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B.6 Interim versions of Theorems 1 and 3

I first introduce interim counterparts of sets £, £, and IR. Define U;g](s|7, p) =
Eqle ™) (p(s, b) — c(s))[s] and UB(b|7, p) = Ey[e 7P (u(b) — p(s, b))|b] players’ ex-
pected payoffs from the bargaining outcome (7, p) at the interim stage, i.e., after types s
and b are realized. For any x € [0, 1], let

E(0) = lim (U5 eI, py), US (xl7a, pn) : (7, pr) = (7,p)  DL|

be the set of all interim expected payoff profiles of types on the diagonal s =x and b = x
generated by double limits. Let £(x) be the convex hull of the closure of E(x). Note that
when players have access to the public randomization device in the beginning of the
game, £(x) is the set of interim expected payoff profiles of types s = x and b = x that can
be approximated by double limits of my model.

I put some preliminary restrictions on £(x). Clearly, the feasibility constraint holds:

Us(x|Ty, p) + U x|y, py) < TI(x).

Moreover, Lemma 1 implies that the seller’s utility is at least U 5(s) = max{ y*(0) — c(s), 0}
in any frequent-offer PBE limit, and, symmetrically, the buyer’s utility is at least U2 (b) =
max{v(b) — y*(1),0}. Hence, for any 7, any outcome of the frequent-offer PBE limit
(T, py) satisfies the interim individual rationality constraints

Uy (sly, py) = US(s) and U (blry, py) = UP(b).
Denote by
IR(x) = {(US,UP): U® + U <1l(x), U® = US(x),and U® = UP ()}

the set of feasible, interim individually rational payoffs of types s = x and b = x, and
denote by

PE(x)={(US,U?):US + UP =T1(x), U® > U5(x),and U® > U (x)}
its Pareto frontier. Then I have £(x) C IR(x).

Anton Tsoy: tsoianton.ru@gmail.com

Copyright © 2018 The Author. This is an open access article under the terms of the Creative Commons
Attribution-Non Commercial License, available at http://econtheory.org. https://doi.org/10.3982/TE2543


mailto:tsoianton.ru@gmail.com
http://econtheory.org
https://doi.org/10.3982/TE2543

2 Anton Tsoy Supplementary Material

The following theorem is the interim counterpart of Theorem 1. The proof follows
directly from the argument in the proof of Theorem 1.

THEOREM 4. If (US, UB) € PF(x) for some x € [0, 1], then (US, UB) € £(x).

I now turn to the interim version of the folk theorem. Suppose that the buyer’s value
is given by vy(b) + £ and the seller’s cost is c(s), where vy, ¢, and ¢ are introduced in
Section 3.4. I am interested in the limit of the set £(x) as £ — 0, which I denote by &y(x).
Denote by IRy(x), x € [0, 1] the limit of IR(x) as £ — 0. It is easy to see that

IRy(x) = {(U%,UB): US + UB <TIy(x), U® > 0,and UB > 0} forx €0, 1],

where I1y(x) = vg(x) — ¢(x). The following theorem is the interim counterpart of Theo-
rem 3.

THEOREM 5. Forall x € [0, 1], Ey(x) = IRy (x).

Proor. The argument for the Pareto frontier of £y(x) is analogous to that for £ in the
proof of Theorem 3. Note that for x = 0 or x = 1, IRy(x) = {(0, 0)}. Then in the double
limit that I constructed in Theorem 1, types s = 0 and b = 0 trade at a price close to y*(0).
Since v(0) — ¢(0) g_)o 0, the expected utilities of those types converge to 0 as £ — 0. Sim-

ilarly, the expected utilities of types s = 1 and b = 1 converge to 0 as £ — 0, which proves
that &y(x) = IRyg(x), x € {0, 1}. Now consider x € (0, 1). There exists £ small enough such
that y*(0) < c(x) < v(x) < y*(1). In the double limit constructed in the proof of Theo-
rem 3, the utility of types s = x and b = x converges to 0 as ¢ — 0, which proves that
50(X)=IRQ()C). O

B.7 Proofof Lemma 12

Let VB =v(bs) — 5, VS = g8 — c(550), and AP = ¢5 — ¢B. Denote ¢ = éz‘AB;, ap=aB(0)=

¢VS, and ag = o3(0) = ¢V B. By (24), ap > 0 and ag > 0. Note that ¢ g 0. I choose &
sufficiently large so that g and ap are less than 1.

System (25) has steady states (z, —z), z € R. I am interested in the positive trajectory
that approaches the steady state (0, 0). Around this steady state, the linearized system
can be written in the matrix form

Xk1) _ (1 —aptasap —ap(l —ag)) (xk
YVi+1 —ag 1—ag Yk

The matrix has eigenvalues 1 and A = (1 — ap)(1 — ag) € (0, 1). Since one of the eigen-
values is equal to 1, the steady state is unstable, and I cannot conclude that in the neigh-
borhood of the steady state, the nonlinear system will converge to the steady state or
that the trajectory will stay positive. Therefore, I construct a particular trajectory that
satisfies the desired properties. The proof proceeds in three steps.

Step 1: Conjectured solution. In the first step, I conjecture the form of solution and
use the method of indeterminate coefficients to derive it. The following preliminary
claim gives the Taylor expansion of o (y) and o (x).
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Cramm 1. Foranyx e (0,1)andy € (0, 1),

o0
Byy=ap+¢Y vy,
=1

o0
Fx)y=as+¢y v,
=1

1 1 1 1
where *yF = dclsoo)/dx C(sf’l‘;)/dx and 'ylS = dvlboo)/dx ”(bﬁ)/dx )

Note that by the regularity conditions on v and c, le <D and ylS <D foralll.

I conjecture that there exists (u7, ,uf )72, such that the solution (25) takes the form!”

S /2, x
M) S ak (MUH) fork =12, (74)
Vi i1 My

and in addition, satisfies foralli=1,2, ...,
|uf| <usM' and |u)| <usM’ (75)

for some positive M and us such that

1

M<l<———.
A1+ us)

(76)

Given this conjecture, I next derive expressions for coefficients Mf and ,uf , and in the
next step, I will verify that for 8 sufficiently close to 1, upper bounds (75) indeed hold.

Series (74) defining (x, yx) are absolutely convergent, as they are dominated by the
absolutely convergent series us Y20, A’* M’. Plugging the conjectured solution (74) into
system (25), I get

00 .
DONEED (= N — (it + pA2)
i=1

=¢ (Z " (Z Mf)“(k“)) ) (Z A2 (i Mf“)) ;
=1 i=1 i=1

00 .
DA (] = N = as (AT + )
i=1

= <§; v (g M?‘Aik>l) (i N (iad + Mf))-

i=1

(77)

17This is a natural guess given the eigenvalues of the linearized system.
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Consider the first equation in system (77). Since A € (0, 1) and | M,Y | <usM!, by Mertens’
theorem,

o o
B Y yitk+1 k+1
> (Z'U“i nir )> Zw (Z Do m A )) (78)
=1 i=1 =l i+ ti=i

The series in (78) is absolutely convergent by

oo o0

2.2

i(k+1) ., B y y
NEDYP D7 g

=1 i=l iy =i
o0 o0
DY Y NED T g
=1 i=l iy =i
o0 o0
SDZZAi(k+1) Z uéMi
=1 i=l i =i

Ead i—1
-D ! ik+1) p i (1~
Zu,SZA M,
=1 i=l
00 k+1 /
PLany Vi
DZ” (1—Ak+1M)
M !
1-AM)°

o0
D Z u
=

where the first inequality arises via the triangle inequality and |yf| < D, the second
inequality follows from (75), the first equality arises from the fact that the number of
compositions of i into exactly / parts is ( ) the second equality is by summing over i,
and the third inequality is by A¥*! < A < 1. The resulting series is convergent whenever
Us 7557 A M < 1, which holds by (76). Therefore, by Fubini’s theorem, exchanging the order
of summation in (78) results in

~
—_

l
8
l
é

IA

—_

Zy (Z“zy)‘l(kﬂ)) ZW (Z Do My /u,l/\‘(k“))

i=1 i=l iy+-+ij=i

00 i
:Z)\i(kH)Z Z ’)/IB[,Lfl'...',LLZ.

i=1 I=1 iy ++ij=i

By the absolute convergence of both series on the right-hand side of (77), the product
on the right-hand side is equal to the Cauchy product, and so I can rewrite system (77)
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as

o0
i 1 i L
DN [M?‘ —ufA = ap(uf + p{A%)

i—1 _ o
S0 (THIEVIT) D o et | B
j=1

=1 jitti=]

00 .
Z"ik [Mf — N = as (A2 + 1)

—¢Z< +M,jif 3 M;I-....,L;)}zo.

=1 jitti=i

Setting all coefficients at A{*+1/2) and A’* equal to zero results in the system
Wi = A —ap (] + A7)

i—1 . J
J i
=¢Z<(M?‘,~M T A YY) “Jy/)
j=1 l_ =1  ji+-+j=j (79)
wy =i A — ozs(ui‘/\7 + 1)

—¢Z( Yl Zw 5 Mf1~---~uz)-

]

Using notation

and

i—1 J

2: 12 l/2 yo.oooY
o) (Mz ])\ +V“z A E E Wi, e Mjl)
j=1

®; = —
Q= ((p;) = i1 7 1 JI=] ) (80)
i i—1)/2
3 (FRLENE) 3D T ReNE)
j=1 =1 jittji=]

I can write the system in matrix form as
Aipi = @i

Since det(A4;) = (1 — A})(A — AY) > 0, for i > 2, matrix A; is invertible, and I can solve for
all u; (with the exception of i = 1):

pi= A" ¢ 81)
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Equation (81) expresses u; through w1, ..., u;_1. For i = 1, the equalities in (79) are lin-
early dependent (as det(A4;) = 0) and the relation between u} and ,u,{ is given by

1o
=2 1221 —ag)pl. (82)
as

Equations (81) and (82) give the desired expressions for u; and ,uf through the parame-
ters of the model.

Step 2: Verify bounds. In this step, I verify that for u; given by (82) and (81), bounds
(75) and (76) indeed hold, and so my derivation in Step 1 is justified. Fix any M < 1. Let

Us AR

Then = A3/ > 1 and so (76) holds. If g—g(l —ag) < )\%, then I set

A(1+u )
(83)
and otherwise, set

L (84)
ap(l—ag)™!
The next claim verifies (75).

Craim 2. Thereexists § € (0, 1) such that forany 6 e (5, 1) such that for ui and deﬁned
above in (83) and (84) and '“z and Mty defined in (81), bounds (75) hold.

Proor. The proof is by induction on i. By (83) and (84), |uj| < usM and |,u,l¥| <usM,
which proves the base of induction. Now, I prove the inductive step. Suppose that the
statement is true for all j < i. I show that |u¥| < usM’ and |p}| < usM". I can find the
closed-form solution to system (81),

|(1— A" — ag)ef +apA?e)| - 4max{1— ', ag, ap} - max{|e}], |¢] |}
(1= A7) (A =AY N (1= A) (A=)

and the same upper bound holds for |,u,l¥ |. Thus, it is sufficient to show that

ui|=

4max{(1 - A'), ag, ap} - max{|p}
(1= A (A =A%)

Notice that 25~ < 1 §- fori > 2, and by 'Hospital rule, lims_, 1 = 5 =lims_, 4 B —

>

¥
1) < usM".

s 1-A! ag+ap—asap
VSV+VB < 1. Hence, for sufficiently large 6 and all i > 2, I have ; SM < 1, and by an anal-
ogous argument, ;“5; < 1. Therefore, w < 1 for sufficiently large § and it
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remains to show that

4maxf|e;], [¢7]}

<usM i
A=A
for sufficiently large 6. I will show that % < %, and by symmetric argument,
Y
(/\+)1115M" < %. Recall from (80) that

i—1 . i
i L
gof:(l) E ((Mf_j/\Z—I—,LL{j/\Z)E :’le Z Mfl'ulyl)

j=1 =1 jit+tj=j

i-1 /]
20U Dol IND o PR Ry

=t Ni=l et

il
RZEDID M7 B D AT

e
i1 . el _
S(l)Z)\%ZWﬂ Z uéHM‘—Fq'))\%ZZWIB‘ Z uf;“lM’
j=1 1=1 Jieti=j j=11=1 Jiteti=g
i1 iy el i
— oA e (1) ot Sl (] )
=1 =1 B j=11=1 N
il ; J i—1
§2¢u5M’DZ)\7 Zug (1—1)
j=1 =1
<2¢usM'DY " Aus(1+ us)~!
=1

ush2 (1= A'7 (1+ ugs)' ")

=2¢usM'D -
1—A2(1+us)

1

=2¢usM'DAZ(1 - \'T),

where the first inequality is due to the triangle inequality, the second inequality arises
via the inductive hypothesis, the first equality makes use of the fact that the number
of compositions of j into exactly / parts is (;:}), the fourth inequality is by A/ > A’ for
j<iand |yf | < D, the fifth inequality is by summing over /, the second equality is the
summation over j, and the last equality is plugging in us = A~/ — 1. Thus, I need to

show that

1 i—1
Ai(1=27)
2¢D———— <
A—=X

ANy
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This inequality holds for sufficiently large 6, as ¢ — 0 as 6 — 1 and

1 i-1 i1 i—1 s
M1-AT) 1-aT e |
im . = lim — = lim - = —.
§>1  A— A 11— A1 551 _jpAi2 4i
This completes the proof of the inductive step and the claim. O

Step 3: Check solution. In this step, I verify that the candidate trajectories (xg, yx)
given by (74) that I have constructed indeed satisfy all conditions of Lemma 12. The
convergence to (0, 0) follows immediately by taking the limit X — oo of (74) and noting
that A < 1. Note that I still have one free parameter left: M that pins down w and M{ in
(83) or (84). I choose M so that

x4y =2l + Al =2,

and so the initial condition in (25) is satisfied. In follows from (74) that x; and y; are
decreasing in k and so

Xk 4+ Vi1 <Xk + Y <x1+y1=2m,

verifying inequalities (28) and (29).
Finally, I show that x; and y, are positive. Observe that

[e¢]

Xp = ZAi(kH/z)M?
i=1

oo
_ 12 <M)1c n Z)\t(k—i-l/Z)M;C)
i=2

oo
> \kH1/2 (Wf _ Z Ai(k+1/2)u6Mi)
i=2

(o A2+ 02
ZA M= Gy )

Hence, for sufficiently large k, x; is positive whenever uj is. Since from (82) the sign
of ,u{ and uj is the same, yy is positive for sufficiently large k. Thus, I have shown that
x; and y; are positive starting from some k(. By rearranging terms in the first equality

B
of (25), xx = %m Observe that for & sufficiently close to 1, &®(y) € (0,1)

for all y > 0. Hence, x; is positive whenever x;, and y, are positive. Analogously, it
can be shown from the second equality of (25) that for sufficiently large &, yx is positive
whenever x;, 1 and yj, 1 are positive. This proves that x; and y, are positive for all k =
1,2, ..., when § is sufficiently close to 1.
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