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This technical appendix provides derivations omitted in the main paper.

Verification for the signal examples
Example 1: A linear distribution Consider a signal X that follows
H 1 L 1
fl) =5 +ex and fr=5, ~lsx<l,

where €, = n~¢/3 and 0 < ¢ < 1. In this section, we show that this signal satisfies As-
sumptions 1, 2, and 3.

Clearly, the densities are strictly positive and continuously differentiable. The likeli-
hood ratio satisfies MLRP because

fH(x)

ln(x) =
fL

=14+ 26nx
(x)

is strictly increasing in x. Moreover, ¢, (x) — 1 as n — oo uniformly in x € [—1, 1], satis-
fying Assumption 2. The cumulative distributions are

*q 1 x*—1
Ff(x):/ —+enzdz=x+ —i—x €n

12 2 2
*1 x+1
Ftooy=| Zdz= )
() /_lzdz 2

Hence, A, (x) =1+ (x — 1)€,. This implies A, (x) = 0, satisfying Assumption 3.
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Finally, we investigate Assumption 1. We note that

. An<x>> (fn” (1)>
lim log{ ——— ) =1o =log(1l + 2¢,) = O(ey).
g(An(x) 8 Ty ) = loe + 260 = Oten)

Thus, to show that the signal satisfies Assumption 1, it suffices to show that log(A,(x)/
An(x)) is decreasing in x € [—1, 1]. We have

L (Anm)—i[m <_1 _1)_10( ! _1>]

dx B\ ) T ax B\ F S\ FL(x)
1 ffe 1 i
S 1-Flo) Flx) 1-FHx) FH(x)

(1= FH 0))FH o) fE(x) — (1= FE @) FE o fH ()
(1= FEOo)FE(o) (1 - FF (o) F (x) ‘

The denominator is positive. We inspect the numerator to find it negative:

X+l ¥ -1 x+1+x2—1 1 L1y x+1 1+
2 2 )\ 2 2 J\2 2 VAR

(1—x—(¥* = 1)en)((x + 1)+ (x* = 1)€n) — (1 — x)(x + D)(1 + 2xe,)
8

_7 ;_ ! [(1—x— (x2 —1en)(1+ (x —Dey) — (1 —x)(1 +2xe,)]
_(x+ DA -x)
- 8
_(x+DH(dT—x)
- 8
(DA -x)’e
- 8

Hence, log(A,(x)/A,(x)) is bounded from below by log(1 + 2¢,). Thus, Assumption 1 is
satisfied.

[(1+A+x)€e) (14 (x — Dep) — (1 + 2xep) ]
[(A+x)en(1+ (x — Dep) — (x + Dey]

<0.

Example 2: An exponential signal Consider a signal X that follows an exponential dis-
tribution with

—ux —(uten)x
where €, = 6.n ¢ is a positive sequence, and §¢ > 0, u > 2, and ¢ € (0, 1) are constants.
In this section, we show that this signal satisfies Assumptions 1, 2, and 3.

The signal has the monotone increasing likelihood ratio ¢,,(x) = (u/(1 — e #))((1 —
e~ (Wten)) /(u + €,))e*. Thus, the signal satisfies all the properties assumed in Sec-
tion 2.2. In particular, f; is continuously differentiable and strictly positive over com-
mon bounded support X and satisfies MLRP (¢/ (x) > 0) for any x € X. Moreover, £,

converges to 1 uniformly on X and, therefore, satisfies Assumption 2.
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Next we show that the signal satisfies Assumption 1. We have

1 — oM —pX _
Fly=-""—, 1-Flo="—"C1
1—e# 1—e*
1 _ e_(l-’v+fn)x e_(l-’v"l‘fn)x _ e_(M+5n)
L L
Fn(x)z 1_Fn(x): )

1 — ¢~ (nten)’ 1 — ¢~ (mten)

Ap=(1—F1y/1~FL) and A, = F1/FL. Let 8, :=log(A,/A,). Then

e HY _ oM 1— e—(,u+en)X>

on(x, €)= IOg(e—(quEn)x . e—(/LL-i-En) 1—e ¥

elHtenx _ elbten)(x=1) _ 1
= log(4em — ) - log(—eﬂ(xl) 7 )

Note that §, is an analytic function of €, and converges to 0 as €, — 0 for any x € X.
Thus, the first-order Taylor expansion of §, around €, = 0 yields

xeM* (x — 1)erx=D )
On(x, €4) = (e,ux 1 A _q >€n + 0(611)
= (h(x) = h(x — 1))en + O(€2), *

where i(x) :=x/(1 — e™**). We note that A(x) is strictly increasing in x:

1—e ™ — puxe ™
(1- e_"”‘)2

W(x)= > 0.

The inequality holds since 1 — e — ye™” > 0 for any y # 0 and also since #'(0) = 1/2 by
I'Hoépital’'s rule. Hence, /(x) — h(x — 1) is bounded below by a positive number uniformly
on k.

The term O(e2) can be made arbitrarily small (say, a half of the lower bound of
(h(x) — h(x — 1))e,) for large enough n. Therefore, applying €, = 8.n~¢ to (*) above,
we see that there exist constants 8 > 0 and n; such that §,(x) > én~¢ for any x € X and
for all n > n;. This confirms that the signal satisfies Assumption 1.

Finally, we show that the signal satisfies Assumption 3. Let us write uy, := u + €,. For
this particular signal, we have

1—e ™ 1 —e™#¥
1—e™™ 1—eH¥
1—e M pe (1 —e ™ ¥) — ppe M (1 — e™H¥)

l—e* _ o—upx)2
(1—er2¥)

An(x) =

/\;(x) =
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Thus, we have

2 2
12 /'LL — Wy X — Wy X 12 ML
1—e |:_e"“‘—1+e“”—1j|(1_e H) = Qe |:e'“x—1 _e“”—lj|

A// —
=T (1— e ) (1 —emrr) ™!

(*%)
Now we have that

d m et —1— pxet
du\e** —1 (er — 1)2

is negative for wx > 0, because y — 1 < ylog y for any y > 1. Hence, the term

_ u KL
_ nrLx _
2uLe |:e"“x -1 eMr— 1]
in (**) is negative since u; > u. Also, we have

d pr o\ 2pett(1—e M — ux/2)
ﬁ(eux—1>_ (eMx_1)2 '

Note that 1 — e™” — y/2 is strictly negative at y = 2 and decreasing in y for y > 2. Hence,
for any fixed u > 2, there exists an xc < 1 such that the above derivative is negative for
any x € [x,, 1]. Thus, [—e,fﬁ—: + euf—hﬂ(l — e~ ML) in (**) is negative in x € [x,, 1] for any
n, since u;, > w. Hence, there exists an x, such that, for every n, A),(x) < 0 holds for any
X € [x, 1]. Thus, we verify that the signal satisfies Assumption 3.

Derivation of X),(x,) = £,,(x4)/2 and A, (xp) = £,,(xp)/2 for (8) and (9)
Using (8), we obtain

14 —A
lim /\;1(X)=fnL(Xa) lim M
X—Xg X—Xg

FL(x)

A (xa) - (xa)

= fir () "
fE(xa)

= Z/n(xa) - /\;,(xa)y

which implies A} (x4) = €,,(x4)/2.

Similarly, using (9), we obtain

. . Ap(x) = Lu(x)
/ _ rL n
xlgl;b An ()= (Xb)xlgl)}b 1—FE(x)

Ay (xp) — £,(xp)

—fE(xp)
= —(A},(xp) — €,(xp)),

= fE(xp)

which implies A}, (xp) = €,,(xp) /2.
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Supplement to Proof of Lemma 2

In this section, we show that the probability of I'(#)/#n in (15) exceeding n~* for some
vg > 0 converges to 0 as n — oo.

From Lemma 1, K, =I'(t + 1) — I'(1) asymptotically follows a Poisson distribution
with mean ¢. Combining with inequalities v/2me ¥ k%405 < k1 < e1=* k05 for any inte-
ger k, we obtain

o0
Pr(K;> k)= Z Kee=t /K1
K=k

=Y 5 Te™ /(k +5)!

s=0

ot '
Z s! (k+s)'

el—sss+0.5

s
k ,—t !
e J—
; s! ,/27Te—(k+s)(k _|_s)k+s+0.5

e okt 5 \$H05
ZS'«/ (k+s)k<k+s>

ek+1

tS

k —t

<t'e E a——
=0 s' 2mkk

_ e (fﬁ)k

V2m \ k '
Now we consider a region ¢ € [0, T] and let k = n'=" for some vy € (0, 1). The upper
bound of Pr(K7 > k) becomes (e/~/27)(n"0~! Te)"HO, which converges to 0 from above

as n — oco. Also note that I'(¢) is nondecreasing in ¢. Thus, the probability of events in
which I'(¢) exceeds k = n' = declines to 0 as n — co.

Derivation of (13)

This section derives the asymptotic expression (13) from (12) by applying Stirling’s for-
mula m! ~ +/27m(m/e)™ as m — oo.
Substituting Stirling’s formula into (12), we obtain

o e M (pm)ymbe p, emdmtm=bo(gpyym=bo

b
m (m—bo)! M J2m(m—by)m— byt

—m+b,
. b—oe—¢m+m—b0+(m—bo)10g¢ <1 _ b_o) "

m

m+/2mw(m — b,)
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N bo((be)ibo e~ (@—1-logd)m ,b,
m+/2mw(m — b,)

byp—bo ¢~ (6=1-logd)m
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