Calculations for Examples 1, 2 and 3 in ‘Auction design in the presence of
collusion’ by Gregory Pavlov

Example 1.
The optimal cutoff in the Myerson mechanism is defined as 6 = (1 — F (6%)) /f (0") if
such 0" exists, and 0 otherwise. Hence, the optimal cutoff as a function of the lower bound

of the support is
0+L1 if 0<0<1
AR e
[ it 0>1

Thus

F (0 (9)) 1 if 0<60<1
0 (0)+ —=20"(0) —0 =
O T Y 0 01
The Myerson revenue as a function of 8 is
0+1
I () =0 (©) (1L- F*0"©) + [ (L-F(0)"as
0*(8)

= O (- 0) - ) + 5 (1+0- 0 (0)".

Substituting the values for the optimal cutoffs it is easy to verify that

R - L@ [ Eapt i ose<i
SN I C)) g1 i g>1

Note that 6% (0)+(F (6* (0)) / f (6% (9))) is greater than R* () if and only if < 1 (7 — /33) =~
0.628.

Example 2.
Denote § = 10. From the analysis of Example 1 we know that the Myerson revenue

cannot be achieved. By Theorem 4 the optimal price is

=0 where 0™ = argmax [ 0 + —= — 4
B =07 Ty where 07 = aremax {04 gy ) (L= F7(0)).

and where @’ is such that

j E—ﬂ— <9’+F(9,)) dF" (5) —0.

7(9) £(9)




Substituting the formulas for /' and f in the last equation gives:

2 (25—20’—1) (’é—g) 9 = 0.

qi\Q:,I

Solving for ¢ yields §' = 0 + % (\/37 — 5) ~ 10.186.
Next note that

M o 2 o o o o 2
<e+f(9))(1 F2(0)) = (20— 0) (1— (0 - 0)%)

This function achieves maximum at 6 = % 9%+ 12 + %Q ~ 10.097. Since this number is

smaller than @', we conclude that we found 6**, and thus the optimal price is

FO™) 1 /53 2
R=0" = —1/0 12 4+ =0 ~ 10.194.
+ f(H**) 3 Ve + 12+ 3¢

The principal’s revenue is R (1 — F? (6*)) ~ 10.098.

Now consider an alternative cartel interim efficient allocation with respect to the asym-
metric menu ¢ (py, p2) = (R + €) p1 + Rpa, where R is the same as above and ¢ = 0.05, relative
to the weight functions Wy = W and W, = W where

7 (0= { if  0,e[0,0+3)
YUl i G e[0+30+1]

The virtual utility of the first agent is

F (91)]0?9?)/1 (91) =0, + % = 20, — 0 for every 0.

The virtual utility of the second agent is

‘/1(91) — 91+

‘/2(92) - 02 +

F(0)—Wa(0) | 20.-0 if 0ye[0.0+3)
f(02) | 20—0-1 if Ghel0+20+1]

The solution has to satisfy the monotonicity constraints /C*. A standard approach is to
drop the monotonicity constraints and to replace the virtual utilities V;, V5 by the ironed
virtual utilities V1, V5 in the problem." The solution will satisfy the monotonicity constraints

and will also be optimal in the original problem.

!See for example Guesnerie and Laffont (1984), Myerson (1981).



The ironed virtual utility of the first agent V; is the same as Vi, since the original virtual
utility is strictly increasing. The ironed virtual utility of the second agent V5 is different,

since V5 has a downward jump at 0 + %.

o { 2t 0y € [6,0+ 1)
Y 641 i e [04+3,0+1]

Hence, the cartel interim efficient allocation with respect to the new menu (3, ¢) relative

to the weights W, W solves the following problem.

mI?XE [(Vi(61) — (R+¢€)) p1(8) + (V2 (02) — R) p2 (0)]

subject to

F*: p(0) € X for every (01,05) € O;

BB*: E[(20, — (0@ +1) = (R+¢))p1(0) + (202 — (@ + 1) — R)p2 (0)] > 0.

The optimal allocation satisfies

(0,0) if (01,02) € Ino
(p1 (01,02) ,p2 (01,02)) = (1,0) if (64,02) € Lo
(0,1) if (01,02) € I

where Iy, [10 and Iy, are the following subsets of the type space © = [Q, 5}2.

Io={V1(61) —R—c<0,V3(0) —R<0} = {91<%(R+Q+5),02<%(R+Q)},
Lio={V1(61) — R—e>max{V,(0,) — R,0}} = {6’1 > max{6’2+ 15 1(R—I—Q—I—e)}},
Tor = {Va (62) — R > max {Vy (6)) — R—,0})} = {92 . max{é’l el (R+Q)}} |
Denote r = R — 6. The principal’s expected revenue is

(Q+T +€) Pr{(91,92) € [10} + (Q+T) Pr{(@l,eg) c 101},



where

Pr{(91,92) c IIO} = (
Pr{(01,05) € Iy} :%

Substituting the values (e,7,0) = (0.05,% (\/112 — 10) ,10) we get the revenue of approxi-
mately 10.103.

The interim expected allocations are

( 0 if 01 € (6,0 + 37+ i¢)
Ep, [p1(01,02)] = 61 —0—12e if 6re(@+ir+5,0+3+1e) ,
1 if e (@+3+3e0+1)
( 0 it fye(0,0+37)
Eg, [p2(01,62)] = 02 —0+3¢ if 6O€ (0+35m0+73)
| f+de i Hhe(0+30+1)

The monotonicity constraints /C* are satisfied since the interim expected allocations are
nondecreasing.
Finally, we verify that the constraint BB* holds.

1

(2(02 —0) — (1+7)) By, [p2 (01,02)] db>

1

(20, —0) — (1+71+¢€)) Eg, [p1 (01,05)] db; +

—F
eI

0
QJr%Jr%s 041
1
- / (2001 —0) — (1 +7+¢)) <91—Q—55) do, + / (2(01 —0) — (1 + 7 +¢)) 1do,
Q+%r+%€ Q+%+%
22 0+1
1 1
+ / (2(92_Q) - (1+T)) (92—Q+ 55) d92_|_ / (2(92_Q) . (1+7’)) <§+%) d(92
Q-I—%r Q—I—%
= e RE Tt AT ety et

Substituting the values (g,7) = (0.05,% (\/112 — 10)) we get approximately 0.086, which is

nonnegative as required.

Example 3.



Consider an alternative cartel interim efficient allocation relative to the same weight
functions as in Example 2, with respect to a cost function described by the lower envelope
(vex) over the following: ¢(0,0) =0, ¢(1,0) = R+¢,¢(0,1) =c(3,3) = R.

272
After replacing the virtual utilities V4, V5 with the ironed virtual utilities V;, V5 (as in

Example 2), we can say that the cartel interim efficient allocation with respect to the new

menu (X, ¢) relative to the weights W, W solves the following problem.

mzz)xxE [71 (01) p1 () + V3 (62) p2 (6) — ¢ (p (9))]

subject to

F*: p(0) € ¥ for every (0,0:) € O;

BB*: E[(201— (@+1))p1(0) + (202 — (€ + 1)) p2(0) — c(p(0))] = 0.

The optimal allocation satisfies

(0,0) if  (01,02) € Ioo
(1,0) if (01,602) € I

0 ,6) ) 0 70 - 7
(p1 (01,02) ,p2 (01,02)) (0,1) if (01,6s) € Iy
(14) i @uo) el

where Iy, 119 and Iy; are the following subsets of the type space © = [Q, ?}2.

— — 1— 1—
I()O: {Vl(é’l)—R—5<0, V2(6’2)—R<0and §V1(91)+§V2(€92)—R<0}
1 1
= {01<§(Q+R+€),02<§(Q+R) and6’1+6’2<Q+R},

— 1— 1—
[10 = {Vl (91) —R—¢e> max{§V1 (91) + 5‘/2 (92) — R,O}}
) 6 >L(0+R+e) and b >0+ if 0 <O+ 3
a b >0+3+e if 0y>0+1 [’
_ 1— 1—
[01 = {VQ (92) — R > max {ivl (91) + §V2 (92) — R,O}}
1 1
= {6’2>§(Q+R),6’2>91and01<g+§},
%Vl (91) + %VQ (92) — R > max {Vl (91) — R — €,V2 (‘92) — R} s
%V1 (01) + %V2 () —R>0

_ 91+92>Q+R,0<91—92<8 if 92<Q+%
B 0+1<0<0+i+e if 0,>0+1 [



Denote » = R — . The principal’s expected revenue is

(Q"’T) Pr{(91,92) € Il(] U I%% U ]01} +€PI‘{((91,¢92) € IlO},

where
Pri(01,05) € LyUTii Uly ¢ =1 2_ 1 L2
T{( 1,02) € Ing 11 01}— —ZT —Zr€+§€,
1 1 1 1 1 5 1 1 1
Pr{(@l,eg)6[10}25—84-1(1—7”—0—6)(57“—58—1-5)25—57“2—8-1-17“8—582

Substituting the values (e,7,6) = (0.05,% (\/112 — 10) ,10) we get the revenue of approxi-
mately 10.105.

The interim expected allocations are

( 0 if 01 € (6,04 3r)
01— 0 —ir if 6 (@+2ir,0+ir+1e)
Eo [p1 (61, 02)] = br—6—3 if e (@+gr+iet+s)
st30i—0) —3e if e (@+35.0+5+39)
\ 1 if 6e(@+1+3e0+1)
( 0 it Gye (0,0+1r—1e)
O —0—3r+ic if O, (0+ir—1e0+12ir
Eel[p2(01;02)]: S 1 2 ) ? ( > 1 2 1 2)
Oy —0+5e if € (0+3r0+3)
\ ;3¢ if 0y € (0+3,0+1)

The monotonicity constraints /C* are satisfied since the interim expected allocations are

nondecreasing.

Finally, we verify that the constraint BB* holds, i.e.
E(20, — (0 41)) p1 (0) + (202 — (€ + 1)) p2 (0) — ¢ (p(0))] = 0.

Integration over the set Iy yields 0.

Integration over the set [y yields:

O+5+e 0« 0+1 0+1

/ /(2(91—Q)—(r+5+1 )) dfadf; + / / (61— 0) — (r + = + 1)) dbadf;
0+irtie 0 0+5+e 0
ir?’—lrQe—l— 1r + 1?"5 + 37“8— §r—i€ + 162— §€+i
24 8 8 8 4 8 24 8 8 24



Integration over the set Iy; yields:

0+3% 6, 0+10+3%
/U/@wz—@—oq4»d&wy+ /(ﬂm—@y—v+1»wﬁg
0+ir @ 0+1 @

Integration over the set I11 yields:

0+35r  Oyte
/ / (01— 0) + (02 — 0) — (1 + 1)) d01d0>
0+1r—Lc20+7—0>
0+% Oote
+ / / (01— 0) + (62 — 0) — (1 4 1)) db1db
0+1ir 02

0+1 9+ +e

/ / 91 — 9 92 - 9) (1 + T)) d91d92
0+5 0+
1 1 1 1 1

Z’r‘ﬁ—sz —57’84‘56 +4€ —gé?

MIH
MI»—‘

Summing up all the integrals we get

1+1 +1 12+1 +1 Jr3 1+7
ol TRret g mgre et g A ge — et o

Substituting the values (g,7) = (0.05,% (\/112 — 10)) we get approximately 0.086, which is

nonnegative as required.



