116;)e > 0, where the last inequality follows from first-
order stochastic dominance. Now repeat the same procedure, decreasing U (6, |h!~2) by
8AF(60;4110)€ for each k < j — 1. We can keep reducing utility vectors backward until the
first period, unless A’ —1 contains 6, in which case the backward iteration ends there, to
deduce a strictly greater increase in the monopolist’s profit. Thus, the changes do not
violate any of the constraints and keep the profit of the monopolist greater than or equal
to before the change. O

S.3. PrRooF OF LEMMATA A2 AND A3

We now prove the lemmata used in the proof of Proposition 2. Recall that AU (6 |h!~!,
0;,) = U(Ox|h'~1, 0;) — U(0x|h'*~1, 6;,1). For simplicity of exposition, we write the proofs
for the special case where u(6, q) = 6q and, hence, uy(0, g) = g; the arguments are easily
generalizable.

LEmMA A2 (Repeated). Ifq(6;|h'~') and AU (6 |h'~") are non-increasing in, respectively,
i and k for any h'~1, then (5) implies that local upward incentive compatibility constraints
are satisfied.

PrOOE. Since IC;;11(h'~!) holds as an equality, we have for any i and A'~1,

N
U(0:1h") = U(0i111h" 1) + A0g(0;511h" 1) + 8 Z(Otik — a1y U (011, 0;41).
k=0

Thus,

U(0i11h'1) = U(0:lh' 1)

N
= —A0q(0i4111"") = 8 (i — a1 U0kl '™, 0i41))
=0

N
=—A0g(0:l ")+ 8 (egisik — i) U(0k1h' ", 6))
k=0

N
+A0(q(0:ilh" ") — q(8i11R 7)) + 6 Z(aik — a1y AU (0l h' 1, 6;)
k=0

N
> —A0q(0;1" ") + 8> (eiriyk — i) U(0k|h'™", 67),
k=0
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where the last inequality follows from the fact that ¢(6;|4'~') is non-increasing in i and
Zszo(aik — a(i+1)k)AU(0k|hf*1, 0;) > 0. The second observation follows from the fact
that AU (6, |h'~1, 6;) is non-increasing in k and that e; first-order stochastically domi-
nates e, 1. Thus, IC; 1 ;(h'~1) holds. O

LEmMA A3 (Repeated). Ifq(6;|h'~!) and AU (6;|h'~") are non-increasing in, respectively,
i and k for any h'~! and (5) holds, then the local incentive compatibility constraints imply
the global incentive compatibility constraints.

ProOF. We show that IC; ;12(h'~!) holds. Since IC;;1(h'~!) and ICiyq 142(h'~1) hold
as equalities, we have

U(0;1h' ™) = U(0i4210" )
=[U(0:1h"™") = U(i11 1) ] + [U (0111071 — U (84210 7Y)]

N

= A0 (011" + 8> (aix — e U(Oklh' ™, 0i41)
k=0

N

+ A961(¢9z'+2|ht_1) + Z(a(i-i-l)k — a2y U (Ok |nt1, 0iv2)-
k=0

It follows that
U(0:1h' ") = U(0i121h"1)
N

=204 (0,210 7) + 8 Z(aik — a2 U0k, 0:42)
k=0

N
+860(q (0117 ") = g0l h' 1)) + 8D (eik — ey ) AU (kA" 0;41)

=0
N
> 2000 (0i2lh' ™) +8 ) (i — iz ) U (0kA' ™", 0i42),
=0

where the last inequality follows from the fact that q(0;lh'=1) is non-increasing in i and
Zlyzo(aik — a(i+1)k)AU (0 |h'=1,6;) > 0. As in the previous lemma, the second observa-
tion follows from the fact that AU (6 |h'~!, 6;) is non-increasing in k and that «; first-
order stochastically dominates «;;1. Thus, IC; i+2(ht‘1) holds. Similarly we can show
that IC;, i+1(h‘*1) holds for all / < N — i. Therefore, all global downward incentive con-
straints are satisfied. In an analogous fashion, we can show that all upward global in-
centive constraints are satisfied. O
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S.4. PROOF OF LEMMA A9

Using fl; as a shorthand for the ijth element of f;, we can write

. (AT
n!

— (AT)" —
Ji=eTMT Y Py = e (i 4 PyAr) + 7T Y [Py
n=0 ’ n=2

(8.3)

where 1,_; = 1 if i = j. We first show that the second term in (S.3) is an o(A). Note that
Z;l“;z[f’ij]”% > 0 (that is, the elements of this matrix are all nonnegative) and

s (AT AT)? x5 (A7)
p = > 1P

= nn—1) = (n—2)!
(A2 S (A" (A1)?
_n(n—l)nX:(:] n  nn-1)

It follows that [Y"5°,[P;j]" 2221/ — 0 as A — 0.

n!
We can, therefore, write

fi;' = 67/\7(11':]' + ﬁ,‘j/\T) + o(A).

That is,

fi=e M1+ (A= A)T) +0o(N), (S.4)

i

fi=e MNP+ o(N). (8.5)

Note that % € [0, 1] so there is a 5; € [0, 1] such that % — m; as A — 0. From the second
equation (S.5), setting 7 = 1, we have

as A — 0. From the first equation (S.4), using a Taylor expansion, applied to the first term
with respect to A and A; evaluated at (0, 0), we have

I (A, i, 7) oy S A1)
dA AisAj=0 IA; AisAj=0

=1+ (e (1+ A=) +e77), | o A= [e7N7r], e Ao,

fii(A, ) = £7(0,0,1) + “Aj+0(A)

where note that in the last term, we put all factors that converges to zero faster than A
(so also o(A;)). We have, therefore,

i

L—fi
A

as A — 0.
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First Order Approach WR-problem

FiGure S.3. The dashed arrows are the constraints in the WR program that are ignored in the
first-order approach.

S.5. THE SOLVED EXAMPLE OF SECTION 5

To characterize the optimal contract, we first guess which constraints are relevant and
then we show that we can ignore the remaining constraints without loss of generality. We
focus on a weakly relaxed program (henceforth WR program) that constitutes problem
(3) with |®@| =3 and T = 2, with the subset of constraints

IR, ICym, I1Cyp,ICHL,
ICHM (M), ICy (M), IC (M), IChHp (L), ICy1 (L), IC (L),

(5.6)

where IR, is the individual rationality constraint of type L at t =0, IC; ; is the incentive
constraint requiring that type i does not want to misreport being type j in period 1, and
IC; j(k) is the incentive constraint requiring that type i does not want to misreport being
type j in period 2, after the agent reports being type k in period 1. See Figure S.3 for an
illustration of the constraints.

The intuition for modifying the FO approach to focus on the WR program is as fol-
lows. It is natural to ignore incentive constraints after history 4! = 6y, since the contract
is typically efficient after this history even in the FO approach (see (7)). Similarly, it is
natural to drop the individual rationality constraints at ¢ = 2, since they are typically not
binding even in the FO approach (any rent left to the lowest type at ¢ = 2 can be extracted
att = 1, so there is no reason to force these rents to be nonnegative). There are, however,
two reasons why we need additional constraints. First, we must include /Cy , since we
know from the previous analysis that it may be violated if ignored. Second, since the
second period is terminal, within history, monotonicity is a necessary condition; that
is, q(0;10;) is weakly increasing in 6;. Thus, to allow for pooling in period 2, we include
IC Ly (WY forh' =M, L.

In what follows, we prove that there is no loss of generality in restricting attention to
the WR program so we can focus on (S.6) to solve for the optimal contract. For a given u .
and 6, the environment is fully described by two parameters, ur and «, and, therefore, it
can be represented in the two dimensional box (uy, @) € E(ur) = (0,1 —puz) x (1/3,1).°

5The thresholds defined below do not depend on the types 6.
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FIGURE S.4. Fully characterized contract when u; =0.25 and 6 = 0.95.

In the rest of the analysis, we fix u;, and é and study how the optimal contract changes
as we change ) and a.

The following proposition provides a full characterization of the optimal contract.
Table 1 details the exact formulas case by case; Figure S.4 illustrates the possible cases
in the (up, a) space.

ProrosITION Al. There exist thresholds p*(a) and p**(a), w*(a) > w**(a), such that we
have the following cases.

o CaseA. Forall wy > w*(a), ICyy does not bind and there exists a threshold oy (wpr)
such that the following subcases hold:
— Case Al If a < ap(upy), the optimal contract is fully separating and FO-optimal.

— Case A2. If a > ag(pepr), the optimal contract is fully separating after all histories
except M ; after this history, types M and L are pooled: q(657105) = q(6L|0x1).

e CaseB. For all uy; < p*(«), ICy . binds and there exists a threshold wy(«) such that
the following subcases hold:
— Case Bl. If upy € [ (a), w*(a)) N (no(a), 1), then the optimal contract is fully
separating.

— Case B2. If py € [u* (@), u*()) N (0, uo(a)], then the optimal contract is fully
separating after all histories except M; after this history, types M and L are pooled:
q(Om|0m) =q(0L|0m).
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— Case B3. If uy < pw**(«), the optimal contract pools types M and L in the first
period: qy = qr.. In the second period, after history H, the contract is separat-
ing and efficient; after histories M and L, types M and L are pooled across both
histories: q(616;) = q(61.10;) and q(0;]6x) = q(6;161.) fori, j=M, L.

While the example solved in Proposition Al is very special, it presents interesting
features that are reminiscent of the features of optimal contracts in multidimensional
screening problems. Multiple IC constraints can bind simultaneously to determine the
optimal quantities, a fact that is ruled out by assumption in FO-optimal contracts. For
example, in Cases A2 and B2, both /Cpy; and ICpys are binding. Multiple binding IC
constraints have been observed in a multidimensional screening problem by, for exam-
ple, Armstrong and Rochet (1999). The optimal contract also features a strategic use of
bunching in order to minimize the expected rent of the buyer. In regions in Cases A2 and
B2, we observe separation in period 1 followed by history-dependent pooling in period
2, which we term dynamic pooling. In regions in Case B3, types are pooled in period 2
across the pooled histories in period 1: it is as if we were in a two-type model following
the pooled histories.

An analogous use of bunching to screen types in multidimensional problems, even
with a very simple distribution of types, is documented by Rochet and Choné (1998).
The similarities between contracts in dynamic and multidimensional environments are
not surprising. In a dynamic environment, the expected utility of a type at ¢ is given
not only by the time ¢ realization 6;, but also by the conditional distribution of types
f(6,1110¢), a multidimensional object. At the same time, the optimal contract as stated
in Proposition Al features some distinctive characteristics that depend on the dynamic
structure of the problem, the most interesting perhaps being the fact that pooling is state
dependent and thus dynamic.

S.5.1 Proof of Proposition Al

To solve the example, we use a simplified notation. Let U; be the expected utility of type
i in the first period and let u;(/) be the expected utility of type i after history % in the
second period. Note that since the second period is the terminal period, the expected
utility and stage utility are the same. Similarly, we define ¢; and ¢;(#) to be the first and
second period allocations, respectively.

In Section S.5.1.1, we prove two preliminary results. In Section S.5.1.2, we character-
ize the WR problem. In Section S.5.1.3, we prove that the solution of the WR problem is
optimal.

S.5.1.1 Preliminary results The following lemma allows us to simplify the constraint
set (S.6).

LEMMA Al0. In the WR program, constraints IRy, ICyy, and ICyp, bind at the opti-
mum.

Prook. First, we state and prove a useful lemma. O
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LeMMmA A10.1. The optimal solution satisfies q;, < 0r, qr. (L) < 0y, and gy (L) < 6.

Proor. Suppose g1 > 0;. Then decrease g; by . Since it appears only on the right-
hand side of incentive constraints and has positive coefficients, this does not violate any
of the constraints. Moreover, the change in the monopolist’s profit is proportional to

1 2 L L,
‘9L(61L—8)—§(61L—8) - oLCIL—EC]L =(qL—0L)a—§e.

We can choose ¢ small enough so that the above expression is positive, giving us a con-
tradiction. We can similarly show that g (L) < ;..

Next, suppose gyr(L) > 6)7. Note that the second period incentive constraints after
history L give

Abgr(L) =upm(L) —ur (L) <Abqm(L).

Without loss of generality, /Cy;, (L) can be assumed to hold as an equality. Suppose
upy (L) —up (L) > AbBgr (L). Then decrease uys (L) so that ICysy (L) holds as an equality.
This does not violate any constraints and keeps the profit of the monopolist the same.

If ICrp(L) holds as an equality, then we must have g (L) = gr (L) < 6 < 0y, giv-
ing a contradiction. If ICr (L) does not hold as an equality, then we can decrease
gm (L) by ¢ without disturbing any of the constraints. Moreover, the change in the mo-
nopolist’s profit is proportional to the expression

1 1 1
(eM(qM(m — &) =5 (qm(L) - 8)2) - (oquL) - EqM<L>2) = (gm(L) — Opr)e — 582.

We can choose ¢ so small that the above expression is positive, giving us a contradiction.
O

Now we show that /R; binds. Suppose not. Decrease Uy, Uy, and Uy, by the same
small amount. The first period incentive compatibility constraints continue to hold and
the second period constraints are unaffected. This increases the profit of the monopolist
without disturbing any of the constraints, giving us a contradiction. Thus, Uy, = 0. Next
we show that /Cys; binds. Suppose not. Decrease Uy by e. Then all the constraints are
satisfied and we increase the monopolist’s profit, giving us a contradiction. Using these
two binding constraints, we can eliminate Uy, and Uj; from the maximization problem.
In particular, I Cgps can now be written as

3a—1

Uy >A0(qm +qL)+ 6

[(wrr (M) — upg (M) + (upr (L) — ur (L))].

Also, ICgy is given by

3a

1
Uy >2A60q; + 6 [up (L) —ur(L)].

2
First, note that at least one of /Cyy; and ICy;, must bind. If not, then we can de-
crease Uy and increase the monopolist’s profit. Suppose ICpys does not bind. Then
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1Cyp must bind. Thus, we can eliminate Uy from the maximization problem. In par-
ticular, /Cy s can now be written as

3 —1 3a—1

Abgqp +6

[ur (L) —up(L)] = Abqy + &

[urr (M) —upe (M) (8.7)

Second, we claim that if 7Cy; and ICy; bind and ICyys does not bind, then
1Cypy (L) binds. Suppose ug (L) — up (L) > ABgp(L). Decrease uy (L) by ¢ (and so Uy
by 6(agg —arp)e and Uy by 8(ay g — ap i) e), thereby, increasing the profit of the mo-
nopolist without disturbing any of the remaining constraints, giving us a contradiction.
Thus, ICy (L) must bind.

Using ICy (M) and the binding I Cgpr (L), we can rewrite (S.7) to obtain

3a—1

3a—1
N +5“TA94M(L) > AOgy + O AOgu (M).
Since ICp s does not bind, it is easy to see that gy = 67 and ¢;(M) = 0; for any i.
By Lemma A10.1, we have g;, < 0y, (and, thus, g;, < 0)) and gy (L) < 0)s. These clearly
contradict the above inequality. Thus, we must have that I Cgjs binds.

S$.5.1.2 Characterization of the optimal WR contract We can now use the equalities im-
plied by Lemma A10 to reduce the number of free variables in the optimization prob-
lem. In particular, we can eliminate the period 1 utility vectors. Define wg (i) =
ug (i) — up (i) and wpsp (i) = up (i) — uy, (i) for i = M, L. The variable wy;(i) is the net
utility of reporting to be type & rather than a type / after history i. Using this notation, we
can rewrite the WR program as a maximization problem in which the control variables
are the quantities q and second period marginal utilities w,

1 . 1 .
> Mi[ﬁiqz' - 5%2 +5 ) ap (9k61k(l) - EQk(l)2>]
i=H,M,L k=H,M,L
3a—1
(.9 — [AeqM +6= wHM(Mﬂ (5.8)
3a—1
— (nH + MM)[AOC]L +o— wML(L)]
subject to
3a—1 3a—1

[Al: Abgy + 8

ogmy (M) > Abg;, + 6

wgp(L),

(A (M)] 2 wpm (M) > Abgy (M)|[Agm(L)] : ogm(L) = Abgpr(L),
[AML(M)]:  omr(M) = A60qL (M)|[Apr(L)]: wpr(L) > Abqr (L),
[AL(M)]: wmr (M) < A8gp(M)|[Arp(L)]: @pr (L) < Abgp(L),

where the variables in the square brackets on the left are the Lagrange multipliers as-
sociated with the constraints. Program (S.8) is a standard maximization problem, but
it is complicated by a still significantly large number of constraints. The key difference
between (S.8) and the FO approach is the global constraint /Cp; and the presence of
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the local upward constraints ICy (M) and ICpp(L). We cannot ignore any of these
three constraints. Moreover, now we cannot assume without loss of generality that all
local downward incentive constraints are binding at ¢t = 2, so the envelope formula (4)
in Section 3 cannot be directly applied. Hence, we still have utilities in the objective
function.

We start the analysis of (S.8) with the first-order conditions. It is easy to see that
the H type always gets the efficient quantity. After history H, moreover, quantities are
always efficient, implying gy = qu(M) = quy (L) = 0y, and qu(H) = 0, qu(H) = 0,
and ¢y (H) = 0. The remaining first-order conditions are given by

[gml:  wm(Or —qm) — paAO+ AAO =0,

[qrl: wpr(0r —qr) — (ug + pam)A0 —AAO =0,

[qu(M)]: umda(0y — gu(M)) — A (M)AO + App(M)AO =0,
1 _

[qL(M)]: MMST"(eL — qr(M)) — Ay (M)AO =0,

l—-«a

[am(L)]: urd 5 (6m — qm (L)) — Appg (L)YAO + Appr(L)AO =0,
[q.(L)]: prda(fr —qr(L)) — Amr(L)A6 =0,

[om )] ™ L 4 06™ % 4 s (M) =0,
[@mML(M)]: Ay (M) — ALy (M) =0,

[om(D]: 26221 A (L) =0,

oML (D)]: —(uar +wan) 2t 4 Aagr (L) = Mg (L) =0,

The following result characterizes when we can ignore the /Cy constraint.

LEMMA All. There exists a threshold p*(a) such that the global incentive constraint
ICyy can be ignored if and only if uy > pn*(a).

ProoEr. We first characterize the optimal allocation assuming A = 0. We then derive the
conditions under which the assumption of A = 0 is admissible.
Assuming A =0, we have

av =0y —PA0 and g =0, — PV A (S.9)

15974 ®L
Clearly, A = 0 implies Agp (L) = 0. Also, it is easy to show that Ay (L) = 0; other-
wise gy (L) > 6y, which contradicts Lemma A10.1. We, therefore, have Ay (L) =

(WH + upr)d 3“2_ 1 and the solution after history L is given by

MH + py 3a—1

L o A6. (5.10)

gu(L)=0y and qp(L)=6; —
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3“2_1 and Ay (M) = Appy(M). We have two

Next note that we must have Ay (M) = uyé
possible cases.
Case Al: Ay, (M) = Ay (M) =0. In this case,

3 — 1
au (M) =0y — 22
MM

A9 and g (M)=0y. (S.11)

o

For this to be a solution, we must have 6, — Z—Z 3‘2“—;1A0 > 601,50 a < ag(uy), where

WH

ap(pm) = ——=—.
# 3y —2um

We conclude that for @ < ap(upr), the solution is given by gy = 6y, g (j) = 05, and
qj(H) =0 forall j=H, M, L in addition to (5.9)-(S.11).
Case A2: Ay (M) = Ay (M) > 0. Then gy (M) and g1 (M) are both equal to a con-
stant g. From the first-order condition with respect to g, (M) and g (M), we have
2a -« e 3a—1

auM) =qL(M) = 0

0 — — A6. S.12
1+« M+l+aL vy 1+ a ( )

We conclude that for @ > ag(uys), the solution is given by gy = 0y, g (j) = 6y, and
qj(H)=6;forall j=H,M,L,(S.9), (S.10), and (S.12).

To characterize the necessary and sufficient condition for A = 0, we need to verify
that given the solution defined above, ICy is satisfied. Plugging in the values of Case
Al, we obtain

3a—1 3a—1 3a—1
o — 200+ 67 (eM—“—H . Ae)zoL—“H+“MA0+5 0, (8.13)

Mm KL
8 (3a—1\>
ML(l—ML)<1+—< “ ))
o 2

8 (3a—1)\?
1+ML<1+—<0‘ ))
o 2

Plugging in the values of Case A2, we obtain

that is,

15y = uj(a).

WH 3 —1( 2« l-a g 3a—1
Oy — ——AO+ 6 0L — — A6
M “M + 2 (1+a M+1+a L vy 1+ a
3a—1
g — PITEM N g 4 579 Lg,,, (S.14)
153 2
that is,
Ga—1)2
pr—p)(14+86——"
21+ @) N
MM = = u5(a).

3a—1
1 1-6——(1-2
+ML< 1+a( a))

Let us define u* (@) = min{uj (@), u;(a)}. We have the following result. O
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LEMMA A11.1. If a, pups is such that py > w* (@) and o < ag(ppr), then the optimal con-
tract is as described in Case Al presented above. If u > uw*(a) and o > ag(uy), then the
optimal contract is as described in Case A2 presented above.

PrOOF. We first prove that when & < ap(up), then uy > p*(«) implies wy > pj(a). To
this end, we prove the counterpositive: when a < ag(upy), uy < pj(e) implies py <
w*(a). Note that (i) the left-hand side of (S.13) and (S.14) are the same, and (ii) the right-

hand side of (S.13) is not larger than the right-hand side of (S.14) if and only if ’;‘L—f‘; <

22, that is, if @ < ag(uu). It follows that if uy < pi(e), then neither (S.13) nor (S.14)

hold, implying uy < w3(a) as well: we, therefore, conclude that uy < u*(a). Given
this, the conditions wy > u*(a) and a < ag(uy) imply the conditions wy > uj(e) and
a < ag(uar), so by the discussion presented above, the allocation described in Case Al
is an optimal solution of the WR problem. By a similar argument, we can prove that
when a > ap(up), then py > pw*(e) implies wys > p3(a). This implies that when we
have pyr > p*(@) and a > ag(ppr), then the allocation described in Case A2 is an optimal
solution of the WR problem. O

Finally note that Cases Al and A2 described above are the only possible allocations
consistent with A = 0. So, if uys < u*(«), the Largrange multiplier of / Cxy must be bind-
ing.

Cases Al and A2 follow from Lemma A11.1. For the remaining cases we first prove a
useful lemma.

LEMMA Al2. The optimal solution satisfies q; < 61 — "‘HM%AH, qr(L) < 6 —
bt 361 NG, and q1.(M) < 0.

Proor. We proceed in three steps. O

Step 1. Suppose g1, > 0 — *‘”“#AO. Now decrease g;, by €. All the constraints are
still satisfied. The change in the monopolist’s profit is given by

1
“L [—oLe - 5((qr - e)? - (qL)Z)} + (kp + par)AGe

1
_ “LK"L _ ((,L _ MA(,))E _ _ez}
ML 2

which is greater than zero for small enough e, giving us a contradiction.

Step 2. Suppose g (L) > 61, — %%—ZIAO. Now decrease gy, (L) by € and wpsr (L)
by Afe. All the constraints are still satisfied. The change in the monopolist’s profit is
given by

1 3a—1
ML&X[—@LE (AL (cn(L))z)} (it + )3 Ade

3a—1 1
=,U«L5a|:<flL(L) - <0L _ MQ_M))E _ _Ez}
193 2a 2
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which is greater than zero for small enough e, giving us a contradiction.
Step 3. Suppose qr. (M) > 0;. Now decrease g (M) by € and wyr (M) by Afe. All the
constraints are still satisfied. The change in the monopolist’s profit is given by

l—-«a 1 2 2 1« 1
pard | ~0re = 5 (a0 = € ~ (@ O0)) | = w0 521 (0 o) - )¢~ 3¢
which is greater than zero for small enough e, giving us a contradiction.

Keep in mind that A > 0 = Agp (L) > 0. It follows from the first-order condition with
respect to wr(L). Next, so as to characterize the quantities after history M, we prove
a useful lemma.

LEMMmA Al3. We have A > 0= Agy (M) > 0.

ProoOF. Assume to the contrary that Agy (M) = 0. Then we must have Ay (M) =
Ay (M) = 0. Assuming them to be strictly positive gives us gy (M) = q1.(M). Also, from
the first-order condition for gy (M), we obtain gy (M) > 6y, implying gr (M) > 0p >
01, a contradiction to Lemma A12. Thus, A = uyg and gy = gy (M) = 0.

Next we note that if A > 0, then gy (L) < 6p. To see this point, consider the first-
order condition with respect to gy (L). Since Agp (L) > 0, if Ap (L) =0, then it follows
immediately that gy (L) < 0y, If Appr(L) > 0, then gp (L) = qr (L) < 6 < 67, where
the first inequality follows from Lemma A12.

Using these facts, we can now write

3a—1

Abgyr + 6 ogm (M)

a—1
2

3a—1

=A0-0p+6 wHM(M)ZA0-9M+53 Abgy (M)

3a 3a—1
Abgm (L)

~1
A9 6y > Aqr + 5

2

3 —1

=AO-0p+6

=Afq; + 6 wgpm(L). (S.15)

The strict inequality proven in (S.15) contradicts A > 0. Thus, we must have Ay (M) > 0
as requested. This completes the proof of Lemma A13.

We divide the reminder of the proof of Proposition Al into two steps. First we assume
that I1Cr (L) is not binding and we characterize the parameter region in which this
assumption is correct. This will allow us to define the regions B1 and B2 described in the
statement of the proposition. Then we characterize the optimal contract when ICy ps (L)
is binding, i.e., region B3. O

Characterization of Regions Bl and B2 Let us assume Ay (L) =0. Since uy < pu*(a),

we have A > 0. From the first-order conditions, we obtain

MH — A _MHApM A

qm = 0y — A0, qrL =10r A6, (S.16)
mm 12
A 3a—1 + s 3 —1
gu(L) = Oy — — NG,  quLy=0, - FETEMITT ng. (517)
pe 11—« ML 2o
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Since A > 0, we have Ay (M) > 0and Ay (L) > 0. Thus,

3 —1

2

3¢ —1
L]M+5TCIM(M)=61L+5 qm(L). (S.18)
There are two relevant cases. We use A and A, to denote A from Case Bl and Case B2,
respectively.

Case B1: Ay, (M) = Ay (M) =0. Then, from the first-order conditions,
MH — )\1 3a—1

guM)=0y ———A6 and qr(M)=20;. (S.19)
5% 2a

Substituting the values from (S.16), (S.17). and (S.19) into (S.18), we obtain

1+)\1+83a—1£3a—1:,uH—/\1+83a—1,u,H—/\13a—1’

S.20
ML 2 uLl-a 1% 2 157, 2a (520
which gives

-1 -1 1

“—H<1+63a2 3“2 )——

_ _ 54 a KL
Ar=Ai(e) =— st 13a—T\ T 7 Ba—T3a—1Y (5-21)

UM 2 2a KL 2 l1—-a

Clearly, for this case to be valid, we must justify the assumption that Ay (M) =
ALy (M) = 0. A necessary and sufficient condition for this is gy (M) > qr.(M). Given
(5.19), this condition can be rewritten as “’L—;{"‘ % <1, where Aq is given by (S.21). This
condition is implied by

_ 14+ (= pbo(@) — prap@an(@ _

wp > boe) (1 + (@) o(a),

where

30 —13a—-1 3a—13a—-1 2a

a(a)=1+o———"—, o(@)=1+o0——7—, cola)=3-—

It follows that (under the assumption that A7 (L) = 0) the solution is given by (S.16),
(8.17), (S5.19), and (S.21) when wpr > po(a).
Case B2. For uyr < uwo(a), we must have Ayp (M) = Ay (M) > 0. In this case, we
must have
2a 1—a9 mg —A23a—1

guM)=qrL(M) = 0

A6. S.22
1+« M+1+ozL uy 14« ( )

Substituting g (M) and g, (L) into (S.18), we obtain

14+ A 3a—1/ A 3a—1 1-— —A 3a—1 — M 3a—-1
+2+8a <2a CY):MH 2 e tpn—hoda—1 g

“L 2 ur l—a  1+4a WM 2 py  l+a
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which gives

Supplementary Material

;LH<1+63a—13a—1> (1 3a—11—a)

N, = MM 2 14« ML 2 l1+4a (S.24)

T g3\ T Ba—13a—1Y’ '
UM 2 1+« 1193 2 l1-a

It follows that (under the assumption that Az, (L) = 0) the solution is given by (S.16),

(8.17), (S5.22), and (S.24) when wyr < po(a).

We now complete the analysis of this section by characterizing the conditions under
which we can ignore the /Cy (L) constraint and so Az (L) = 0. It is easy to see that
ICpp (L) is satisfied if and only if g (L) > g (L). We have gp (L) > gqr (L) if and only if

1 3a—1

) (1

1329
30 —13a—1

/\t§<

Thus, for Case B1, we have

pL 1—a
HH

(1-1—8
M

1—pp3a—1

(5.25)

)

2a

1

KL

2 2a >
30—13a—-1

1
1+6
2 2a>+ (+

wr
71 . _

) (1+1 ur 3a—1

ML 2a

3a—13a—-1

2 20

1 3a—1\"!
e )<1+

We can then write the previous inequality as

1
1+

m
i?)a—l
ur 1—a

=<

Define

aj(a,ur)=1+0

b

1—pp3a—-1
pL 2

Cl(a,N«L)=(
mL 1—a

prai(e, pp)[1—pr — ci(a, pr)

3a

—13a—-1
2

)

l—-«a

)

bi(a,pp)=1+24

30 —13a—-1
2

l—-«a

)

]

ui*(@).

MM =

Next, for Case B2, we have gy (L) > g (L) if and only if
WH 3a—13a—-1

1+6 —
,U~M<Jr 2 1+01> (

ML

T 1+ ai(a, pr)pr +bi(e, pr)er(a, ur)

1 3a—11—«

2 1+a>

1 —13a—-1 1
<1+83a 3a >+

— —1+6
2 1+« (+
-1
S(l 3a—1) (1+

1—pr3a—1
mL o 2a

Mm 28
ur 1—a

3a

—13a—-1
2

1l—-«

)

)
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Define
iy ) 1_‘_53a—1301—1 by ) 1 3a—11—«a
o = o e — -
2(a, pur 7 ixa’ 2(a, pp L > ixa
1 3a—1\"" 1—pr3a—1 3a—13a—1
exe pp) = [ — = 14 ——PL227 ) ) =14+822 220
prr 11—« ML 2a 2 1-a
Rearranging, we obtain
praz(e, pp)[1—pr — c2(a, pr)] s
1297 g =p5 ().

" pr(az(e, ur) +baa, ur)) + bala, pr)ea(a, wr)

Let us define u**(a) = min{p*(a), u*(a), u3* (@)}

LEMMA Al4. If uy € [w** (o), p*(a)] and ppr > po(e), then the solution of the WR prob-
lem is given by the solution in Case Bl presented above. If py € [u**(a), n* ()] and
um < po(a), then the solution of the WR problem is given by the solution in Case B2 pre-
sented above.

Proor. We first show that if up € [u™* (), u*(a)] and pp > po(@), then wys € [uf* (@),
pw*(a@)] and wpr > po(a). This implies that the solution is given by Case B1. Assume
uy < i (@). In this case, (5.25) does not hold with Ay. This implies that (S.25) does not
hold with A, as well if A, > A;. Subtracting (S.23) from (S.20), we get

1 1 3a—1/1 3a—-1 1 3a—-1
(A1 —A2) M——l———i—ﬁ +
L

wm 2 \ur l—a  py l+a
3—11-— —A3a—-1
— 52 il e Bl B |l (S.26)
2 1+« J79.%4 20
So, we have that A, > Ay if
- -1
MmH — A 3a _1<o,
M 2a

which is implied by upy > po(@). It follows that if uy < uj*(a), then uy < (), a
contradiction. We conclude that it must be uys > i (@).

We now show thatif uy € [u™(a), u*(a)]and py < po(a), then wy € [u3* (@), w* ()]
and uy < po(e). This implies that the solution is given by Case B2. Assume upr <
,u’z‘*(a). In this case, (S.25) does not hold with A,. This implies that (S.25) does not hold
with A; as well if A; > A,. From (S.26) we have that this is always true if uy < po(a). It
follows that if uy < u3* (@), then uy < u**(@), a contradiction. We conclude that it must
be wy > u*(a). O

Characterization of Region B3 Finally, we characterize the contract when s < w**(a)
and so both A > 0 and Ay (L) > 0. This is region B3. In this case,

Y A
PHZANg and g =0, — PHTHMTA
mm KL

qm =0y — A6. (S.27)
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We also have that Az (L) > 0 implies g (L) = g (L), so

1—a 2a MH+upm+A3a—1
Ly=qg (L)=—2%¢ 0, —
v (L) =qr(L) = 1==26m + 7201 L 1+a

A6. (5.28)

From Lemma A12, we have g; (L) < 6 — %%AO. Also, when Az (L) > 0, the
above inequality is strict. Thus, substituting the optimal value of ¢; (L), we obtain

Ada—1 pug+ppy3a-—1
- + <

- 0. S.29
pr 1—a ML 2a (5:29)

Note that as Ay (L) converges to zero, (S.29) is the exact violation of py > u** (@), that
is, inequality (S.25).

To characterize the quantities after history M, we now show that Ay (M) =
Ay (M) > 0.

LEMMA A15. We have A, App (L) > 0= Ay (M) = App(L) > 0.

PRrOOEF. Suppose Ay, (M) = Ay (M)=0. Then

mH —A3a—1

qu (M) =0y — A6 and qp(M)=6;.

15 2a

_ BH—=A30-1

o oa A > 07, we have

From 6y,

2a kA (S.30)
3aa—1 uyM

Since A, App(L) > 0, using gy (M) > qp.(M) = 01 > qr(L) = qu(L), we get g > qum.
This implies

+
um KL

—A A
(1_,LLH MmH+ pm + ><O.
Using (S.30). we get
/J.H+,LLM+)\3a—1 -
ML l-a

Now, inequality (S.29) can be written as

1. (8.31)

Ada—1 1 1

1<P«H+MM+ o _MH+MM(3a_1) L1

MmL l-—« ML l—-a 2«
_ MH+pM A+ A3a—1 B pE+ppm3a—114+«a
B ML l—« ML 20 2a’

which contradicts condition (S.31). O
It follows that
2c 1« —A3a—-1
auM) =qr(M) = 6 g, — 21 A6.

14+« M+1+aL vy l+a
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Finally, substituting the optimal values in /Cy, as equality, we obtain

—A A
(1_,U«H N RNDRS

) =0, (S.32)
wr mrL

which implies gjr = g1 . Note that (S.32) gives the value of A, which uniquely defines the
solution at the optimum. In particular, note that types M and L are treated as one, that
is,

gu=qr and gqyM)=q.(M)=qu(L)=qr(L). (S.33)

We conclude that the solution of the WR problem in region B3 (uy < u**(«)) is given by
(8.27),(5.28), (S.33), and (S.32).

This concludes the complete characterization of the optimal allocations in the WR
problem. Table 1 summarizes the solution of the optimal allocation for each possible
case.

S.5.1.3 The optimal WR contract is the optimal contract We prove the lemma as fol-
lows. Let U = U(h') be the vector of expected utilities, mapping an history A’ to the
corresponding agent’s expected utility. First we construct a vector of utilities U using the
solution of the WR problem, (w, q). We then show that the solution (U, q) satisfies all
the constraints of the seller’s profit maximization problem and it maximizes profits. We
proceed in two steps.

Step 1. We set uy, (M), up (L), and uy, (H) all equal to zero. We also define

upm(M) = oy (M), upm(L) = wmr(L), upm(H) =Ab0q (H)
ug(M) = oy (M) + ogym (M), aupg (L) =wyr (L) +opm (L),
up(H) =A0(qr(H) + qp (H)).

Since IRy, ICy1, and ICypr hold as an equality, we must have

U, =0,

3a—1

Uy =A6g. + 6 oy (L),

3 —1

Ug=Up +A6gpy +6 wgpm(M).

Step 2. We now show that (U, q) satisfies all the constraints of the profit maximizing
problem. By constructio,n it is immediate that (U, q) satisfies all the constraints in the
WR problem. It remains to be shown that it also satisfies the other constraints,

IRy, IRN, ICyp, ICrp, ICLy,

ICum(H), ICy(H), IR (H), IR (M), IR (L)
ICyu(H), ICLm(H), ICLp(H), ICHL(H)), ICya (M),
ICLuM), ICaL (M), ICyu (L), ICLua (L), ICHL(L).

(5.34)
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First, we show that IR, is satisfied. From ICy;;,, we have

3a—1

Uy=Up+Ab0qg; +6

[up(L) — ur(L)]

30 —1

=A0qr + 6 [um(L) —ur(L)] [usingIR.]

30 —1

>AfOqp + 8 Agr(L)>0 [usingICyr(L)].
Similarly, we can show that I/ Ry is satisfied. To prove the remaining constraints, we need
the following properties of the solution of the WR problem.

LemMmA Al6. For all parameter configurations, in the solution to the WR problem we
have (i) qi(H) = 0; fori=M,L,H, qu(M) < 0yp, qr.(M) < 61, and q1.(M) > q1.(L); (iD)
wpgpm (M) = A0qy (M) and, without loss of generality, wpyp (M) = A0qr (M), oy (L) =
Abqy (L), (iii) quantities at t = 2 are nondecreasing in type after any history; (iv) qg >
qm = qL.

Proor. Point (i) follow from the solution characterized in Section S.5.1.2 (for conve-
nience, the quantities are reported in Table 1). The first part of point (ii) (I Cgp (M)
always binds) follows from the first-order condition for wgy (M) (when A = 0) and
Lemma A13 (when A > 0). The second part follows from the fact that 1Cy; (M) can
be assumed to hold as an equality. Suppose wyr (M) > Afgr(M). Then can decrease
w1 (M) so that this holds as an equality. No constraint is violated and the profit of the
monopolist is unaffected. Similarly, we show that /Cp (L) can be assumed to hold as
an equality, implying wgar (L) = AOgy(L). Point (iii) follows from incentive compati-
bility constraints for the second (terminal) period. We now turn to point (iv). From the
fact that in the solution to the WR problem, gy = 0y, and the fact that (as shown in Sec-
tion S.5.1.2) g; < 0; for i = H, M, L, we have qy > q;, i = M, L. We, therefore, need to
prove only that gj; > qr.. We show this result case by case for all regions A1, A2, B1, B2,
and B3. In Cases Al and A2, from (S.9), we have gjs > ¢, if and only if

| BH | EHTEM
157 ML

0,

that is, i > ﬁ_g In regions Al and A2, we have wys > p*(@), as defined in Lemma 5.2.
This condition can be written as

1 LH 3a—1py3a—1 and 1 WH 83a2—1<1—a /.LH301—1>,

— > +8 — > == 4 ==
ML T M 2 pm 2a ML~ MM l+a py 1+«

clearly implying i > I’:—Z For Case B3, we show in Section S.5.1.2 that gy = q.. We
now show that in regions B1 and B2, we have gj; > qr as well. In these regions, we
have u € [u**(a), u*(a)]. We have gj > g1 if and only if 1 — “Z—A;)‘ + MLM“ >0. It
is clear from the first-order condition for wg (L) that A > 0 implies Ag (L) > 0; thus,

wgpm (L) =A0qy(L). Therefore, we have in regions B1 and B2,

3a—1

2

3a—1
QM+5T£1M(M)=61L+5 qm(L).
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When s > wo(a), by substituting optimal values (summarized in Table 1), we have

—A A 3a—1[ A 3a—1 — A 3a—-1
[ MH A /U«H+MM+1+801 |:_1a _ BH— A1 3a :|:0.

+
157, ML 2 lpp l—a 157, 2a

That can be re written as

_ —1)?
(1_MH /\1+MH+,U«M+)\1)(1+8(301 ))

WM 155 4o
3a—1)% A 3a—1
:6(a ) 1+MH+I—LM__1 a .

4a ML uL 1—a

We know from (S.25) that the right-hand side of the above equation is nonnegative.
Thus, 1 — HH—A 4 pEtpMth S )

KL
When upr < po(a), by substituting optimal values again (see Table 2), we have

>

MH — A ,LLH+/.LM+)\2+63a—1|:/\23a—1 mH— A 3a—1 l—a]

1- + -
“ym 193 2 pnr l—a vy l14+a 1+«

which can be rewritten as

) 1+MH+MM301_1
(1_MH—/\2 MH+MM+)\2><1+6(3CY—1) )_501(301—1) wL 2a

o T 20+a ) % ita _ M3a-i
uL l—a

We know that (S.25) is always verified in the relevant range. Using this condition, we

can see that the right-hand side of the above equation is nonnegative. Thus, we have
1 — kA2 | pEtRNtA S O
MM ML -

Consider the first period constraints. To show that ICy s holds, it is sufficient to
prove

1— 1-
0=ULzoLqM+5[auL(L)+ @ unr (M) + auH(M):|
3a—1
— Upr — Abgpy — 82" "0y (M)
3a—1
=UM—A0qM—§ ) qL(M). (8.35)

Since Uy = A0qp, + S%qL(L), (S8.35) can be written as

3a—1 3a—1

qm + 96 qr(M)>qp + 6 5

qrL(L).

The fact that this inequality is satisfied follows from points (i) and (iv) in Lemma A16.
(In the following discussion, when we mention a point, we refer to the points of
Lemma A16.)
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Next, we show that I Cy;y holds. From ICp s, we have

3 —1
Uy = Uy + A0qas + 8 a2 [t (M) — upr (M)
Thus,
3 —1
Uy =Ug—Ab0qgy — 6 [UH(M)_uM(M)]
3 —1
=Uy — AOqy — & “ [up (H) — up(H)]

3a—1
+AO(qH — qu) + S“T[(umm — up(H)) = (ur (M) — upr(M))]

3 —1

> Uy —AOgqy — 6

[ur (H) — up(H)).
The last inequality follows from the observation that
upg(H) —upm(H) = A0gy (H) = A06y > AOgy (M) = upg (M) — up (M), (§.36)

where the first inequality follows from the definition of u;(H), and the first equality and
the second inequality follow from point (i). From (S.36) and the fact that gy > g (point
(iv)), it follows that I Cps holds. We now turn to ICp . Using I Cy jy first and then I Cy g,
we have

3a—1

Up>Upy —Abgy — 6

[up (M) — up (M)]

3a—1 3 —1

>Uy —AOgy — 6

[up (H) — up (H)] — Abgp — 8

[up (M) — up (M)]

3a—1

= Uy —200qy — 6

[up (H) — up,(H)]

30 —1
2

3a—1

+A0(qn —qm) + 6

[(up (H) — ur,(H)) — (up(M) — up. (M))]

>U1—1—2A0qH—8

[up (H) — ug, (H)].
The last inequality follows from the observation that
um(H) —up(H) > A0q. (H) = A001, > A0qr (M) = up (M) —up, (M), (§.37)

where the first inequality follows from the definition of u;(H), the first equality and the
second inequality follow from point (i). From (S.37) and gy > gy (point (iv)), it follows
that /Cy g holds.

Consider now the second period constraints. The constraints IRy (M), IRy (L),
IRy (H), ICy1(H), and ICyp (H)) follow immediately by the definition of the utilities
at t = 2. The proof that (U, q) solves the seller’s problem is, therefore, completed if we
prove that it satisfies the constraints in the last two lines of (S.34). This result follows
from the fact that the local downward incentive constraints are satisfied in period 2 and
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o

6=0.95 0.38 0.48 0.58 0.68 0.78 0.88 0.98
pa =05 0.01 0.01 0.02 0.02 0.01 0.01 0.00
pr=0.1 11.00 9.87 8.49 6.87 4.98 2.86 0.51
g =035 0.01 0.02 0.04 0.06 0.06 0.04 0.01
pug =02 10.70 9.62 8.32 6.77 4.96 2.87 0.51
pa =05 0.01 0.01 0.02 0.03 0.03 0.02 0.01
e =03 10.01 9.87 8.51 6.91 5.06 3.93 0.52
pr =03 0.01 0.01 0.01 0.02 0.02 0.01 0.00
pa=0.1 10.75 9.73 8.45 6.91 5.08 2.95 0.53
py =03 0.01 0.01 0.01 0.03 0.04 0.03 0.01
pug =02 10.61 9.61 8.37 6.87 5.08 3.98 0.54
pa =03 0.01 0.01 0.01 0.02 0.02 0.02 0.01
py =03 10.41 9.42 8.20 6.72 4.97 2.92 0.53

TaBLE 2. Percentage loss of optimal objective (monopolists profit) by using monotonic con-
tracts (in bold) and repetition of the static optimum.

quantities are weakly monotonic after any history (point (iii)). Finally, to see that the
contract is optimal, we note that it maximizes expected profits in the less restricted WR
problem, so it must be optimal in the seller’s problem. Note, moreover, that since the
original problem is concave in ¢, this is in fact the unique solution (in quantities).

S.6. NUMERICAL SOLUTION OF THE EXAMPLE IN SECTION 6

We consider a three-type, three-period model with a uniform prior and the Markov pro-
cess f(0|0) =a, f(6]0") = (1 —a)/2for 6 # 6, and we calculate the loss in expected profit
from using (i) the optimal monotonic contract and (ii) the repeated optimal static con-
tract. The loss is expressed in Figure 5 as a percentage of the profit in the optimal con-
tract in Table 2. As can be seen, the approximation by the optimal monotonic contract
is quite good for all cases, with a loss of profit that is never higher than 0.06%.
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