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APPENDIX B: ADDITIONAL MATERIAL FOR THEOREM 1

This section proves Lemmas 2 and 3. Define the second-order differential equation
U'=f(Xx,UU), (29)

where f: X x R? — Ris defined as

N — zr !/
f(X,U,U) TG (U—-y(X,U)) (30)
and ¢(X, z) =g" (X, 2) + % 1" (X, z) is the value of the large player’s incentive constraint
at the sequentially rational action profile for incentive weight z/r. Note that f is con-
tinuous on int(X). Equation (29) is equivalent to the optimality equation (7). Lemmas 2
and 3 establish that (29) has a solution for the case of an unbounded and bounded state
space, respectively.
The proof of Lemma 2 relies on Theorem 5.6 from De Coster and Habets (2006),
which is reproduced below.5!

TuEOREM 5 (De Coster and Habets (2006)). Let a, @ € C? be functions such that a < @,
D={(t,u,v) e R3|g(t) <u<wa(t)} and let f : D — R be a continuous function. Assume
that a and &« are such that forall t € R,

fta, ) <a"(t) and @'(t) < f(t,a), @ (1).

Assume that for any bounded interval I, there exists a positive continuous function Hy :
R* — R that satisfies the Nagumo condition,5>

© sds — o
o Hi(s)

B

and for all (t, u,v) € I x R? with a(t) <u <a(t), |f (¢, u, v)| < Hi(|v]|). Then the equation
u" = f(t, u, u') has at least one solution u € C? such that for all t € R, a(t) < u(t) < a(t).

J. Aislinn Bohren: abohren@sas.upenn.edu

S1This result is based on Schmitt (1969).

$2The Nagumo condition is a growth condition on the second-order differential equation f. It plays an
important role in demonstrating the existence of a solution to the boundary value problem.

© 2024 The Author. Licensed under the Creative Commons Attribution-NonCommercial License 4.0.
Available at https://econtheory.org. https://doi.org/10.3982/TE2680


mailto:abohren@sas.upenn.edu
https://creativecommons.org/licenses/by-nc/4.0/legalcode
https://econtheory.org
https://doi.org/10.3982/TE2680

2 J.Aislinn Bohren Supplementary Material

PRrOOF OF LEMMA 2. Suppose X = R. Then (30) is continuous on R3. Define a:R—>R

as
o X — ¢ ifX<-1
1 4 3 , 3 .
Q(X)E gng —ZQIX —ggl—ca leE(—l,l) (32)
- X — ¢ ifX>1
and definea: R — R as
—a X +¢p if X <-1
1 3 3
ax)= _551X4+Zalxz+§al+cb ifXe(-1,1) (33)
a1 X +¢p ifX>1

for some ¢, @1, ¢4, cp > 0. Note that o, @ € C? and a(X) < @(X) for all X € R. Functions
«(-) and «(-) are lower and upper solutions to (29) if there exist a;, a1, ¢4, ¢, > 0 such
that for all X € R,

2}' / "
—————(aX) - y(X, (X)) <" (X) (34)
o(X, (X))
and
a'(X) < ————(a(X) — ¢(X, @(X))). (35)
¢ o (X, a/(X))Z(a (X @x))

By Assumption 2, 3k € [0, r) and ¢ > 0 such that u*(X, z) < kX + ¢ for all X >0 and
u*(X,z)>kX —cforall X <0.

Step 1a. Show that there exist a, @1, ¢4, ¢, > 0 such that a(-) and «(-) are lower and
upper solutions to (29) when g is unbounded.

First derive a bound on (X, z). By Lipschitz continuity and the fact that g*(X, z)
and p* (X, z) are bounded in z, 3kg, k;, > 0 such that |g* (X, z) — g*(0, 2)| < kg|X| and
|w*(X, z) — u*(0, 2)| < k| X| for all (X, z). Therefore, 351’ gz,gl,gz >0, My o € [0, r),
Moy 1 >0, and v, y, m, m € R such that

8XHY gy < RN Y X <0
—g, X+ LX+7 ifX>0
_E2X+m X +m ifX>0
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and
I3 m - % _ o m .
51_72 X+7+_Z —g1+72 X+y—|—7z ifX<0,z<0
M
‘§z+M_Z)X+Z+—Z <§2—_—22>X+7+gz ifX>0,z<0
Mr <X, 2) < r_ r__
m = _ . o m_
(gl )X+7+—z - gl—i—TZ)X—i—y—i—?z ifX<0,z>0
E m _ Mo _. m .
- §2+TZ X+Z+72 82+ "2 X+y+7z ifX>0,z>0.

This provides a bound on (X, z).

Next find conditions on («a;, @1, ¢4, ¢p) such that a(-) and @(-) are lower and upper
solutions to (29) when X < —1. From Egs. (32) and (33), ¢"(X) =a"(X) =0, &/ (X) = ¢;,
and @'(X) = —a; when X < —1. Substituting this into Eqgs. (34) and (35), this cor-
responds to finding «;, @1, ¢4, ¢ > 0 such that (X, a;) > ;X — ¢, and ¢(X, —o1) <
—a1 X + ¢p. From the bound on (X, z),

My
¢(X»21)Z<g + = al)X+'y+—a1
® m
P(X, —ap) < —<§1 + _7151>X+7— fal-

Therefore, when X < —1, this holds when «; > rgl/(r — El)’ Ca > Cal = —Y — may/r,
a1 =78, /(r—p),and ¢y = cpy =y —man /r.

Next find conditions on (¢;, @1, ¢4, ¢p) such that a(-) and «(-) are lower and upper
solutions to (29) when X > 1. From Egs. (32) and (33), & (X) =a"(X) =0, &' (X) = —a;,
and @' (X) = @; when X > 1. Substituting this into Eqs. (34) and (35), this corresponds
to finding a,, @1, ¢4, ¢p > 0 such that ¢(X, —a;) > —ay X — ¢z and (X, @1) <a1X + ¢p.
From the bound on (X, z),

m
(X, —a1)>—<g + a1>X+7——a1
o m
¢(X,51)§(§2+%51>X+7+751-

Therefore, when X > 1, this holds when a; > rgz/(r —H2), Ca = Caz =~y +may/r, a1 >
18,/ (r —my), and ¢p > cpp =y +may /.

Next find conditions on («;, @1, ¢4, ¢p) such that a(-) and @(-) are lower and upper
solutions to (29) when X € (—1,1). From (32), ¢’(X) = —3¢,(1 — X?) > —3qa, and
a(X) < —3a; — ¢, and from (33), @'(X) = 3a1(1 — X?) < 3@ and a(X) > 3a1 + ¢
when X € (-1, 1). Substituting this into Egs. (34) and (35), this corresponds to finding
ap, @1, ¢g, ¢p > 0 such that

Ca> ; — (X, o (X)) (36)

o~

>§(|0*(X'z’(X))|2 D
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(|o @ ax)f 1

0> : - E)al (X, @ X)), (37)

4
Let o = supx¢(o,1),zcr @ (X, z), which exists since ¢*(X, z) is Lipschitz continuous
in X and bounded in z (the latter follows from B(X) bounded on [0, 1], which im-
plies b*(X, z) is bounded on [0, 1] x R, and o (b, X) Lipschitz continuous). First con-
sider X e (-1, 0], which means that @ (X) = a1 X(3 — X?) € (—a1,0] and o/ (X) =
—zng(S X?) €0, @;). From the bound on (X, z),

~ ||1=

[ m
lﬂ(X,g’(X))z<gl _rl ’>X+7 fg/z—g1+z

+ — mm{m 0}
r

_ My My o
(X, (X)) < (—g1+_71a>X+y+—a <g1+y+—1a1—71m1n{m 0}.

Therefore, when X € (—1, 0], Egs. (36) and (37) hold when

3/5% 1 M
Ca > Ca3=— - a;+¢8 —v+_—1gl—%min{m,0}
4\ r 2 21 = r

3
Ch = Cp3 = —

4

o2
1
<7 - §>a1 +g +y+ —a1 - —mln{m 0}.

Next consider X € [0, 1), which means thata@'(X) = &1 X (3 — X?) € [0, @) and o' (X) =
—%QIX(E} — X?) € (—a;, 0]. From the bound on (X, z),

W(X, (X)) > (—g2 + &Q)X ty+2a > g, +y— P2a; — E maxim, 0}
r - r

— r — - r
¥ (X, d' (X)) < (§2+M7a)X+y+ —a <g2+y+ —a +Tmax{m 0}.
Therefore, when X € [0, 1), Egs. (36) and (37) hold when

3/ 1 I a _
cazca4z—(7——>g1+§2—z+ %g1+_71max{m,0}

4 2
3/3% 1 W @ _
Cb2%451(7—§>51+g2+7+%a1+71max{m,0}-

Combining these conditions and choosing

{ T8, s, }
) = max y T—
A
rg rg
alEmaX{ gl ) gz_}
e R A )

yields @; > 0 and @; > 0 that satisfy all of the slope conditions. Choosing ¢, =
max{0, c,41, a2, €43, Caa} and ¢, = max{0, cp1, Cp2, Cp3, Cpa} yields ¢, > 0 and ¢, > 0 that sat-

isfy all of the intercept conditions. Given «;, @1, ¢4, and cp, the functions «(-) and @(-)
defined in Egs. (32) and (33) are lower and upper solutions to (29).
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Step 1b. Show that there exist «,, @1, ¢4, ¢, > 0 such that «(-) and @(-) are lower and
upper solutions to (29) when g is bounded. Define g = sup, j, x)c 4xz 8(a, b, X) and g =
inf,,p, x)e4xE &(a, b, X), which exist since g is bounded. Let ; =0 and ¢, = —g. Then
Y(X,d (X)) =g*(X,0),50 a(X)— (X, &/ (X)) =g—g*(X,0) <0forall X anda(X) = g
is a lower solution. Similarly, let @; = 0 and ¢, =_§. Then ¢ (X, @' (X)) = g*(X, 0), )
a(X)—¢(X, 2 (X)) =g—g*(X,0) >0forall X and @(X) =g is an upper solution. Note
that this step places no restrictions on the growth rate of u in relation to r.

Step 2. Show that the Nagumo condition (31) is satisfied. Given a bounded interval
I C X, there exists a K; > 0 such that

2r

f(Xx, U, U/)’=‘m

(U —-g(X,U) - UT,u*(X, U/))‘ <K;/(1+|U))
forall (X, U, U’) € {I x R?s.t. «(X) < U <@(X)}. This follows directly from the fact that
X €1, a(X) and @(X) are bounded on /, a(X) < U <a(X), g* and p* are bounded on
(X,U") el xR, and o (b, X) is bounded away from zero on I. Define H;(z) = K;(1 + z).
Therefore, [;° z/H;(z) dz = co.

Conclude that (29) has at least one C2 solution U such that for all X € R, a(X) <
U(X) < a(X). In the case where g is unbounded, the a(X) and @(X) constructed in
Step 1a have linear growth, so U has linear growth. In the case where g is bounded, the
a(X) and a(X) constructed in Step 1a are bounded, so U is bounded. O

The proof of Lemma 3 relies on a result from Faingold and Sannikov (2011), which is
reproduced below in a slightly altered form to apply to the current setting.

LemmMmA 20 (Faingold and Sannikov (2011)). Let D = {(t, u, v) € (¢, f) x R2} andf:D — R
be continuous. Let o), @1 € R be constants such that o; < o1 and f(t,2;,0) <0 <
f(t, a1, 0) forall t € R. Assume that for any closed interval I C (t, t), there existsa K; > 0
such that |f(t, u,v)| < Ki(1 + |v|)) for all (t,u,v) € I x [ay,a1] x R. Then the differ-
ential equation U" = f(t, U(t), U'(t)) has at least one C? solution U on (t, t) such that
ap <U(#) <a.

Proor oF LEMmMA 3. Suppose X is compact. Then (30) is continuous on the set D =
{(X,U,U’) e (X, X) x R?}. When X is compact, the feasible payoff set for the large
player is bounded, since g is Lipschitz continuous. Define g = inf, 5 x)caxE &(a, b, X)
and g =sup, p x)caxk &(a, b, X) as the lower and upper bounds on the flow payoff for
the large player, respectively. For any closed interval I C (X, X)), there exists a K; > 0
such that

!

2r U
— = (v-¢gx,U) - = X,U’)
‘a*(x, U’)2< (X U) = (X U)

=Ki(1+|U'))

forall(X,U,U") el x (g 8] xR. This follows directly from the factthat X € I, U € (8 8],
g* and u* are bounded on X x R, and o (b, X) is bounded away from zero on I. Also
note that

f(X,80) = (§—&(X,0) <0< f(X,g0) =

2r 2r _ "
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forall X e (X, X). By Lemma 20, (29) has at least one C?> bounded solution U on (X, X)
with 8= U(X) <g. This establishes that there exists a bounded solution to the optimal-
ity equation (7). O

APPENDIX C: ADDITIONAL MATERIAL FOR THEOREM 2

This section establishes Lemma 5 for the case of X = [X, X]. Let U be a bounded so-
lution to (7). Since U is not defined at X € {X, X}, take the definitions of d(X, B)
and f(X, B8) from Appendix A.3 for X e (X, X) and define these functions at the
boundary as follows: d(X,8) =d(X,B) =0 and f(X, 8) = f(X, 8) = 0. Note that
o(X, rB) is bounded away from 0 on any compact proper subset I C [X, X] by As-
sumption 1, so by Lemma 4, if f(X, 8) = 0 for some X € I, then d(X, 8) = 0. The
following argument establishes that for every ¢ > 0, there exists a n > 0 such that ei-
ther d(X, B) > —e or |f(X, B)| > 0. Fix any ¢ > 0. First show that there exists a 6 > 0
such that |[d(X, B)| < & for (X, B8) € Qu = {X xR:|X ¢ [X + 8, X — §]}, which estab-
lishes the claim. Given u(a, b, X) = m for all (a, b) € A x B(X), from (6), $*(X, z) =
$*(X, 0) for all ze R. Therefore, g*(X, z) = g"(X,0). Moreover, u*(X, z) = m and
0*(X,z) =0 for all z € R by assumption. Given Lipschitz constant K, > 0 for g*,
18" (X, z) — g"(X,0)| = |g*(X, 2) — g*(X, 2)| < K4|X — X| for all z e R. Choosing §; =
e/8rKg, if |X — X| < 81, then |g*(X, z) — g*(X, 0)| < &/8r for all z € R. This implies
rlg*(X, U'(X)) — g*(X,rB)| < e/4 for all | X — X| < & and B € R. When m # 0, U'(X)
is bounded by Lemma 23. Let M > 0 denote this bound. Analogously, there exists a
82 > 0 such that |u*(X, U'(X)) — u*(X, rB)| < &/4M for all | X — X| < 8, and B € R.
Therefore, |u*(X, U'(X)) — u*(X, rB)||U'(X)| < ¢/4 for all | X — X| < &, and B € R.
When 7 = 0, then (X — X)U'(X) > 0 by Lemma 23. Note that Lipschitz continuity
and pu*(X, z) = 0 imply |u*(X, z)| < K, (X — X) for all z € R. Therefore, there exists a
83 > 0 such that (X — X)U'(X) < ¢/8K,, for all |X — X| < 83. Then |u*(X, 2)||U"(X)| <
K, (X — X)|U'(X)| < &/8 for all |X — X| < 83 and z € R. This implies |[u*(X, U'(X)) —
w (X, rB)||U’'(X)| < e/4 for all | X — X| < 83 and B8 € R. Finally, by Assumption 1, there
exists a K1,, > 0 such that o*(X, z) > K1,,(X — X) forall ze R and X < (X — X)/2.
Therefore, by Lemma 24, K§ (X —X)?|U"(X)| < o*(X, U'(X))*|U"(X)| > 0as X — X
By Lipschitz continuity and o*(X, z) = 0, there exists a K> » > 0 such that o*(X, 2) <
Kg,g(f — X) for all z € R. Taken together, this implies that there exists a 64 > 0 such
that o*(X, rB)%|U"(X)| < K%}U(Y — X)?|U"(X)| < &/4 for | X — X| < 84. Therefore,
|o* (X, U'(X))? — o (X, rB)?||U"(X)|/2 < e/4 for | X — X| < 8,. Taken together, this im-
plies that |d(X, B)| < 3¢/4 for |7 — X| < 8y, where 6y = min{dj, 82, 84} when m # 0
and 8y = min{d1, 83, 64} when m = 0. Analogously, there exists a §; > 0 such that
|d(X, B)| < 3e/4 for | X — X| < 6. Taking § = min{dy, 8y} establishes d(X, B) > —¢
for all (X, B) € Q,. Next show that there exists an M > 0 such that this is true for
(X,B) e Qp={X xR:|B|>M,X e[X +8,X — 8]}. On any compact proper subset
of [X, X], U’ is bounded and o (b, X) is bounded away from 0. Therefore, there exists
an M > 0 and 1 > 0 such that |f(X, B)| > n1 forall |[3| > M and X € [X + §, X — 8]. Fi-
nally show this is true for (X, 8) e Q. = {X xR:|B| <M, X € [X + 8, X — 8]}. Consider
the set &, c Q. where d(X, B) < —e. The function d is continuous and (). is compact,
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so &, is compact. The function |f| is continuous and, therefore, achieves a minimum
n3 on ®. If n3 =0, then d = 0 by Lemma 4 (since o (b, X) is bounded away from 0 on
[X + 8, X — 8]), a contradiction. Therefore, n3 > 0. Take n = min{n1, 12, n3}. Then when
d(X’ ,B) 5 —-& |f(X! ﬂ)' > n.

APPENDIX D: ADDITIONAL MATERIAL FOR THEOREMS 3 AND 4

This section contains additional material used to establish the boundary conditions in
the proofs of Theorems 3 and 4.

D.1 Boundary conditions for compact X

When X is compact, Lemmas 21 to 25 establish the following boundary conditions un-
der Assumptions 1 to 3. When X is an absorbing state (7 = 0), any bounded solution U
of (7) on (X, X) satisfies limx_, , U(X) = g*(p, 0), limy_. , u* (X, U'(X))U'(X) =0, and
limy_. , o*(X, U'(X))2U"(X) =0for p € {X, X}. When X is not an absorbing state (77 #
0), any bounded solution U of (7) on (X, X) satisfies lim, +U(X)= g (X, 0) +mu/r,
limy  +u*(X,U'(X)U'(X) = mu’, and limy  +o*(X, U'(X))?U"(X) = 0 given finite
U= limy |+ U’(X), with analogous conditions for X — X.

LEMMA 21. Suppose X is compact. Any bounded solution U of (7) on (X, X ) has bounded
variation and liminfy _, , U'(X) =limsupy_, , U'(X) for p € {X, X1

ProOF. Suppose U is a bounded solution of (7) with unbounded variation near p = X.
Then there exists an increasing sequence (X},),cn of alternating consecutive local max-
ima and minima of U, with U’'(X,) =0 and U"(X,,) <0 for the maxima, and U’'(X,) =0
and U”(X,) > 0 for the minima. Given (6), a static Nash equilibrium is played at any
X such that U’'(X) = 0, yielding flow payoff g*(X, 0). From (7), this implies g*(X,,, 0) >
U(X,) in the case of a maximum and g*(X,, 0) < U(X,) in the case of a minimum.
Thus, the total variation of g*(X, 0) on [ X1, X) is at least as large as the total variation
of U and, therefore, g*(X, 0) has unbounded variation near X. This is a contradiction
since g*(+, 0) is Lipschitz continuous by Assumption 3.

Next show liminf,  + U’(X) =limsupy_ + U’(X). Suppose not. Then by the conti-
nuity of U’, there exists a z and an increasing sequence (X,),cx of alternating consecu-
tive X with U'(X,) =z and U"(X,) <0 for n odd, and U’'(X,) =z and U"(X,) >0 forn
even, with one inequality for U” strict. From (7), this implies U (X},) < ¢/(X},, z) for n odd
and (X, z) < U(X,) for n even, with one inequality strict. Thus, the total variation of
¥ (X, z) on [X1, X) is at least as large as the total variation of U and, therefore, (X, z)
has unbounded variation near X. This is a contradiction since g*(-, z) and u*(, z) are
Lipschitz continuous by Assumption 3, and, therefore, for any fixed z, (-, z) is Lips-
chitz continuous. Therefore, it must be that liminf,  + U’'(X) =limsup,_ + U’(X). Let
u = limy U ’(X) denote this (possibly infinite) limit. The case of p = X is analo-
gous. U
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LEMMA 22. Suppose X is compact and f : X — R is Lipschitz continuous with f(X) =
f(X) =0. Then for p € {X, X}, any bounded solution U of (7) on (X, X) satisfies

lim inf |f(X)|U'(X) <0 <lim sup |f(X)|U'(X)
X—p X—p

lim inf f(X)?U"(X)<0<lim sup f(X)2U"(X).
X—>p X—p

Proor. Consider p = X and suppose lim infy _ +|f(X)|U'(X) > 0. Then there exists a
6 > 0 and ¢ > 0 such that for all X € (X — §, X), |f(X)|U'(X) > e. By Lipschitz con-
tinuity, there exists an M > 0 such that |f(X)| < M(X — X) for X € X. Together this
implies U'(X) > &/|f(X)| > ¢/(M(X — X)) forall X € (X — 8, X). The antiderivative of
e/(M(X — X)) is —(e/M)In(X — X), which converges to co as X — X. This contradicts
the boundedness of U. Therefore, it must be thatliminfy _ +|f(X)|U’'(X) < 0. The proof
is analogous to show limsup,_, + |f(X)|U’(X) > 0 and for the case of p = X.

Suppose lim ianﬁyf(X)zU”(X) > 0. There exists a 62 > 0 and &» > 0 such that
for all X € (X — 82, X), f(X)2U"(X) > 2. Then for all X € (X — 63, X), U'(X) >
e2/f(X)? > e2/M?*(X — X)2. The second-order antiderivative of e2/M?(X — X)? is
—(&g2/M?)In(X — X), which converges to co as X — X. This contradicts the bound-
edness of U. Therefore, liminf,  + f(X )2U"(X) < 0. The proof is analogous to show
limsup, % f(X)?U"(X) > 0 and for the case of p = X. O

LEMMA 23. Suppose X is compact. Any bounded solution U of (7) on (X, X) sat-
isfles limy  + u* (X, U'(X))U'(X) = 0 when X is an absorbing state (m = 0) and
limy  +p*(X, U'(X))U'(X) =mu for some finitew' =limy_ + U’'(X) when X is not an
absorbing state (m # 0), with analogous limits as X — X.

ProOF. Consider p = X. By Lemma 21, liminfy | +U’(X) =limsup,_ v U’(X). Let
u =lim, U'(X). First show that when 7 # 0, || < co. Suppose not. Note that
lim, v u*(X, U'(X)) = m follows from the Lipschitz continuity of u* and u*(X, z) =m
for all z. Then if [t'| = co and 1 # 0, lim,,_ + |u*(X, U'(X))U'(X)| = cc. From (7), this
implies

lo* (X, U'(X))2U" (X)| = |2r(U(X) — g*(X, U'(X))) — 2u*(X, U'(X))U'(X)| - oo

since U and g* are bounded. But given that ¢* is Lipschitz continuous with o*(X, z) =0
for all z, this contradicts Lemma 22. Therefore, it must be that |#'| < co when 7 # 0.
Taken together, this implies lim, v u*(X, U'(X))U'(X) = mu’ when m # 0.

Next show that when 7 = 0, limy, % p*(X, U'(X))U'(X) =0. Let f(X) =X — X and
first show lim, _ + f(X)U’'(X) = 0. Suppose limsup, v f(X)U'(X) > 0. By Lemma 22,
liminf,  + f(X)U'(X) <0since f(X) is Lipschitz continuous and f (X) = 0. Then there
exist constants K > k > 0 such that f(X)U’(X) crosses k and K infinitely many times
in a neighborhood of X. Additionally, there exist £ > 0 and L > 0 such that for X with
X - X <gand f(X)U'(X) € (k, K),

2r(UX) - g"(X, U'(X))) - 20" (X, U'(X))U'(X)| _ L

U//(X) — < .
| | o (X, U' (X)) f(X)?
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where the equality follows from (7) and the inequality follows from the triangle inequal-
ity, U and g* bounded, u*(X, U'(X)) < K, f(X) for some K, > 0 by Lipschitz continuity,
and o*(X, U'(X)) > K, f(X) for some K, >0 when X < (X — X)/2 by Assumption 1.
Given f is Lipschitz continuous, there exists an Ly > 0 such that |f'(X)| < L. This im-
plies that for X such that | X — X| < ¢ and |f(X)|U'(X) € (k, K),

XU x
|F(X)2U"( )\>|U/(X)|

X)) U'(X)) | < | (XU (X)| + | f(X)U"(X) =( X))+ /

’

<(L2+L/k)|U(X)

and, therefore, |U'(X)| = [(f(X)U'(X))|/(L2 + L/k). Therefore, the total variation
of U is at least (K — k)/(L2 + L/k) > 0 on any interval where |f(X)|U’(X) crosses
k and stays in (k, K) until crossing K. This happens infinitely often in a neighbor-
hood of X, which implies that U has unbounded variation in this neighborhood.
This is a contradiction by Lemma 21. Thus, limsup,  +|f(X)|U'(X) = 0. By simi-
lar logic, liminfy  +|f(X)|U’(X) = 0 and, therefore, lim_ +|f(X)|U'(X) = 0.53 Given
|w* (X, U'(X))| < Ky f(X), this implies |u*(X, U'(X)U'(X)| < K1|f(X)U'(X)| — 0 as
X — X. The case of p = X is analogous. O

LEMMA 24. Suppose X is compact. Any bounded solution U of (7) on (X, X) satis-
fies limy_, , o*(X, U'(X))?U"(X) = 0 for p € {X, X}. When X is an absorbing state
(m = 0), lim, v U(X) = g*(X,0), and when X is not an absorbing state (m # 0),
limy, U(X)= g (X, 0) + mu' given finite u' = lim,  + U'(X), with analogous limits
as X — X.

Proor. Consider p = X. Given that U is continuous, is bounded, and has bounded
variation, Uy = lim,_  U(X) exists. Given u(a, b, X) =m for all (a,b) € A x B(X),
from (6), $*(X, z) = §*(X, 0) for all z € R. Therefore, g*(X, z) = g*(X, 0) for all z € R. By
the Lipschitz continuity of g*, this implies lim,  + g*(X, U'(X)) = g"(X,0).

First suppose X is an absorbing state (m = 0). By Lemma 23, lim,  +u*(X,
U'(X))U'(X) =0. Plugging these limits into (7),

lil‘n_a'*(X, U/(X))ZU//(X) = lim_Zr(U(X) —g*(X, U/(X))) — ZM*(X, U/(X))U/(X))
X—-X X—-X

=2r(Uy — g" (X, 0)).

Suppose Uy > g*(X,0). By X compact, (b, X) = 0 for all b € B(X) and, therefore,
o*(X, z) = 0 for all z € R. Therefore, by the Lipschitz continuity of ¢, there exists an

S3This result holds under a more general condition than o*(X, z) > CX-X)X—-X)forall (X,z)e
X x R. Specifically, for any positive Lipschitz continuous function f(X) with f (X)=0andaK;,K», 8>0
such that |u*(X, z)| < K1f(X) and ¢*(X, z) > Kof(X) for X such that |[X — X| < 6 and z € R, then
limy  + f(X)U'(X) =0 for all z € R. This condition relates the growth rate of o* to that of u*. When
o*(X, z) = C(X — X)(X — X), the Lipschitz continuity of u* implies that f(X) = X — X satisfies this con-
dition.
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M > 0such that forall X € X, o*(X, U'(X))? < M(X — X)2. This implies

lim inf_o*(X, U'(X))*|U"(X)| =2r(Ux —g*(X, 0)) <lim inf M (X —X)*|U"(X)|=0,
X=X X—>X

where the last equality follows from Lemma 22. This is a contradiction. A similar con-
tradiction holds for Uy < g*(X, 0). Therefore, Uy = g*(X,0). Then lim,  +o*(X,
U'(X))?U"(X) = 0 follows immediately from (7).

Next suppose X is not an absorbing state (7 # 0). By similar reasoning,
lim,  +o*(X,U'(X))?U"(X) = 2r(Ug — g*(X, 0) — mu'/r), which yields Uy = g*(X,
0) + ' /r and again, lim,,  + o*(X, U'(X))?U”(X) = 0. The case of p = X is analo-
gous. O

LEMMA 25. Suppose U and V are bounded solutions of (7) on (X,X). Then
limy_,,V(X) - U(X)=0forpe{X, X}

Prookr. Consider p = X. Let U and VV be bounded solutions of (7). When X is an ab-
sorbing state (7 = 0), lim,_ %V (X) — U(X) = 0 follows immediately from Lemma 24
aslimy, v U(X) =lim, V' (X)=g"(X,0). Therefore, consider the case where X is
not an absorbing state (7 # 0) and without loss of generality suppose lim,_ V' (X) >
limy vU(X). From Lemma 24, lim, V' (X)— U(X) =m{ —u')/r. Therefore,
given m < 0, this implies ¥ < @'. By continuity, there exists an X* € (X, X) such that
V(X*) > U(X*) and V'(X*) < U'(X*). From the proof of Lemma 7, this implies that
V(X)>UX)and V'(X) < U'(X) forall X € (X, X*). This implies V' (X) — U(X) is de-
creasing in X for X € (X, X*) and, therefore, limy_, x V(X) - U(X) > V(X*) - U(X*) >
0. Therefore, m(v' — u')/r > 0. Given m > 0, this implies v > &', which is a contradiction.
Therefore, limy vV (X)=lim,_ + U(X). The case of p = X is analogous O

D.2 Additional results for boundary conditions when X =R

The following additional results are used to establish the boundary conditions outlined
in Appendix A.4 when X = R and g is bounded.

LEMmMA 26. Suppose X =R and g is bounded. If U is a bounded solution of (7), then
there exists a 8 > 0 such that for |X| > 8, U is monotone, and for p € {—oo, o0}, U, =
limy_, , U(X) exists and limy_, , U'(X) = 0.

ProoF. Suppose U is a bounded solution of (7) and it is not monotone near p = co.
Then for all § > 0, there exists an increasing sequence (X, ),y of alternating consecutive
local maxima and local minima of U, where X; > 6. Thus U'(X,) =0and U"(X,) <0
for the maxima, and U’ (X,,) =0 and U” (X,) > 0 for the minima. Given (6), a static Nash
equilibrium is played at any X such that U'(X) = 0, yielding flow payoff g*(X, 0). From
(7), this implies g*(X,,, 0) > U(X,) in the case of a maximum and g*(X,, 0) < U(X,) in
the case of a minimum. Thus, the oscillation of g* (X, 0) on [§, co) is at least as large as
the oscillation of U and, therefore, g*(.X, 0) is not monotone for large X . But by Assump-
tion 3, /' (X, z) is monotone for X > §¢y and, therefore, (X, z) is also monotone for suf-
ficiently large X . Therefore, (X, 0) = g*(X, 0) is also monotone for sufficiently large X
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This is a contradiction. Thus, there exists a 6 such that for X > §, U is monotone. The
existence of limy_, ., U(X) follows from U bounded and monotone for large X .

Next suppose liminfy_, o, U'(X) # limsupy_, . U'(X). Then for all 6 > 0, by the
continuity of U’, there exists a z and an increasing sequence (X,),cn of alternating
consecutive X such that X; > 8, U'(X,) =z, and U”(X,) <0 for n odd, U'(X,) =z
and U”(X,) > 0 for n even, with one inequality for U” strict. From (7), this implies
U(X,) < (X, z) for nodd and ¢ (X, z) < U(X,) for n even, with one inequality strict.
Thus, the oscillation of (X, z) is atleast as large as the oscillation of U. But by Assump-
tion 3, /(X, z) is monotone for X > §y and, therefore, (X, z) is also monotone for
sufficiently large X. Therefore, it must be that liminfx_, o U'(X) =limsupy_, ., U’ (X).
Let U/, denote this limit. Given U is bounded, it must be that U, = 0. The case of
p = —oo is analogous. O

LEMMA 27. Suppose X = R, g is bounded, and f : R — R has linear growth or slower.
Then any bounded solution U of (7) satisfies

lim inf |f(X)|U’(X) <0 <lim sup |f(X)|U'(X)
X—p X—p

lim inf f(X)?U"(X)<0<lim sup f(X)*U"(X)
X—p X—p

for p € {—o0, oo}

Proor. Consider p = co and suppose liminfy_,» |f(X)|U'(X) > 0. Then there exists a
81 > 0 and &; > 0 such that when X > 8}, |f(X)|U'(X) > &;1. By linear growth, there ex-
istsa 82 > 0 and M > 0 such that when X > 8y, |f(X)| < MX. Take 6 = max{d;, 62}. Then
when X > §, U'(X) > &1/|f(X)| = e1/M X. The antiderivative of &1 /M X is (e1/M)In X,
which converges to co as X — oco. This contradicts the boundedness of U. There-
fore it must be that liminfy_  |f(X)|U'(X) < 0. The proof is analogous to show
limsupy_, o |f(X)|U'(X) = 0.

By Lemma 26, U is monotone for large X. Without loss of generality, let U be
monotonically increasing. This implies U’(X) > 0 for sufficiently large X. Suppose
liminfy_, o f(X)2U”(X) > 0. Then there exists a 8 > 0 and ¢ > 0 such that when
X > 81, f(X)?U"(X) > e. By linear growth, there exists a 6, > 0 and M > 0 such
that when X > &, f(X)? < MX?. Take 8 = max{8;, 8o}. Then when X > 8, U"(X) >
e/f(X)? > (¢/M)X~? > 0 and U’(X) is strictly monotonically increasing. By Lemma 26,
U'(X) — 0. In order to have U’(X) — 0 and U’(X) strictly monotonically increasing, it
must be that U’(X) < 0 for X > §. This is a contradiction, as U’(X) > 0 for sufficiently
large X . Therefore, liminfx_, « f(X)?U”(X) < 0. Suppose limsupy_, .. f(X)?U"(X) <O0.
By similar reasoning, there exists a 6 > 0, ¢ > 0 and M > 0 such that when X > §,
U"(X) < —¢/f(X)? < (—e/M)X~? < 0 and U’(X) is strictly monotonically decreas-
ing. Therefore, [y U”(1)dt < [y (—e/M)t~%dt, which implies U'(X) > e/MX since
U'(X) — 0. The antiderivative of /M X is (¢/M)In X, which converges to co as X — oc.
This contradicts the boundedness of U. Therefore, limsupy _, ., f(X)2U”(X) > 0. The
proofis analogous for the case of p = —c0. O
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D.3 Alternative boundary conditions for X =R and bounded g

When X =R and g is bounded, Assumption 5 outlines an alternative sufficient condition
for uniqueness.

AssUMPTION 5. Given X =R, there exists a 8y > 0 such that for |X| > 8o, |n*(X, 2)|/
o*(X, z) <K for some K > 0.

Theorem 6 establishes uniqueness when Assumption 5 holds.

THEOREM 6. Suppose X =R and g bounded. Assume Assumptions 1 to 3 and 5. For each
initial state Xy € X, there exists a unique PPE, which is Markov and characterized by the
unique bounded solution U of (7) on X. The continuation value converges to the static
Nash equilibrium payoff and intertemporal incentives collapse as the state grows large:
limy_,(U(X) — g*(X,0)) =0and limy_,, u*(X, U (X))U'(X) =0 for x € {—o0, co}.

Together with Lemmas 26 and 27, Lemmas 28 and 29 below establish the fol-
lowing boundary conditions for the case of X = R and g bounded under Assump-
tions 1 to 3 and 5: any bounded solution U of (7) satisfies limy_, ,U(X) = g,
limy_, , u*(X, U'(X)U'(X) = 0,and limy_, , o*(X, U'(X))?U"(X) = 0 for p € {—o0, 00},
where g, =limy_, , g*(X, 0). Note that g, exists, given that g is bounded and g*(-, 0) is
monotone for large | X|. The proof of Theorem 6 follows immediately from these bound-
ary conditions and Steps 2 and 3 from Appendix A.4.

LEMMA 28. Suppose X =R and that g is bounded. Any bounded solution U of (7) satisfies
limy_, , w*(X, U'(X))U'(X) =0 for p € {—o0, o0}.

Proor. Consider p = co. Let f(X) be a positive Lipschitz continuous function such
that there exists a K1, K», 81 > 0 such that |u*(X, z)| < K1 f(X) and ¢*(X, z) > K> f(X)
for X > 6; and z € R. Such a function exists for u* given that it is Lipschitz contin-
uous and bounded in z, and by Assumption 5, such a function exists that also satis-
fies the property for o*. I first show limy_ o f(X)U'(X) =0 for all z € R. Suppose
limsupy_, o |f(X)|U'(X) > 0. By Lemma 27, liminfy_, | f(X)|U'(X) < 0 since f(X) is
Lipschitz continuous and, therefore, has linear growth. Then there exist constants K >
k > 0 such that |f(X)|U’(X) crosses k and K infinitely many times as X approaches co.
Additionally, there exist § > 0 and L > 0 such that for X > 6 with |f(X)|U’(X) € (k, K),

2r(UX) —g"(X, U'(X))) =20 (X, U'XO)U'(X) | _ L
o (X, U'(X)) X0

|U//(X)| —

where the equality follows from (7) and the inequality follows from the triangle inequal-
ity, U and g* bounded, p* bounded by f, and Assumption 5. Given f is Lipschitz
continuous, there exists an Ly > 0 such that |f'(X)| < L. Then for X > & such that
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|f(XOU'(X) € (k, K),

|F(X)2U" (X))

U X)) | <|FfxOU X))+ Fxu' x| =1 x|+ 02— 1
(fXOU' (X)) | < |/ XU+ |[f(X)HU"(X)| <!f( )| FOU]

ool
<(L2+L/k)|U'(X)|

and, therefore, |U'(X)| > |(f(X)U'(X))'|/(L2 + L/ k). Therefore, the total variation of U
isatleast (K —k)/(L2+ L/k) > 0 on any interval where |f(X)|U’(X) crosses k and stays
in (k, K) until crossing K. This happens infinitely often in a neighborhood of co, which,
given that U is monotone for large X by Lemma 26, implies that U does not converge
as X — oo. This is a contradiction by Lemma 26. Thus, limsupy_, . |f(X)|U'(X) = 0.
By similar logic, liminfy_, » |f(X)|U’(X) = 0 and, therefore, limy_, » |f(X)|U'(X) = 0.
Given |u* (X, U'(X))| < K1 f(X), this implies |u* (X, U'(X)HU'(X)| < Kq|f(X)U'(X)| —
0 as X — oo. The case of p = —c0 is analogous. O

LEMMA 29. Suppose X =R and that g is bounded. Let U be a bounded solution of (7).
Then for p € {—o0, oo}, limx_, , U(X) = gp and limx_. , o*(X, U'(X))?U"(X) =0.

Proor. Consider p = oo and suppose limy_ .o, U(X) = Ux > ge- By Lemma 28,
(X, U (X)HU'(X) — 0 as X — oco. Moreover, g* Lipschitz continuous, U’(X) — 0 by
Lemma 28, and g*(X, 0) — g imply g*(X, U'(X)) — g« as X — oco. Plugging these
limits into (7),

Jim o (X, U'(X))*U"(X) = Jlim 2r(U(X) - g*(X, U'(X))) —2u*(X, U'(X))U'(X)
=2r(Uso — 8o0) > 0. (38)

By the Lipschitz continuity of o* and U’(X) — 0 from Lemma 28, there existsa §, M > 0
such that for X > §, o*(X, U'(X)) < M X. This implies

lim o*(X, U'(X))’U"(X) <lim _inf M?X?U"(X) <0,
X—o0 X—o0

where the last equality follows from Lemma 27. This is a contradiction, since by (38),
limy_, o o*(X, U'(X))?U”(X) > 0. A similar contradiction holds for Us, < gs.. There-
fore, Us, = goo and limy _, o o* (X, U'(X))?U"(X) = 0 follows immediately. The case of
p = —o¢ is analogous. O

APPENDIX E: ADDITIONAL MATERIAL FOR SECTION 6
E.1 Section 6.2

This model satisfies the assumptions in Section 3. Volatility is positive, except at the
boundary states (Assumption 1). The state space is bounded. Therefore, the board’s flow
payoff is also bounded (Assumption 2(i)). From Lemma 1, given current state X and
incentive weight 3, the board chooses intervention a(X, r8) = max{—1, min{BX (2 —
X)/2c, 1}}. The board will choose an intervention that increases the state when the
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equilibrium incentive weight is positive, and otherwise chooses an intervention that de-
creases the state. The sequentially rational action profile (a(X, rB), b(X, rp)) is single-
valued and Lipschitz continuous (Assumption 3), where b(X, rB) = Aa(X,rB)%+1—(1—
X)2.

From Theorem 1, any solution U to the optimality equation with equilibrium ac-
tions a(X, U'(X)) = max{—1, min{U' (X)X (2 — X)/2cr, 1}} and E(X, U'(X)) = ra(X,
U'(X))? + 1 — (1 — X)? characterizes a Markov equilibrium, where

UX) =r(b(a(X), X) — ca(X)?)
+X2-X)((a(X)+6(d—X))U'(X)+ U"(X)/2). (39)

E.2 Section 6.3

It is straightforward to compute the sequentially rational action profile for any (z, X).
Given incentive weight z, the government chooses an investment level to solve
0oz

1,
max ——a“ + —a.
acl0,a] 2 r

This results in sequentially rational investment level

Orz/r ifz/re[0,a/62]
a(X,z)=1a ifz/r>a/0s
0 ifz<0

for the government. When an innovator believes that the government will choose in-
vestment level a and the current stock of intellectual capital is X, the innovator’s best
response is to select investment aX/c if a/c < y and otherwise to choose the maximum
possible investment, yX. To reduce the number of cases, assume that an interior so-
lution is always feasible for the innovator, @ < yc. This results in sequentially rational
investment level

02zX/cr ifz/re0,a/0,]
b(X,z)=13aX/c ifz/r>a/0,
0 ifz<0

for each innovator. Note that a(X, z) and b(X, z) are unique for each (X, z) and are
Lipschitz continuous (Assumption 3).

I first search for equilibria in which the government’s optimal investment is an in-
terior solution. Conjecture that there exists an equilibrium in which the continuation
value is linear in the current level of intellectual capital. This means that U’(X) is con-
stant with respect to X and U”(X) = 0. Taking the derivative of the optimality equation
(7), such an equilibrium must satisfy

* *
dg +U/(X)du

/ —_—
rU(X)_rdX X

(40)
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Rearranging terms and plugging in the derivatives of (14) and (15), any solution to

abrz

z= (41)
cr—0102z/r 4 cO3

with z/r € [0, a/62] is a candidate equilibrium slope. It is straightforward to verify that
z* =01is a solution. In an equilibrium with slope z* = 0, neither the government nor the
innovators invest, a(X) = b(X) = 0 for all X, and the government’s equilibrium payoff
is U(X) = 0. Due to the strategic complementarity, if the government does not invest,
then neither will the innovators, yielding a payoff of zero for all players. If « = 0 or 6, =0,
z* = 0 is also the unique solution and, therefore, the unique equilibrium. Intuitively,
if the government does not receive a return on the innovators’ investment or its own
investment does not contribute to building intellectual capital, then it has no incentive
to undertake costly investment.

There are also nontrivial equilibria that sustain positive investment. The unique
nonzero solution to (41) is

z* _ cr —aby + cls

010>

In order for this to be a valid solution, it must satisfy z*/r € [0, a/602]. Recall that by
assumption, @ < yc and y < (r + 603)/60;. Allowing @ and v to be as large as possible,
subject to these constraints, yields a/6, ~ (cr + c63)/61 62 as the upper bound for z*/r. It
is clear from (42) that z*/r < (cr+c03)/61 02 for all @ > 0 and 62 > 0. For the lower bound,
z*/r > 0 for all r when cf3 > a6,. Therefore, there exists an equilibrium that sustains
positive investment and has slope (42) when y ~ (r + 63) /601, a = yc, and c63 > a 2. This
equilibrium has nonzero equilibrium investment levels,

(42)

cr —abs + cls

X) =
a(X) o1
—af 6
b(X):(Cr aby +c 3)X
cO1

and continuation valueS*

cr —afy +603>X+ (cr — aby +603)2.

UX)=r
& ( 6162 262

$4Given process dX; = (M — X,)dt + o dZ;, the ergodic distribution of X has mean M. From u(a, b,
X)=01b(X) + 62a(X) — 63X, consider such a process with § = —0;b(X)/ X + 03 = af2/c — r and

02a(X) cOa(cr—aby+c3)  c*0203 fac
0 6i(ab2—cr)  Gi(abr—cr) 61

M=

This implies that the equilibrium ergodic distribution of intellectual capital has mean c?6,63/60; (a8 —cr) —
c02/601.Asr— 0, M — c?03/af) — ch2/01 = ca(X)/a. The expected flow payoff is

E[g(a(X), b(X), X)] =E[ab(X) — a(X)?/2] = aa(X)E[X]/c — a(X)?/2.

Asr— 0, E[g(a(X), b(X), X)] — (c3 — af)?/26%, which is equal to lim,_,o U(X) derived above.
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To complete the characterization of Markov equilibria, it remains to determine
whether there are equilibria with slopes z < 0 or z/r > a/6,. If there is an equilibrium
with slope z < 0, then from sequential rationality, a(X, z) = b(X, z) = 0, which leads to
U(X) =0. But then U’'(X) =0, which contradicts z < 0. Therefore, there are no Markov
equilibria with slope z < 0. There may be a Markov equilibrium with slope z/r > a/6». In
such an equilibrium, from sequential rationality, a(X, z) =a and b(X, z) =aX/c. Com-
puting g*(X, z) and u*(X, z) for this case, and plugging the derivatives into (40), the
equilibrium slope must satisfy

X _
e L (43)
r cr — 01a+ c6s

and z*/r > a/60,. These conditions are simultaneously satisfied when « > (cr — 617 +

c03)/0>: therefore, there is an equilibrium with slope (43) and equilibrium investment

levels a(X)=aand b(X) =aX/c.
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