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Dynamic games with (almost) perfect information
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YENENG SUN
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Singapore

This paper aims to solve two fundamental problems on finite- or infinite-horizon
dynamic games with complete information. Under some mild conditions, we
prove the existence of subgame-perfect equilibria and the upper hemicontinuity
of equilibrium payoffs in general dynamic games with simultaneous moves (i.e.,
almost perfect information), which go beyond previous works in the sense that
stagewise public randomization and the continuity requirement on the state vari-
ables are not needed. For alternating move (i.e., perfect-information) dynamic
games with uncertainty, we show the existence of pure-strategy subgame-perfect
equilibria as well as the upper hemicontinuity of equilibrium payoffs, extending
the earlier results on perfect-information deterministic dynamic games.

Keyworps. Dynamic games, perfect information, almost perfect information,
subgame-perfect equilibrium, atomless transition, atomless reference measure.
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1. INTRODUCTION

Dynamic games with complete information, where players observe the history and
move simultaneously or alternately in a finite or infinite horizon, arise naturally in many
situations. As noted in Chapter 4 of Fudenberg and Tirole (1991) and Harris et al. (1995),
these games form a general class of regular dynamic games with many applications in
economics, political science, and biology. The associated notion of subgame-perfect
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equilibrium is a fundamental game-theoretic concept. For alternating move games with
finite actions, an early result on backward induction (subgame-perfect equilibrium) was
presented in Zermelo (1913). For simultaneous move games with finitely many actions
and stages, the existence of subgame-perfect equilibria was shown in Selten (1965),
while the infinite horizon but finite-action case was covered by Fudenberg and Levine
(1983) under the usual continuity at infinity condition.!

Since the agents in many economic models need to make continuous choices, it is
important to consider dynamic games with general action spaces. However, a simple
example without any subgame-perfect equilibrium was presented in Harris et al. (1995),
where the game has two players in each of the two stages with only one player having a
continuous choice set.? Thus, the existence of subgame-perfect equilibria under some
suitable conditions remains an open problem even for two-stage dynamic games. The
purpose of this paper is to prove the existence of subgame-perfect equilibria for general
dynamic games with simultaneous or alternating moves in a finite or infinite horizon
under some suitable conditions. We adopt the general forms of intertemporal utilities,
requiring neither stationarity nor additive separability.

For deterministic games with perfect information (i.e., the players move alternately),
the existence of pure-strategy subgame-perfect equilibria was shown in Borgers (1989,
1991), Fudenberg and Levine (1983), Harris (1985), Hellwig and Leininger (1987), and
Hellwig et al. (1990) with the model parameters being continuous in actions, extend-
ing the early work of Zermelo (1913).# However, if the “deterministic” assumption is
dropped by introducing a passive player, Nature, then a pure-strategy subgame-perfect
equilibrium need not exist as shown by a four-stage game in Harris et al. (1995). In fact,
the nonexistence of a mixed-strategy subgame-perfect equilibrium in a five-stage alter-
nating move game was provided by Luttmer and Mariotti (2003).° Thus, it is still an open
problem to show the existence of (pure or mixed strategy) subgame-perfect equilibria in
(finite or infinite horizon) perfect-information dynamic games with uncertainty under
some general conditions.

Continuous dynamic games with almost perfect information in the sense that the
players move simultaneously are considered in Harris et al. (1995). In such games, there
are a finite number of active players and a passive player (Nature), and all the relevant
model parameters are assumed to be continuous in both action and state variables (i.e.,

lwithout the continuity at infinity condition, subgame-perfect equilibria may not exist in infinite-
horizon dynamic games with finitely many actions; see Solan and Vieille (2003) for a counterexample.

2As noted in Section 2 of Harris et al. (1995), such a dynamic game with continuous choices provides
a minimal nontrivial counterexample; see also Exercise 13.4 in Fudenberg and Tirole (1991) for another
counterexample of Harris.

3To be specific, we assume that players’s payoffs are functions of the whole histories endowed with the
product topology, which does not need to be the discounted summation of the stage payoffs. For details,
see Section 2.

4Alés-Ferrer and Ritzberger (2016) considered an alternative formulation of dynamic games with perfect
information and without Nature, and showed the existence of subgame-perfect equilibrium.

5All those counterexamples show that various issues arise when one considers general dynamic games;
see, for example, the discussions in Stinchcombe (2005). In the setting with incomplete information, even
the equilibrium notion needs to be carefully treated; see Myerson and Reny (2019).



Theoretical Economics 15 (2020) Dynamic games with (almost) perfect information 813

Nature’s moves). It was shown in Harris et al. (1995) that subgame-perfect equilibria ex-
ist in those extended games obtained from the original games by introducing stagewise
public randomization as a correlation device.® As mentioned above, they also demon-
strated the possible nonexistence of subgame-perfect equilibrium through a simple ex-
ample.

The first aim of this paper is to resolve the above two open problems (in both finite
and infinite horizons) for the class of continuous dynamic games. We assume the state
transition in each period (except for those periods with one active player) to be an atom-
less probability measure for any given history.” In Theorems 1 and 2 (and Proposition 1),
we present the existence results for subgame-perfect equilibria, and also present some
regularity properties of the equilibrium payoff correspondences, including compact-
ness and upper hemicontinuity.® Note that our model allows the state history to fully
influence all the model parameters, and hence, covers the case with stagewise public
randomization in the sense that the state transition has an additional atomless compo-
nent that is independently and identically distributed across time, and does not enter
the payoffs, state transitions, and action correspondences. As a result, we obtain the
existence result in Harris et al. (1995) as a special case. In addition, we also provide a
new existence result for continuous stochastic games in Proposition 2; see Remark 3 for
discussions.

For dynamic games with almost perfect information, our results allow the players to
take mixed strategies. However, for the special class of continuous dynamic games with
perfect information,® we obtain the existence of pure-strategy subgame-perfect equi-
libria in Theorem 2. When Nature is present, there has been no general result on the
existence of equilibria (even in mixed strategies) for continuous dynamic games with
perfect information. Our Theorem 2 provides a new existence result in pure strategy,
which extends the results of Borgers (1989), Fudenberg and Levine (1983), Harris (1985),
Hellwig and Leininger (1987), Hellwig et al. (1990), and Zermelo (1913) to the case when
Nature is present.

The condition of atomless transitions is minimal in the particular sense that the ex-
istence results for continuous dynamic games may fail to hold if (a) the passive player,
Nature, is not present in the model as shown in Harris et al. (1995), or (b) with the pres-
ence of Nature, the state transition is not atomless even at one point of history as shown
in Luttmer and Mariotti (2003).

The second aim of this paper is to consider an important extension in which the
relevant model parameters are assumed to be continuous in actions, but measurable

6See also Mariotti (2000) and Reny and Robson (2002).

7A probability measure on a separable metric space is atomless if every single point has measure zero.

8Such an upper hemicontinuity property in terms of correspondences of equilibrium payoffs, outcomes,
or correlated strategies is the key for proving the relevant existence results in Borgers (1989, 1991), Harris
(1985), Harris et al. (1995), Hellwig and Leininger (1987), Hellwig et al. (1990), and Mariotti (2000).

9Dynamic games with perfect information also have wide applications. For example, see Amir (1996)
and Phelps and Pollak (1968) for an intergenerational bequest game, and see Goldman (1980) and Peleg
and Yaari (1973) for intrapersonal games in which consumers have changing preferences.
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in states.!? In particular, we show the existence of a subgame-perfect equilibrium in a
general dynamic game with almost perfect information under some suitable conditions
on the state transitions. Theorems 3 and 4 below go beyond our results on continuous
dynamic games by dropping the continuity requirement on the state variables.'! We
work with the condition that the state transition in each period (except for those periods
with one active player) has a component with a suitable density function with respect to
some atomless reference measure.

In Appendix A, we provide a complete proof of Theorem 1 and point out those
changes that are needed to prove Theorem 2 and Proposition 1. We follow the stan-
dard three-step procedure in obtaining subgame-perfect equilibria of dynamic games,
namely, backward induction, forward induction, and approximation of the infinite hori-
zon by the finite horizon. Because we drop the stagewise public randomization, new
technical difficulties arise in the proofs. The main purpose of the step of backward in-
duction is to show that if the payoff correspondence at a given stage satisfies certain reg-
ularity properties, then the equilibrium payoff correspondence at the previous stage is
upper hemicontinuous. We notice that the condition of atomless transitions suffices for
this purpose, and hence the exogenous stagewise public randomization is not needed
for this step. For the step of forward induction, we need to obtain strategies that are
jointly measurable in history. When there is a public randomization device, the joint
measurability follows from the measurable version of Skorokhod’s representation theo-
rem and implicit function theorem as in Harris et al. (1995) and Reny and Robson (2002),
respectively. Here we need to work with the deep “measurable” measurable choice the-
orem of Mertens (2003).

In Appendix B, we prove Theorem 3 first, and then describe the changes needed to
prove Theorem 4 and Proposition B.1. The proofs for the results in measurable dynamic
games are much more difficult than those in the case of continuous dynamic games. In
the backward induction step, we obtain a new existence result for discontinuous games
with stochastic endogenous sharing rules that extends the main result of Simon and
Zame (1990) by allowing the payoff correspondence to be measurable (instead of upper
hemicontinuous) in states.!? So as to extend the results to the infinite-horizon setting,

10Since the agents need to make optimal choices, the continuity assumption in terms of actions is natu-
ral and widely adopted. However, the state variable is not a choice variable, and thus, it is unnecessary to
impose the state continuity requirement in a general model. Note that the state measurability assumption
is the minimal regularity condition one would expect for the model parameters. We may also point out that
the proof for the case with state continuity in Appendix A is much simpler than the proof for the general
case in Appendix B. For discussions on subgame-perfect e-equilibria in dynamic games without the conti-
nuity conditions in actions, see Solan and Vieille (2003), Flesch et al. (2010), Laraki et al. (2013), Flesch and
Predtetchinski (2016), and the references therein.

Tn Appendix B, we also present a new existence result on subgame-perfect equilibria for a general
stochastic game.

12In Simon and Zame (1990), the payoff is assumed to be a correspondence that is bounded and upper
hemicontinuous, with nonempty, convex, and compact values. Note that the upper hemicontinuity con-
dition on a correspondence is equivalent to the fact that the lower inverse of any closed set is closed; see
Aliprantis and Border (2006, Lemma 17.4). Furthermore, the measurability condition on a correspondence
means that the lower inverse of any closed set is measurable (see Appendix A.1). Thus, an upper hemicon-
tinuous correspondence is automatically measurable. For more discussions of the approach in Simon and
Zame (1990), see Harris et al. (2005) and Stinchcombe (2005).
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we need to handle various subtle measurability issues due to the lack of continuity in the
state variables in the more general model, which is the most difficult part of the proof
for Theorem 3. 13

The rest of the paper is organized as follows. The model is presented in Section 2. In
Section 3, we provide a variation of the counterexample in Luttmer and Mariotti (2003)
to demonstrate the key issues. The results for continuous dynamic games are given in
Section 4. Section 5 extends continuous dynamic games to the setting in which the
model parameters may only be measurable in the state variables. The proofs for the
results of continuous dynamic games and measurable dynamic games are left to Ap-
pendices A and B, respectively. (Appendix B is available in a supplementary file on the
journal website, http://econtheory.org/supp/2927/supplement.pdf.)

2. MODEL

In this section, we present the model for an infinite-horizon dynamic game with almost
perfect information.

The set of playersis Iy = {0, 1, ..., n}, where the playersin / = {1, ..., n} are active and
player 0 is Nature. All the players move simultaneously. Time is discrete and is indexed
byt=0,1,2,....

The set of starting points is a product space Hy = Xy x Sy, where X is a compact
metric space and S is a Polish space (i.e., a complete separable metric space).'* At stage
t > 1, player i’s action will be chosen from a subset of a Polish space X;; for each i € I,
and X; = [],.; X;;. Nature’s action is chosen from a Polish space S;. Let X' =[] ., X«
and S* = [y-x~, Sk- The Borel -algebras on X, and S, are denoted by B(X,) and B(S;),
respectivelnyfven t > 0, a history up to stage ¢ is a vector!'®

t t
ht:(X(),S(),x1,S1,...,Xt,St)EX x S

The set of all such possible histories is denoted by H,. For any ¢ > 0, H, C X' x S*.

Forany > 1andi € [, let A;; be a measurable, nonempty and compact correspon-
dence!® from H,_; to X,; such that A4,;(h,_1) is the set of available actions for player i € I
given the history s,_y. Let A; =[],.; Au. Then H; = Gr(A4;) x S;, where Gr(A,) is the
graph of A4;.

For any x = (xq, x1,...) € X, let x’ = (xo, ..., x;) € X' be the truncation of x up
to the period ¢. Truncations for s € $° can be defined similarly. Let H., be the subset
of X x §% such that (x,s) € Hy if (x!,s') € H, for any ¢t > 0. Then H, is the set of

13Because our relevant model parameters are only measurable in the state variables, the usual method of
approximating a limit continuous dynamic game by a sequence of finite games, as used in Borgers (1991),
Harris et al. (1995) and Hellwig et al. (1990), is not applicable in this setting.

141n each stage ¢ > 1, there will be a set of action profiles X; and a set of states S;. Without loss of gener-
ality, we assume that the set of initial points is also a product space for notational consistency.

15By abusing notation, we also view h, = (xg,S0,X1,51,...,%;,5) as the vector
(X0, X15vverXt,50, 515 -..,8)in X' x S,

16Suppose that Y and Z are both Polish spaces, and that ¥ is a correspondence from Y to Z. Hereafter,
the measurability of ¥, unless specifically indicated, is assumed to be the weak measurability with respect
to the Borel o-algebra B(Y) on Y. For definitions and detailed discussions, see Appendix A.1.
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all possible histories in the game.!” Hereafter, let H,, be endowed with the product
topology. For any ¢ > 1, Nature’s action is given by a Borel measurable mapping f;, from
the history H,_1 to M(S;), where M (S;) denotes the set of all Borel probability measures
on S; and is endowed with the topology of weak convergence of measures on S;.

For each i € I, the payoff function u; is a bounded Borel measurable mapping from
Hy, to Ryy. Without loss of generality, we can assume that the payoff function u; is
bounded from above by some y > 0 for each i € I.

For player i € I, a strategy f; is a sequence {f;;};>1 such that f;; is a Borel measurable
mapping from H; 1 to M(Xy;) with f;;(A;i(hi_1)|h;—1) =1 for all h,_y € H,_;. That is,
player i can only take the mixed strategy concentrated on the available set of actions
Ayi(h,_1) given the history /,_1. A strategy profile f = {f;}ic; is a combination of strate-
gies of all active players.

In any subgame, a strategy combination generates a probability distribution over
the set of possible histories. This probability distribution is called the path induced by
the strategy combination in this subgame. Before describing (in Definition 1) how a
strategy combination induces a path, we need to define some technical terms. Given
a strategy profile f = {fi};c;, denote ;. I fr+1)i as a transition probability from the
set of histories Hy to M(X,41). For notational simplicity later on, we assume that
Ric Io fw+1)i(-|hy) represents the strategy profile in stage ¢’ + 1 for a given history s, €
H,, where ®ie]0 fw+1)i(-|hy) is the product of the probability measures f(/1);(:|hy),
i € Iy. If A is a finite measure on X and v is a transition probability from X to Y, then
Aovisameasureon X x Y suchthat A¢v(A4 x B) = fA v(B|x)A(dx) for any measurable
subsets AC X and BC Y.

DEerINITION 1. Suppose that a strategy profile f = {f;}ic; and a history &, € H, are given
for some ¢ > 0. Let 7, = §,, where 8, is the probability measure concentrated at the
point A;. If 7, € M(Hy) has already been defined for some ¢’ > ¢, then let

TY41 =Ty © (®f(z’+1)i>-

iGI(;

Finally, let 7 € M(H) be the unique probability measure on Hoo such that Margy; 7=
7y for all ¢/ > ¢. Then 7 is called the path induced by f in the subgame #;. Forall i e I,
/, ., Wi d7 is the payoff of player i in this subgame.

3. AN EXAMPLE

As mentioned in the Introduction, Luttmer and Mariotti (2003) presented a simple five-
stage alternating move game that does not possess any subgame-perfect equilibrium.
Below, we modify their counterexample to illustrate what could go wrong in a continu-
ous dynamic game and we use this example to demonstrate some key issues.

Fix 0 < e < 1. The game G, proceeds in five stages.

17A finite-horizon dynamic game can be regarded as a special case of an infinite-horizon dynamic game
in the sense that the action correspondence A,; is point-valued for each player i € I and ¢ > T for some
stage T > 1; see, for example, Borgers (1989) and Harris et al. (1995).
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(2a1,a2,2,0)

(ah 2(12, 17 1)

FiGURE 1. The subgame (ay, a3, x).

e In stage 1, player 1 chooses an action a; € [0, 1].
e In stage 2, player 2 chooses an action a; € [0, 1].

e In stage 3, Nature chooses some x € [-2 — e + a1 + a,2+ € —a; — ap] based on the
uniform distribution n¢,, , ).

e After Nature’s choice, players 3 and 4 move sequentially. The subgame that follows
a history (a1, a2, x) and the associated payoffs for all four active players is shown
in Figure 1, where

x+e ifx<—e,
v(x,e)=3x—¢€, ifx>e,
0, x €[—e€, €]
In the following discussion, let « and B be the probabilities with which players 3 and

4 choose U and u, respectively. Consider a subgame (a1, az, x). Let f’;(al, ap, x) (resp.
P;(al, a,)) be the set of expected payoffs for players 1 and 2 in stage 3 (resp. stage 2).'8

e If x < —¢, then the equilibrium continuation path is (U, u) (i.e., a =1and B =1)
and P (a1, az, x) = {(2a1, a2)}.

e If x > ¢, then the equilibrium continuation path is D (i.e., « = 0 and B = 0) and
P (a1, az, x) ={(a1,2az)}.

e If x € [—¢, €], then the set of equilibrium continuation paths is characterized by
three segments of mixing probabilities: « =0 and B € [0, %]; ac[0,1]and B = % ;
a=1land B e [%, 1]. Then

Pi(a1, a2, x) = {(611, (2 - %a>612>|a € [0, 1]} U {(2611,3, aB)|1B € B, 1]},

18For simplicity, we focus on the equilibrium payoffs of players 1 and 2.
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Player 2’s payoff

2(12

Player 1’s payoff

FiGURE 2. D.

Player 2’s payoff

ai 2a;  Player 1’s payoff

F1Gure 3. Co(D).

which is not convex when ¢; > 0 and a, > 0.

Denote D = {(a1, (2 — 3a)az)|a € [0, 11} U {(2a1 B, a28)|B € [}, 11} and Co(D) as the
convex hull of the set D. Below, for a; > 0 and a; > 0, D is the union of the two segments
in Figure 2 and Co(D) is the dashed area with boundaries in Figure 3.

Fix any e > 0. Nature’s move x is uniformly distributed on the nondegenerate interval
[—2 — e+ aj + a2, 2+ € — a; — a;], which is symmetric around zero for any (a1, a3). The
correspondence 133€ (a1, az, x) is upper hemicontinuous, but is not convex-valued when
x € [—e€, €] and ay, ap > 0 (the set D is not convex in this case). Given any (a1, a»), the set
of expected equilibrium continuation payoffs for players 1 and 2 is'?

3

PS(ay, ay) = / 313§(a1, a2, X)MGy, 4y (dX)

—€ €
= /3 P§(a1,az,X)nfal,a2)(dX)+/ P3(ay, a2, X)M{y, 4,)(dx)
—€

3
+/€ P3(a1, az, X)M(y, ay)(dX)

€ 2—a;—ap 3 3
=———CoD)+ ———1| za1, =
24+e—a;—ay o )+2+e—a1—a2{(2a1 2a2>}
= [, ColPstara 0)nfy, @0+ [ Co(PS(ar az )ty )

19Given two sets D1, D, CR!, D1 + Dy ={d; + ds: di e D;,i=1,2});forc e R, cDy = {cd; : dy € D1}.
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3 ~
+/€ Co(P5 (a1, az, X)) 0y, 4y (dx)

3
= /_3 Co(P5(ay, az, x))nfal,az)(dx).
Forx € [-2—€e+aj+az, —€) or (¢, 2+ € —ay —az), PS(ay, az,x)isa singleton and, hence,
is convex-valued and coincides with Co(P5(a1, a2, x)). For x € [—¢, €], P5(a1, az, x) is
the set D. Its integration on [—e, €] under the uniform distribution is simply Co(D),
and hence it coincides with C0(13§(a1, ay,x)). It is also clear that f’;(al, ap) is upper
hemicontinuous in (ay, a;) € [0, 1] x [0, 1].

There are two general observations: (a) the integral of a correspondence coincides
with the integral of the convex hull of the correspondence based on an atomless mea-
sure, and (b) the integral of a convex-valued, upper hemicontinuous correspondence
based on a continuous transition probability is still upper hemicontinuous.?’ As a result,
the integral of an upper hemicontinuous correspondence is still upper hemicontinuous
and convex-valued based on an atomless continuous transition probability.?! In the par-
ticular case of this example, the above paragraph shows that even though f’;(al, ay, x)
is not always convex-valued on the nondegenerate set [—¢, €], P5 (a1, az) is still convex-
valued and upper hemicontinuous. Such a result also follows from the general obser-
vations since Nature’s move nfal’ @) is atomless and continuous in (a1, a;). Here is a
pure-strategy subgame-perfect equilibrium in the game G, for € > 0: players 1 and 2
choose a; =1 and a, =1, players 3 and 4 choose U and u when x < 0, and choose D and
d when x > 0. In this equilibrium, both players 1 and 2 get the payoff %

For the case € = 0, the game Gy is the counterexample in Luttmer and Mariotti
(2003), which does not have any subgame-perfect equilibrium. If a; + a; < 2, then Na-
ture’s move x is uniformly distributed on the nondegenerate interval [—2 + a1 + a3,2 —
a1 —az]. As x = 0 is drawn with probability 0, the nonconvexity of the set of continuation
payoffs for players 1 and 2 at x = 0 does not matter. The expected continuation payoffs
for players 1 and 2 are %al and %@, respectively. That is, f’g(al, ay) = {(%al, %az)} when
a1 +ap <2.1fay +ap, =2 (i.e., a; = ap = 1), then Nature’s move must be x = 0 and, hence,

P11y = P(1,1,0) = {(1 (z_ ga»

Whenever a; + a; < 2, both players 1 and 2 have the incentive to choose their actions
as close to 1 as possible, which gives them the expected payoff arbitrarily close to %
However, when both players 1 and 2 choose the action 1, some of them get a payoff no
more than 1. This implies that there does not exist any subgame-perfect equilibrium.

As shown above, for any e > 0, both players 1 and 2 in the game G have % as their
equilibrium payoffs. Since (%, %) cannot be the equilibrium payoffs of players 1 and 2
in the game G, the equilibrium payoff correspondence of the games G, € > 0, is not
upper hemicontinuous at € = 0.

a0, 1]} U {(ZB,B)|B € E, 1]}

20See Lemma 7 in Appendix A.1.
2INote that when the transition probability has an atom in its values, both properties may not be true.
This is demonstrated in the case e = 0 below.
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Note that Nature’s move n?al, @) is continuous in (aq, ay) € [0, 1] x [0, 1] and is atom-
less except for the one point (a1, a;) = (1, 1). Footnote 21 indicates that the integral of
an upper hemicontinuous correspondence with respect to such a transition probability
may not be upper hemicontinuous and convex-valued. Indeed, even though 152 is an
upper hemicontinuous correspondence, 153 is neither upper hemicontinuous nor con-
vex at the point (1, 1). In particular, (3ay, 3a;) € PY(ay, a;) when a; + a3 < 2, while its
limit (3, 3) ¢ PY(1, 1) when both a; and a, converge to 1.

4. CONTINUOUS DYNAMIC GAMES

In this section, we consider continuous dynamic games in the sense that all the model
parameters (the payoff functions, state transitions, and action correspondences) are
continuous in both action and state variables. We show that subgame-perfect equilib-
ria exist for continuous dynamic games under the condition of atomless transitions. In
Section 4.1, we first consider dynamic games with almost perfect information and show
the existence of subgame-perfect equilibria. In Section 4.2, we consider dynamic games
with perfect information in the sense that players move sequentially, and prove the exis-
tence of pure-strategy subgame-perfect equilibria. In Section 4.3, we provide a road map
for proving Theorems 1 and 2; the details of the proofs are left to Appendix A. In Sec-
tion 4.4, we extend the model so that the previous existence results for continuous dy-
namic games with perfect and almost perfect information are covered as special cases.
As a by-product, we provide a new existence result for continuous stochastic games.

4.1 Continuous dynamic games with almost perfect information

In this subsection, we study an infinite-horizon continuous dynamic game with almost
perfect information. Intuitively, we work with the class of games in which all the relevant
parameters of the game, including action correspondences, Nature’s move, and payoff
functions, vary smoothly with respect to the state and action variables. In particular, a
dynamic game is said to be continuous if for each r and i, the following statements hold.

(i) The action correspondence A,; is continuous on H,_;.??

(ii) The transition probability f; is a continuous mapping from H,_; to M(S;), where
M(S;) is endowed with the topology of weak convergence (also called the weak
star topology); that is, for any bounded continuous function ¢ on Sy, the integral

/S W(s0) fuo(dsilhu_1)

is continuous in /;_;.
(iii) The payoff function u; is continuous on Hx.

22A correspondence is said to be continuous if it is both upper hemicontinuous and lower hemicontinu-
ous. For definitions and detailed discussion, see Appendix A.1.
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Below we propose the condition of “atomless transitions” on the state space, which
means that Nature’s move is an atomless probability measure in any stage.

AssumpTION 1 (Atomless Transitions). For each t > 1, f(h,_1) is an atomless Borel
probability measure for each h,_1 € H,_;.

The notion of subgame-perfect equilibrium is given below. It requires each player’s
strategy to be optimal in every subgame given the strategies of all other players.

DEFINITION 2 (Subgame-Perfect Equilibrium). A subgame-perfect equilibrium (SPE) is
a strategy profile f such thatforalli € I, t > 0, and all #; € H;, player i cannot improve
his payoff in the subgame #, by a unilateral change in his strategy.

Let E¢(h,—1) be the set of subgame-perfect equilibrium payoffs in the subgame #/,_;.
The following result shows that a subgame-perfect equilibrium exists, and the equilib-
rium correspondence E; satisfies certain desirable compactness and upper hemiconti-
nuity properties.

THEOREM 1. If a continuous dynamic game with almost perfect information has atom-
less transitions, then it possesses a subgame-perfect equilibrium. In addition, E; is
nonempty and compact valued, and upper hemicontinuous on H;_1 forany t > 1.

ReEMARK 1. Theorem 1 goes beyond the main result of Harris et al. (1995) for continu-
ous dynamic games, where the existence of subgame-perfect equilibria was shown for
those extended games obtained from the original games by introducing stagewise pub-
lic randomization as a correlation device. Such a correlation device does not influence
the payoffs, transitions, or action correspondences. It is clear that the extended games
with stagewise public randomization as in Harris et al. (1995) automatically satisfy the
condition of atomless transitions. The states in our model are completely endogenous
in the sense that they can affect all the model parameters such as payoffs, transitions,
and action correspondences.

4.2 Continuous dynamic games with perfect information

In this subsection, we consider another important class of continuous dynamic games,
namely continuous dynamic games with perfect information (with or without Nature).
In such games, players move sequentially. We show the existence of pure-strategy
subgame-perfect equilibria. In particular, the condition of atomless transitions is im-
posed only when Nature moves.

In a continuous dynamic game with perfect information, there is only one player
moving in each stage. In stage ¢, if A is not point-valued for some player i € I, then A;;
is point-valued for any j € I as long as j # i, and f,(h,;—1) = &;, for some s;; that is, only
player i is active in stage ¢, while all the other players are inactive. If the state transition
fi0 does not put probability 1 on some point, then A;; must be point-valued for any i € I;
that is, only Nature can move in stage ¢ and all the players i € I are inactive in this stage. A
continuous dynamic game with perfect information is said to have atomless transitions
if f;0(h,_1) is an atomless Borel probability measure when Nature moves only in stage ¢.
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THEOREM 2. Ifa continuous dynamic game with perfect information has atomless tran-
sitions, then it possesses a pure-strategy subgame-perfect equilibrium. In addition, E, is
nonempty and compact valued, and upper hemicontinuous on H, 1 forany t > 1.

REMARK 2. As shown in Borgers (1989), Fudenberg and Levine (1983), Harris (1985),
Hellwig and Leininger (1987), Hellwig et al. (1990), and Zermelo (1913), pure-strategy
subgame-perfect equilibria exist in deterministic (i.e., without Nature) continuous dy-
namic games with perfect information. Theorem 2 extends those existence results to the
case with Nature. We may point out that the condition of atomless transitions in Theo-
rem 2 is minimal. In particular, the games in Section 3 can be viewed as an alternating
move game with a starting point € € [0, 1], where the transition probability "Eal,az) in the
third period is continuous in (e, a1, a») € [0, 1]° and is atomless except for the one point
(e,a1,a) = (0,1,1). The violation of our condition of atomless transitions at just one
point leads to the failure of the conclusions of Theorem 2. 23

4.3 A road map for proving Theorems 1 and 2

The existence results are established in three steps. The backward induction step aims
to show that if the equilibrium payoff correspondence Q; in stage ¢ is well behaved
(bounded, nonempty and compact valued, and upper hemicontinuous), then these de-
sirable properties can be preserved for the equilibrium payoff correspondence Q,_; in
the previous stage ¢ — 1. As will be explained, the atomless transition condition plays an
important role in this step. Next, given the equilibrium payoff correspondences across
different periods, one needs to construct the equilibrium strategy profile stage by stage
that is consistent with the equilibrium payoff correspondences. This is done in the for-
ward induction step. The first two steps together prove the equilibrium existence results
for finite-horizon dynamic games. The last step relates finite-horizon dynamic games
to infinite-horizon dynamic games based on the condition of continuity at infinity. We
sketch the main ideas of the proof based on simultaneous-move games and point out
the modifications for alternating-move games whenever necessary.

Step 1. We explain the first (backward induction) step via a T-stage dynamic game.
Let Q(r+1)(ht) be the singleton set with one element vector (uy(hr),...,u,(ht)) for
any T-stage history hr, where u; is the payoff function of player i at the last stage T (a
bounded continuous function from the space of complete histories Hr to R). Hence,
O(1+1)i is a bounded, nonempty and compact valued, and upper hemicontinuous cor-
respondence. Given a history ip_1 at stage T — 1, the state sy at stage T follows the
distribution frg(-|k7_1). For an action profile xr and a state s at stage T, (h7_1, XT, ST)
is a history at stage 7. Let

Pr(hr_1,x7) = /s Or11(hr_1, xT,8T) fro(dsr|hr_1).
T

Then Pr(hr_1, -) is the set of expected possible payoff vectors in the subgame /7_;.

23Remark 4 indicates that Theorem 2 can be generalized to the case when the state transitions either are
atomless, or have the support inside a fixed finite set irrespective of the history at a particular stage.
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Let ®(Qr41)(hr_1) be the set of all mixed-strategy Nash equilibrium payoffs for the
game with the action set A7;(h7_1) and the payoff function Pr(h7r_1,-). Then ®(Q711)
is a bounded, nonempty and compact valued, and upper hemicontinuous correspon-
dence from Hy_; to R”. Intuitively, ®(Qr,1)(hr_2, x7_1, sST_1) represents the set of all
possible payoff vectors in the subgame 47_, when Nature’s move is s7_; and the players
choose the action profile x7_p in stage T — 1.2* Note that in the subgame hr_,,

Pr_y(hr—2,x7-1) :/s O(Qr1)(hr—2, x7-1, ST-1) f(r-1)0(dST-1|hT-2)
T-1

is the set of payoff vectors. It is shown in Simon and Zame (1990) that if a payoff corre-
spondence Pr_; is bounded, nonempty, convex and compact valued, and upper hemi-
continuous, then it possesses a Borel (possibly discontinuous) selection such that there
exists an equilibrium in mixed strategy by taking this selection as the payoff function.?®
The difficulties here are that (a) the correspondence Py_1 is no longer single-valued and
may not be convex-valued; (b) even though ®(Qr,1) is an upper hemicontinuous cor-
respondence, it is not clear whether Pr_; is upper hemicontinuous.?® By introducing
the condition of “atomless transition,” we show that (a) even though ®(Qr1) may not
be convex-valued, if fir_1)0(h7-2) is atomless, then

/s O(Qr4+1)(hr—2, X171, ST—1) f(r—1y0(dsT—1|hT—-2)
T-1

= /s co®(Qr1)(hr—2, x7-1,57—1) fir—1)0(dsT—11hT-2);
T-1

hence, Py_1(hyp_3, x7_1) is convex; (b) Pr_1(hy_3, x7_1) is upper hemicontinuous be-
cause the correspondence co®(Qr1) under the integral is convex-valued and upper
hemicontinuous. We can then repeat this backward induction argument from ®(Q7.1)
until the first stage.

Note that the key in the backward induction step is to preserve the convexity and
upper hemicontinuity of the correspondences. As one arrives at the first stage, there
is no need to conduct the backward induction again. Thus, our result can be strength-
ened by relaxing the condition of atomless transitions in the first stage. In simultaneous-
move games, the argument in the previous paragraph requires that Nature be active and

24For hr_1 = (h_2, x7—1,57—1), ®(Qr41) is a correspondence from Hy_; to R". Given (h7_s, x7_1), we
slightly abuse the notation by viewing ®(Qr.1)(hr_3, X711, -) as a correspondence from Sy_; to R".

251t was demonstrated in Stinchcombe (2005, Example 2.2) that given an exogenous payoff correspon-
dence with two measurable selections v and u, an equilibrium strategy of a player for the game with v as
the payoff functions may be a strictly dominated strategy for the game with u as the payoff functions. Such
an issue does not arise in our setting. Our primitives for the payoffs are the payoff functions (not payoff
correspondences) of the players. When a full history is given, the players have a unique payoff vector in our
setting. The payoff correspondence in our backward induction step is endogenous. As explained in Steps
2 and 3, each payoff vector given by the payoff correspondence corresponds to a subgame-perfect equilib-
rium in the original dynamic game. It is clear that any subgame-perfect equilibrium strategy of a player in
a dynamic game cannot be a strictly dominated strategy of that game.

26As jllustrated in Section 3, the upper hemicontinuity property may not be preserved if the transition
probability has an atom in its value.
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have an atomless transition in every stage (except the first stage). In alternating-move
games, we require only that Nature’s move be atomless whenever Nature is active (ex-
cept the first stage). In particular, when Nature is inactive in some stage ¢, P,_; is indeed
®(0;+1), a bounded, nonempty and compact valued, and upper hemicontinuous cor-
respondence. The one who is the only active player in that stage faces a single-player
decision problem. The key observation is that the only active player must possess an
optimal choice in pure strategy even though P, ; may not be convex-valued. When Na-
ture is active, the reason why the backward induction argument holds is the same as that
in the previous paragraph.

Step 2. We now describe the second (forward induction) step. Suppose that ¢; is a
measurable selection of ®(Q;,1) in some stage 7. Given the construction in the back-
ward induction step, g;(/,_1) represents a possible payoff vector in the subgame #,_;
if all the players follow some equilibrium strategy in the subsequent stages. The aim of
this step is to identify those subsequent equilibrium strategies and the corresponding
payoff functions.

Based on the construction of ®(Q,,1), one can expect that in every subgame #,_1,
there exists a strategy profile f;(4,_1) and a payoff profile g;(h,_1,-) € P;(h;—1, ) such
thatforall i,y € Hi—1, ©) qe(hi—1) = [ 4,y §(hu—1, %) fr(dx|hy—1); (i) fi(hi—1) is aNash
equilibrium in the subgame %, with the payoff g,(#,_1, -) and action space A4;(h;_1).

The key technical difficulties here are that (a) the payoff function g; needs to be
jointly measurable in (#,_1, x) and (b) one needs to further construct a jointly measur-
able selection g, of Q41 (in (h;_1, x4, 5¢)) such that g, (h,_1, x;) = fs, Gri1(hy_1, x4, 8) X
fro(dsi\h,—1) for all h,_; € H,_1 and x; € A,;(h,_1). We solve the first issue by carefully
modifying the argument in Reny and Robson (2002). For the second difficulty, we show
that a deep “measurable” measurable choice theorem of Mertens (2003) can be used to
address this issue.?’

By completing this step, we establish the relationship between the equilibrium pay-
off correspondence in stage ¢ + 1 and the equilibrium payoff correspondence in stage ¢
if all players play some equilibrium strategy in the subsequent stage. Together with the
first step, the forward induction helps us obtain the equilibrium existence result in dy-
namic games with finite stages as follows. We can start with backward induction from
the last period and stop at the initial period, and then run forward induction from the
initial period to the last period.

Step 3. This step proves the equilibrium existence result in infinite-horizon dynamic
games via Lemmas 11-15.

Since there is no last stage in the infinite-horizon setting, it is not clear where one
should start with the backward induction argument. We pick an arbitrary stage = > 1
and let Q7 | be the expected payoff correspondence in stage  if the players are free
to choose any (not necessarily equilibrium) strategies in the future stages. Then run
backward induction based on Q7 , from stage 7, and denote Q7 as the equilibrium pay-
off correspondence in stage ¢ for t < 7. Fort > 7+ 1, let 0] = Q7 ;. Lemmas 11 and

27In Harris et al. (1995) and Reny and Robson (2002), the joint measurability follows from the measur-
able version of Skorokhod’s representation theorem and implicit function theorem, respectively. These
arguments are not applicable here.
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12 show that the set of possible equilibrium payoff vectors satisfy desirable properties.
In particular, Q7 is bounded, measurable, nonempty and compact valued, and upper
hemicontinuous.

It is easy to see that Q7 (h,—1) C Q:‘l(ht,l) for any h;_;; that is, {Q7};>1 is a de-
creasing sequence in terms of 7. Denote Q° =("),.; Q7. Lemma 13 shows that O° =
®(077,)- Byinduction, O7° = &7 1(Q%) forany 1 > t; thatis, given the payoff correspon-
dence Q% in stage 7 for 7 > ¢, Q?° is the equilibrium payoff correspondence in stage ¢
due to the construction of backward induction. Because of the assumption of continuity
at infinity, the strategies in the far future are not important. For fixed ¢, it means that 0%
will be very close to the set by running backward induction from stage 7 to stage ¢ based
on the actual equilibrium payoff correspondence in stage r if  is sufficiently large. Since
Q% is the intersection of all such Q%°, it is natural to expect that Q% is indeed the equi-
librium payoff correspondence in stage ¢. Recall that E;(h,_1) is the set of payoff vectors
of subgame-perfect equilibria in the subgame #,_;. Given a measurable selection c¢; of
®(077,), Lemma 14 shows that ¢,(h;_1) is a subgame-perfect equilibrium payoff vec-
tor in the subgame /,_; by constructing the subsequent equilibrium strategies based on
the forward induction; that is, ®(072,)(he-1) € Ei(hy—1). In Lemma 15, we show that
Ey(hi—1) € Q7°(hi—1). Then we have 07°(hy—1) = P(QY ) (hi—1) = Ei(h;—1). This com-
pletes the sketch for the infinite-horizon case.

4.4 An extension

In this subsection, we extend the model of continuous dynamic games as specified in
the previous two subsections. The aim is to combine the models of dynamic games with
perfect and almost perfect information, and cover an important class of dynamic games,
namely stochastic games. We show the existence of a subgame-perfect equilibrium such
that whenever there is only one active player at some stage, the player can play pure
strategy as part of the equilibrium strategies. As a by-product, we obtain a new existence
result for continuous stochastic games.

For concreteness, we allow for the case in which (a) the state transition depends
on the action profile in the current stage as well as on the previous history, and (b) the
players may have perfect information in some stages. The first modification covers the
model of stochastic games as a special case. The second change allows us to combine
the models of dynamic games with perfect and almost perfect information.

Step 1. For each ¢ > 1, the choice of Nature depends not only on the history %;_1, but
also on the action profile x, in this stage. For any 7 > 1, suppose that A is a con-
tinuous, nonempty and closed valued correspondence from Gr(A4;) to S;. Then
H, =Gr(Ay), and H is the subset of X*® x S such that (x, s) € Hy if (x%, s*) € H;
forany ¢ > 0.

Step 2. Nature’s action is given by a continuous mapping f;y from Gr(A4;) to M(S;)
such that fio(Ax(hi—1, X)) hi—1, x¢) =1 forall (h;_y, x;) € Gr(A;).
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Step 3. For each ¢ > 1, we use the notation N, to track whether there is a unique active
player in stage ¢. In particular, let

1, if fio(hs—1, x;) = 85, for some s, and
N = |{i el: A;isnot point-valued}| =1,

0, otherwise,

where |K| represents the number of points in the set K. Thus, if N; =1, then the
player who is active in the period ¢ is the only active player and has perfect infor-
mation. If N, =0, then Nature moves in this stage.

Similarly as in Section 4.2, we can drop the condition of atomless transition in those
periods with only one active player in /.

AssumMPTION 2 (Atomless Transitions’). (i) Foranyt > 1 with N; =1, S; is a singleton set

{8¢}.

(i) For each t > 1 with N; =0, fio(h,_1, x;) is an atomless Borel probability measure
foreach hy_y € H_y and x; € A;(hy_1).

The result on the equilibrium existence is presented below.

ProrosITION 1. Ifa continuous dynamic game (as described above) satisfies the condi-
tion of atomless transitions’, then it possesses a subgame-perfect equilibrium f. In par-
ticular, for j € I and t > 1 such that N; = 1 and player j is the only active player in this
period, f;; can be chosen to be deterministic. In addition, E, is nonempty and compact
valued, and upper hemicontinuous on H,_1 fort > 1.

As the extension above covers the model of continuous stochastic games, a new
equilibrium existence result can be stated below for continuous stochastic games.

ProPOSITION 2. If a continuous stochastic game has atomless transitions’, then it pos-
sesses a subgame-perfect equilibrium.

ReMARK 3. Consider a standard stochastic game with uncountable states as in Mertens
and Parthasarathy (2003), where the existence of a subgame-perfect equilibrium was
shown by assuming the state transitions (not necessarily atomless) to be norm contin-
uous (in the norm topology on the space of Borel measures) with respect to the actions
in the previous stage.28 It is noted in Maitra and Sudderth (2007 p. 712) that “[t]his is
a very strong condition.” Maitra and Sudderth (2007) also indicated on the same page
the desirability to weaken such a norm continuity condition: “it would be preferable to
assume some sort of weak continuity....” By restricting our result on general dynamic
games to the setting of stochastic games, we obtain the existence of subgame-perfect
equilibria in stochastic games whose state transitions are atomless and continuous in

28For detailed discussions on general stochastic games, see Jaskiewicz and Nowak (2016).
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the weak star topology on the space of Borel measures. Our result cannot be covered by
the result in Mertens and Parthasarathy (2003) and vice versa.

We provide a simple example to demonstrate that our continuity condition on
the state transitions is indeed weaker than the norm continuity condition required by
Mertens and Parthasarathy (2003). Consider the following state transitions.

e The action space is A1 = A, =[0, 1].
e The state space in stage ¢ is a product space: S; = Sy x Sp =[0, 11 x [0, 1].

e Given 5,1 = (S¢—1)1,Su—12) and a,_1 = (ag—1)1,au—1)2), the stage transition
fio(-1st—1,a,-1) induces a product probability measure ¢ ,(:|s;—1,a;,-1) ®
P(-|si—1, ar_1) on Sy x Sy, where o (-|s;_1, a;—1) is the uniform distribution on
S = [0, 1] regardless of (s;_1,a;_1), and

S(t—D1 T Se—1)2 +au—-1)1 +au—1)2
4

U (Stl = [$¢~1, at—l) =1

that s, given (s;_1, @;—1), ¥+1(-|s;—1, a;—1) puts probability 1 on their average.

Since ¢4, gives the uniform distribution on Sy, the state transition is atomless. In addi-
tion, the state transition fj, is continuous as ¢/, is continuous and ¢, is constant.

The state transition fy is clearly not norm continuous. For example, we fix s, | =
(s¢t—1)1, S—1)2) and asequence {a} ;},>0 such thats,_1)1+s;-12 = %, (”?171)1’ a?pl)z) —

(a ,)asn— oo, and a’(it_l)1 + “?z—nz = % — % for any n > 1. Then

0 0
(=112 =1y

1 1
fto({Z} X [O’ 1]|St—1: a?]) =0-=»1 =ft0<{1} X [Oa 1]|st—laa(t)_1>'

5. MEASURABLE DYNAMIC GAMES

In this section, we consider the more general setting in which the model parameters are
jointly measurable in the action and state variables, but continuity is only required for
the action variables. The proofs of the results in this section are left to Appendix B.

In Section 5.1, we adopt the model specified in Section 4.1, but relax the conti-
nuity requirement to measurability in the state variables. To obtain the existence of
subgame-perfect equilibria, we strengthen the condition “atomless transitions” to the
condition “atomless reference measure” (ARM) on the state transitions. The latter con-
dition means that in each stage, there is an atomless reference measure and the state
transitions are absolutely continuous with respect to this reference measure. In Sec-
tion 5.2, we consider dynamic games with perfect information. The ARM-type condition
is imposed only when Nature moves. We show the existence of pure-strategy subgame-
perfect equilibria. In Section 5.3, we provide a road map for proving Theorems 3 and 4.
To omit the repetitive descriptions, we follow the argument in Section 4.3 and highlight
only the necessary changes.

In Appendix B, we present a further extension by partially relaxing the ARM con-
dition in two ways. First, we allow the possibility that there is only one active player
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(but no Nature) at some stages, where the ARM-type condition is dropped. Second, we
introduce an additional weakly continuous component on the state transitions at any
other stages. In addition, we allow the state transition in each period to depend on the
current actions as well as on the previous history. As the generalization of the model
in Section 4.4, (a) we combine the models for measurable dynamic games with perfect
and almost perfect information, (b) we show the existence of subgame-perfect equilib-
ria such that whenever there is only one active player at some stage, the player can play
pure strategy as part of the equilibrium, and (c) a new existence result is obtained for
stochastic games.

5.1 Measurable dynamic games with almost perfect information

We follow the setting and notation in Section 4.1 as closely as possible, and describe only
the changes we need to make on the model. In Section 4.1, we assume that the relevant
model parameters (action correspondences, Nature’s move, and payoff functions) are
continuous in both actions and states. Here, we work with the class of games with sec-
tionally continuous model parameters in the following sense. Suppose that Yi, Y, and
Y3 are all Polish spaces, and Z C Y] x Y,. Denote Z(y;) = {y; € Y2: (y1, y2) € Z} for any
y1 € Y7. A function (resp. correspondence) f: Z — Y3 is said to be sectionally continu-
ous on Y3 if f(y, -) is continuous on Z(y;) for all y; with Z(y;) # @. Similarly, one can
define the sectional upper hemicontinuity for a correspondence.

Compared with continuous dynamic games with almost perfect information, the
changes we need to make to describe measurable dynamic games are as follows.

e Forany¢>1andie I, A, is sectionally continuous on X*~1 .29
e Forany > 1, f, is sectionally continuous on X*~1.
e Foreach i € I, the payoff function u; is sectionally continuous on X*°.

For each ¢ > 0, suppose that A; is a Borel probability measure on S; and A, is atomless
for t > 1. Let A" = @<y <, Ax for t > 0. We assume the following condition on the state
transitions.

AssumPTION 3 (Atomless Reference Measure). A dynamic game is said to satisfy the
atomless reference measure (ARM) condition if for each t > 1, the following statements
hold.

(i) The probability fi(-|h,—1) is absolutely continuous with respect to A; on S; with the
Radon-Nikodym derivative ¢ (h,_1, s;) forall h,_i € H,_1.3°

29Note that a history mixes the multiple components of states and actions in different periods. As noted
in footnote 15, one can also view a history /,_; as an element in X/~ x §~! by abusing the notation.

301t is common to have a reference measure when one considers a game with uncountable states. For
example, if S, is a convex subset of R/, then the uniform distribution on the convex set is a natural reference
measure. In particular, the condition that the state transitions are absolutely continuous with respect to a
reference measure is widely adopted in the literature on stochastic games; see, for example, Nowak (1985),
Nowak and Raghavan (1992), Duffie et al. (1994), and He and Sun (2017).
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(ii) The mapping ¢ is Borel measurable and sectionally continuous on X', and in-
tegrably bounded in the sense that there is a \;-integrable function ¢,: S; — R4
such that ¢,n(hi_1, 8¢) < ¢s(sy) forany hy_1 € H,_1 and s; € ;.

When one considers a dynamic game with infinite horizon, the following “continuity
at infinity” condition in (1) is standard.3! This condition means that the actions and
states in the far future do not matter that much for any player’s payoff. In particular, all
discounted repeated games or stochastic games satisfy this condition.

Forany T > 1, let

w! = sup |ul~(x, s) — u; (X, E)|. (1)
iel
(x,8)eH o0
(¥,5)€Hoo
T-1_%T-1
$T—1_5T-1

AssumpTION 4 (Continuity at Infinity). A dynamic game is said to be continuous at in-
finity ifw” — 0as T — oo.

We modify the notion of subgame-perfect equilibrium slightly. In particular, when
the state space is uncountable and has a reference measure, it is natural to consider the
optimality for almost all subhistories in the probabilistic sense:3? a property is said to
hold for Af-almost all i; = (x!, s") € H, if it is satisfied for A’-almost all s* € S! and all
xt e Hy(sh).

DerINITION 3 (SPE). A subgame-perfect equilibrium is a strategy profile f such that
foralliel, t >0, and A’'-almost all i, € H;, player i cannot improve his payoff in the
subgame /, by a unilateral change in his strategy.

The theorem below shows the existence of a subgame-perfect equilibrium under
the conditions of ARM and continuity at infinity. Recall that E,(h,_1) is the set of all
subgame-perfect equilibrium payoffs in the subgame %,_;. The theorem also shows the
compactness and upper hemicontinuity properties of the correspondence E;. In par-
ticular, we work with the upper hemicontinuity property also in the probabilistic sense.
Suppose that Y7, Y5, and Y3 are all Polish spaces, and Z C Y; x Y, and 7 is a Borel prob-
ability measure on Y;. Denote Z(y;) = {y € Y2: (y1, ¥2) € Z} for any y; € Y7. A function
(resp. correspondence) f: Z — Y3 is said to be essentially sectionally continuous on
Y, if f(y1,-) is continuous on Z(y;) for n-almost all y;. Similarly, one can define the
essential sectional upper hemicontinuity for a correspondence.

THEOREM 3. If a dynamic game with almost perfect information satisfies the ARM con-
dition and is continuous at infinity, then it possesses a subgame-perfect equilibrium. In
addition, E; is nonempty and compact valued, and essentially sectionally upper hemi-
continuous on X',

31See, for example, Fudenberg and Levine (1983).
32See, for example, Abreu et al. (1990) and footnote 4 therein.
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5.2 Measurable dynamic games with perfect information

In this subsection, we consider dynamic games with perfect information (with or with-
out Nature). We follow the setting and notation in Section 4.2, and make the same
changes as those in Section 5.1. In particular, the continuity requirement in the state
variables is dropped.

In dynamic games with perfect information where players move sequentially, we
show the existence of pure-strategy subgame-perfect equilibria. The ARM condition is
imposed when Nature moves and is dropped in those periods with one active player
from the set 1.33

THEOREM 4. If a dynamic game with perfect information satisfies the ARM condition
and is continuous at infinity, then it possesses a pure-strategy subgame-perfect equilib-
rium. In addition, E; is nonempty and compact valued, and essentially sectionally upper
hemicontinuous on X'~ foranyt > 1.

5.3 A road map for proving Theorems 3 and 4

The logic for the proofs of Theorems 3 and 4 is similar to that for the proofs of Theorems
1 and 2. The existence results are also established in three steps. However, new subtle
difficulties arise. In this subsection, we summarize the main changes for proving The-
orems 3 and 4. For simplicity, we omit the repetitive descriptions and adopt the same
notation as in Section 4.3.

In the first (backward induction) step, following the same argument as in Section 4.3,
one can construct the correspondence P;. Recall that the key role of the atomless tran-
sition condition is to guarantee that P; is convex-valued and upper hemicontinuous.
With the condition of atomless reference measure, one is still able to show that P; is
convex-valued. However, though the correspondence P; remains upper hemicontinu-
ous in actions, it is only measurable with respect to the states. As a result, the existence
result in Simon and Zame (1990) is not readily applicable. We extend their existence re-
sult by allowing the payoff correspondence to be upper hemicontinuous in actions, but
measurable in states. The key to this extension is to approximate the measurable corre-
spondence by continuous correspondences based on Lusin’s theorem (see Lemma 3).

In the forward induction step, an important observation is that the set of histories
H,_, at stage ¢ can be divided into countably many Borel subsets {H}" ,},,~¢ with desir-
able properties. In particular, we have the following relationships:

AN (U pps1 Projge—1 (H™ 1))
AT (projg, 1 (Hy 1))
and projg:.-1(H,_1) are projections of H}" ; and H,_1 on st-1,

e We have H, | = {,,-0 H;", and = 1, where projg.-1 (H]" |)

e Form>1, H" | is compact, ®, is upper hemicontinuous on H}" |, and P; is upper
hemicontinuous on

{(ht—l, X)) he € thip Xt € At(ht—l)}-

33As noted in Remark 4, Theorem 4 can be generalized to the case when the state transitions either satisfy
the ARM condition or have the support inside a fixed finite set irrespective of the history at a particular
stage.
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Note that within each compact subset H t”i 1 for m > 1, the correspondences ®; and P,
are well behaved. One can apply the forward induction argument from the proof for
continuous dynamic games to each H}" |, which enables us to obtain a strategy defined
on this subset H}" ,. The forward induction step for measurable dynamic games is then
completed by combining the equilibrium strategies obtained on H;" |, m > 0 (subject to
slight modifications).

The last step (extending the finite-horizon setting to the infinite-horizon setting) fol-
lows a logic similar to that explained in Step 3 in Section 4.3. The main challenge is
to handle various subtle measurability issues due to the lack of continuity in the state
variables. As described in Section 4.3, the idea of this step is to show the upper hemi-
continuity of equilibrium payoff correspondences in an infinite horizon. In the case of
continuous dynamic games, this property is shown, based on a few technical lemmas on
upper hemicontinuous correspondences. For the class of measurable dynamic games as
considered here, we need to extend those technical lemmas to the more difficult case of
measurable correspondences.

APPENDIX A

In Appendix A.1, we present several lemmas as the mathematical preparations for prov-
ing Theorems 1 and 2, and Proposition 1. Since correspondences are used extensively in
the proofs, we collect, for the convenience of the reader, several known results on various
properties of correspondences.3* One can skip Appendix A.1 first and go to the proofs in
Appendices A.2-A.4 directly, and then refer to those technical lemmas in Appendix A.1
whenever necessary.

The proof of Theorem 1 is provided in Appendix A.2. In Appendices A.3 and A.4,
we give the proofs of Theorem 2 and Proposition 1, respectively. We describe only the
necessary changes in comparison with the proofs presented in Appendices A.2.1-A.2.3.

A.1 Technical preparations

Let (S, S) be ameasurable space and let X be a topological space with its Borel o-algebra
B(X). A correspondence ¥ from S to X is a function from § to the space of all subsets
of X. A mapping ¢ is said to be a selection of V¥ if /(s) € ¥(s) for any s € S. The upper
inverse V¥ of a subset 4 C X is

PH(A)={seS: ¥(s) < A}.
The lower inverse ¥’ of a subset 4 € X is
V() =[seS: V()N A#2).
The correspondence WV is

(a) weakly measurable if p! (0O) € S for each open subset O € X

34These technical lemmas are stated in a general form so that they can still be used in the proofs in
Appendix B for the case of measurable dynamic games.
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(b) measurable if ¥/(K) € S for each closed subset K C X.

The graph of ¥ is denoted by Gr(¥) = {(s,x) € S x X: s €S, x € ¥(s)}. The correspon-
dence V is said to have a measurable graph if Gr(V) € S ® B(X).
If S is a topological space, then ¥ is

(i) upper hemicontinuous if ¥*(0O) is open for each open subset O € X
(ii) lower hemicontinuous if ¥/(0) is open for each open subset O € X
(iii) continuous if it is both upper hemicontinuous and lower hemicontinuous.

The following two lemmas present some basic measurability and continuity proper-
ties for correspondences.

Lemma 1. Let (S, S) be a measurable space, X a Polish space endowed with the Borel
o-algebra B(X), and K the space of nonempty compact subsets of X endowed with its
Hausdorff metric topology. Suppose that ¥: S — X is a nonempty and closed valued
correspondence.

() IfV is weakly measurable, then it has a measurable graph.
(i) IfV is compact-valued, then the following statements are equivalent.
(a) The correspondence V is weakly measurable.
(b) The correspondence ¥V is measurable.
(c) The function f: S — K, defined by f (s) = W (s), is Borel measurable.

(iii) Suppose that S is a topological space. If V is compact-valued, then the function
f: 8 — K, defined by f(s) =W (s), is continuous if and only if the correspondence
W is continuous.

(iv) Suppose that (S, S, A) is a complete probability space. Then V¥ is S-measurable if
and only if it has a measurable graph.

(v) For a correspondence V: S — X between two Polish spaces, the following state-
ments are equivalent.

(a) The correspondence V¥ is upper hemicontinuous at a point s € S and V(s) is
compatct.

(b) If a sequence (s, xp,) in the graph of V satisfies s, — s, then the sequence {x,}
has a limitin V(s).

(vi) For a correspondence ¥: S — X between two Polish spaces, the following state-
ments are equivalent.

(a) The correspondence WV is lower hemicontinuous at a point s € S.

() If s, — s, then for each x € Y(s), there exist a subsequence {s,,} of {s,} and
elements xj € V(sy, ) for each k such that x; — x.



Theoretical Economics 15 (2020) Dynamic games with (almost) perfect information 833

(vii) Given correspondences F: X — Y and G: Y — Z, the composition F and G is
defined by

G(Fw)= J Gw.

YeF(x)

The composition of upper hemicontinuous correspondences is upper hemicon-
tinuous. The composition of lower hemicontinuous correspondences is lower
hemicontinuous.

Properties (i), (ii), (iii), (v), (vi), and (vii) are, respectively, Theorems 18.6, 18.10, 17.15,
17.20, 17.21, and 17.23 of Aliprantis and Border (2006). Property (iv) follows from Propo-
sition 4 on page 61 of Hildenbrand (1974).

LEMMA 2. (i) A correspondence ¥V from a measurable space (S,S) into a topological
space X is weakly measurable if and only ifits closure correspondence WV is weakly
measurable, where V (s) is the closure of the set W(s) in X foreachs € S.

(ii) For a sequence {¥,,} of correspondences from a measurable space (S, S) into a
Polish space, the union correspondence ¥V (s) = J,,,- 1 Y (s) is weakly measurable
ifeach ¥, is weakly measurable. If each ¥, is wea_kly measurable and compact-
valued, then the intersection correspondence ®(s) = mm31 W, (s) is weakly mea-
surable.

(iii) A weakly measurable, nonempty and closed valued correspondence from a mea-
surable space into a Polish space admits a measurable selection.

(iv) A correspondence with a closed graph between compact metric spaces is measur-
able.

(v) A nonempty and compact valued correspondence ¥ from a measurable space
(S, S) into a Polish space is weakly measurable if and only if there exists a se-
quence {11, Y. ...} of measurable selections of ¥ such that ¥(s) = ®(s), where

D(s) = {P1(s), P2(s),...} foreach s € S.

(vi) The image of a compact set under a compact-valued upper hemicontinuous cor-
respondence is compact.® If the domain is compact, then the graph of a compact-
valued upper hemicontinuous correspondence is compact.

(vii) The intersection of a correspondence with closed graph and an upper hemicon-
tinuous compact-valued correspondence is upper hemicontinuous.

(viii) If the correspondence ¥ : S — R! is compact-valued and upper hemicontinuous,
then the convex hull of ¥ is also compact-valued and upper hemicontinuous.

35Given a correspondence F: X — Y and a subset 4 of X, the image of 4 under F is defined to be the
set J,cq F(x).



834 He and Sun Theoretical Economics 15 (2020)

Properties (i)-(vii) are, respectively, Lemmas 18.3 and 18.4, Theorems 18.13 and
18.20, Corollary 18.15, Lemma 17.8, and Theorem 17.25 in Aliprantis and Border (2006).
Property (viii) is Proposition 6 on page 26 of Hildenbrand (1974).

Parts (i) and (ii) of the following lemma are the standard Lusin theorem and Michael’s
continuous selection theorem, while the other two parts are about properties that in-
volve mixture of measurability and continuity of correspondences.

LEMMA 3. (i) Lusin’s theorem: Suppose that S is a Borel subset of a Polish space, A is a
Borel probability measure on S, and S is the completion of B(S) under \. Let X be
a Polish space. If f is an S-measurable mapping from S to X, then for any € > 0,
there exists a compact subset S1 C S with A(S\ S1) < € such that the restriction of
to S is continuous.

(ii) Michael’s continuous selection theorem: Let S be a metrizable space, and X be
a complete metrizable closed subset of some locally convex space. Suppose that
F: S — X is a lower hemicontinuous, nonempty, convex and closed valued cor-
respondence. Then there exists a continuous mapping f: S — X such that f(s) €
F(s) forallseS.

(iii) Let (S, S, A) be a finite measure space, X be a Polish space, and Y be a locally
convex linear topological space. Let F: S — X be a closed-valued correspondence
such that Gr(F) € S ® B(X), and f: Gr(F) — Y be a measurable function that
is sectionally continuous on X. Then there exists a measurable function f': S x
X — Y such that (a) f’ is sectionally continuous on X, (b) for A-almost all s € S,
f'(s,x) = f(s,x) forall x € F(s) and f'(s, X) C co f(s, F(s)).36

(iv) Let (S, S) be a measurable space, and X and Y be Polish spaces. Let V: S x X —
M(Y) bean S ® B(X)-measurable, nonempty, convex and compact valued corre-
spondence that is sectionally continuous on X, where the compactness and con-
tinuity are with respect to the weak* topology on M(Y). Then there exists an
S ® B(X)-measurable selection  of ¥ that is sectionally continuous on X .

Lusin’s theorem is Theorem 7.1.13 in Bogachev (2007). Michael’s continuous selec-
tion theorem can be found in Michael (1966) and the last paragraph on page 228 of Bo-
gachev (2007). Property (iii) is Theorem 2.7 in Brown and Schreiber (1989). Property (iv)
follows from Theorem 1 and the main lemma of Kucia (1998).

The following lemma presents the convexity, compactness, and continuity proper-
ties on integration of correspondences.

LEMMA 4. Let (S, S, L) be an atomless probability space, X be a Polish space, and F be a
correspondence from S to R!. Denote

/F(s))t(ds) = {/ f(s)A(ds): f is an integrable selection of F on S}.
S S

36For any set 4 in a linear topological space, co 4 denotes the convex hull of A.
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(i) If F is measurable, nonempty and closed valued, and \-integrably bounded by
some integrable function : S — R in the sense that for A-almost all s € S,
lyll < ¥ (s) forany y € F(s), then fSF(s)/\(ds) is nonempty, convex, and compact,
and

/F(s)A(ds):/coF(s)A(ds).
S S

(i) If G is a measurable, nonempty and closed valued correspondence from S x X — R!
such that (a) G(s, -) is upper (resp. lower) hemicontinuous on X foralls € S and (b)
G is MA-integrably bounded by some integrable function i : S — R in the sense that
for A-almostalls € S, ||y|| < ¥(s) foranyx € X and y € G(s, x), then fs G(s, x)A(ds)
is upper (resp. lower) hemicontinuous on X.

For the proof, see Theorems 2, 3, and 4, Propositions 7 and 8, and Problem 6 in
Section D.I1.4 of Hildenbrand (1974).

The following result proves a measurable version of Lyapunov’s theorem, which is
taken from Mertens (2003). Let (S, S) and (X, X) be measurable spaces. A transition
probability from S to X is a mapping f from S to the space M(X) of probability mea-
sures on (X, X') such that f(B]-) : s —> f(B|s) is S-measurable for each B € X.

LEMMA 5. Let f(-|s) be a transition probability from a measurable space (S, S) to another
measurable space (X, X) (X is separable).’” Let Q be a measurable, nonempty and com-
pact valued correspondence from S x X to R!, which is f-integrable in the sense that for
any measurable selection q of Q, q(s, -) is f(-|s)-absolutely integrable for any s € S. Let
[ Qdf be the correspondence from S to subsets of R! defined by

M(s) = <f Qdf) (s) = {/ q(s, x)f(dx|s): q is a measurable selection on}.
X

Denote the graph of M by J. Let J be the restriction of the product o-algebra S ® B(R!) to
J. Then the following statements hold.

(i) The term M is a measurable, nonempty and compact valued correspondence.

(ii) There exists a measurable, R!-valued function g on (X x J,X ® J) such that
g(x,e,5) €Q(x,s)ande= [y g(x,e,s)f(dx|s).

The proof of Lemma 6 in Reny and Robson (2002) leads to the following result.

LEMMA 6. Suppose that H and X are Polish spaces. Let P: H x X — R" be a measurable,
nonempty and compact valued correspondence, and let the mappings f: H — M(X) and
w: H — A(X) be measurable, where A(X) is the set of all finite Borel measures on X. In
addition, suppose that u(-|h) = p(h,-) o f(-|h) such that p(h, ) is a measurable selection
of P(h, -) for each h.3® Then there exists a jointly Borel measurable selection g of P such
that u(-|h) = g(h,-) o f(-|h); thatis, g(h, x) = p(h, x) for f(-|h)-almost all x.

37A g-algebra is said to be separable if it is generated by a countable collection of sets.
38The finite measure u(-|h) = p(h,-) o f(-|h) if w(E|h) = [ p(h, x)f(dx|h) for any Borel set E.
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Suppose that (57, S1) is a measurable space, S is a Polish space endowed with the
Borel o-algebra, and § = S x S, which is endowed with the product o-algebra S. Let D
be an S-measurable subset of S such that D(s;) is compact for any s; € S;. The o-algebra
D is the restriction of S on D. Let X be a Polish space, and let 4 be a D-measurable,
nonempty and closed valued correspondence from D to X thatis sectionally continuous
on 5. The following lemma considers the property of upper hemicontinuity for the
correspondence M as defined in Lemma 5.

LemmA 7. Let f(-|s) be a transition probability from (D, D) to M(X) such that f(A(s)|
s) =1 for any s € D, which is sectionally continuous on S,. Let G be a bounded, measur-
able, nonempty, convex and compact valued correspondence from Gr(A) to R!, which is
sectionally upper hemicontinuous on S, x X. Let [ G df be the correspondence from D to
subsets of R! defined by

M(s)= (/ Gdf) (s)= {/ g(s, x)f(dx|s): g is a measurable selection ofG}.
X

Then M is S-measurable, nonempty and compact valued, and sectionally upper hemi-
continuous on S».

ProoOE. Define a correspondence G: S x X — R/ as

G G(s,x), if(s,x)eGr(A)),
B {0}, otherwise.

Then M(s) = ([ Gdf )(s) = (f Gdf)(s). The measurability, nonemptiness, and com-
pactness follow from Lemma 5. Given s € S; such that (a) D(s1) # &, (b) f(s1,-), and
G(s1, -, -) is upper hemicontinuous. The upper hemicontinuity of M (s, -) follows from
Lemma 2 in Simon and Zame (1990) and Lemma 4 in Reny and Robson (2002). O

From now on, whenever we work with mappings taking values in the space M (X)
of Borel probability measures on some separable metric space X, the relevant continu-
ity or convergence is assumed to be in terms of the topology of weak convergence of
measures on M (X) unless otherwise noted.

In the following lemma, we state some properties for transition correspondences.

LemMmA 8. Suppose that Y and Z are Polish spaces. Let G be a measurable, nonempty,
convex and compact valued correspondence from Y to M(Z). Define a correspondence
G’ from M(Y) to M(Z) as

G )= {/Y g(y)v(dy): g is a Borel measurable selection ofG}.39

39The integral fY g(y)v(dy) defines a Borel probability measure 7 on Z such that for any Borel set C in Z,
7(C) = [y g»)(C)v(dy). The measure 7 is also equal to the Gelfand integral of g with respect to the measure
v on Y, when M(Z) is viewed as a set in the dual space of the space of bounded continuous functions on
Z; see Definition 11.49 of Aliprantis and Border (2006).
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(i) The correspondence G’ is measurable, nonempty, convex and compact valued.

(ii) The correspondence G is upper hemicontinuous if and only if G’ is upper hemicon-
tinuous. In addition, if G is continuous, then G’ is continuous.

Proor. Part (i) is Lemma 19.29 of Aliprantis and Border (2006). By Theorem 19.30
therein, G is upper hemicontinuous if and only if G’ is upper hemicontinuous. We need
to show that G’ is lower hemicontinuous if G is lower hemicontinuous.

Let Z be endowed with a totally bounded metric, and U(Z) the space of bounded,
real-valued, and uniformly continuous functions on Z endowed with the supremum
norm, which is obviously separable. Pick a countable set {f;},,>1 € U(Z) such that {f,,}
is dense in the unit ball of U(Z). It follows from Theorem 15.2 of Aliprantis and Border
(2006) that the weak™* topology of M (Z) is metrizable by the metric d,, where

=1
d:(p1,p2) =) 5 /Z fn(2)p1(dz) — /Z fm(2)pa(dz)
m=1

for each pair of wy, uy € M(2).

Suppose that {v;} ;0 is a sequence in M(Y) such that »; — » as j — oc. Pick an arbi-
trary point uy € G'(vg). By the definition of G’, there exists a Borel measurable selection
g of G such that ug = [}, g(y)vo(dy).

For each k > 1, by Lemma 3 (Lusin’s theorem), there exists a compact subset Dy, C Y
such that g is continuous on Dy and vo(Y \ Dy) < ﬁ Define a correspondence G;: Y —
M(Z) as

{8}, yeDy

G =
€ {G(y), y €Y\ Dg.

Then Gy is nonempty, convex and compact valued, and lower hemicontinuous. By
Theorem 3.22 in Aliprantis and Border (2006), Y is paracompact. Then by Lemma 3
(Michael’s selection theorem), it has a continuous selection gy.

For each k, since v; — vy and g is continuous, fY gk(y)vj(dy) — fY gr(YMvp(dy) in
the sense that for any m > 1,

/ffm(Z)gk(dZIy)v,-(dy)—>//fm(Z)gk(dZIy)VO(dy).
YJZ YJZ

Thus, there exists a point v;, such that {j;} is an increasing sequence and

1
dz(/ gk(y)v,-k<dy),/ gk(y)m(dy)> < 3%
Y Y

In addition, since g coincides with g on Dy and vy(Y \ D) < 5t

2
dZ(/ gk()’)Vo(dy),/ g(y)w(dy)) < %
Y Y
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Thus,

1
dz(/ gk(y)ij(dy),/ g(y)m(dy)> <%
Y Y

Let uj, = [y 8x(y)vj (dy) for each k. Then u;j, € G'(v;,) and pj, — po as k — oo. By
Lemma 1, G’ is lower hemicontinuous. O

The next lemma presents some properties for the composition of two transition cor-
respondences in terms of the product of transition probabilities.

LEmMA 9. Let X, Y, and Z be Polish spaces, and G a measurable, nonempty and compact
valued correspondence from X to M(Y). Suppose that F is a measurable, nonempty, con-
vex and compact valued correspondence from X x Y to M(Z). Define a correspondence
I from X to M(Y x Z) as

II(x) = {g(x) o f(x): g is a Borel measurable selection of G,

fis a Borel measurable selection of F}.

(i) If F is sectionally continuous on Y, then 1l is a measurable, nonempty and com-
pact valued correspondence.

(ii) If there exists a function g from X to M(Y') such that G(x) = {g(x)} forany x € X,
then 11 is a measurable, nonempty and compact valued correspondence.

(iii) If both G and F are continuous correspondences, then 11 is a nonempty and com-
pact valued, and continuous correspondence.*°

(iv) If G(x) = {A} for some fixed Borel probability measure A € M(Y) and F is sec-
tionally continuous on X, then Il is a continuous, nonempty and compact valued
correspondence.

Prookr. (i) Define three correspondences F: X xY —> MY x Z), F: MXxY)—
MY xZ),and F: X x M(Y) > M(Y x Z) as

F(x,y)={5y®,u: weF(x,y},

F(r)= { f(x,y)7(d(x,y)): fis a Borel measurable selection ofﬁ},
Y

X x
F(x,w)=F(8, ®p).

Since F is measurable, nonempty, convex and compact valued, F is measurable,
nonempty, convex and compact valued. By Lemma 8, the correspondence F is mea-
surable, nonempty, convex and compact valued, and F (x, ) is continuous on M(Y) for
any x € X.

40Tn Lemma 29 of Harris et al. (1995), they showed that IT is upper hemicontinuous if both G and F are
upper hemicontinuous.
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Since G is measurable and compact-valued, there exists a sequence of Borel mea-
surable selections {gi}x>1 of G such that G(x) = {g1(x), g2(x), ...} for any x € X by
Lemma 2(v). For each k£ > 1, define a correspondence T from X to M(Y x Z) by letting
I (x) = I:"(x, gr(x)) = ﬁ(ax ® gr(x)). Then I1* is measurable, nonempty, convex and
compact valued.

Fix any x € X. It is clear that I1(x) = F(x, G(x)) is nonempty-valued. Since G(x) is
compact, and F (x, -) is compact-valued and continuous, II(x) is compact by Lemma 2.
Thus, the closure | ;- IT* (x) of Uk>1 1% (x) is a subset of I1(x).

Fix any x € X and 7 € I1(x). There exists a point v € G(x) such that 7 € F(x, v). Since
{8k (x)}k>1 is dense in G(x), it has a subsequence {gx, (x)} such that g, (x) — v. As
F(x, -) is continuous, F(x, 8k,, (X)) —> F(x, v). That is,

Te U F(x,gk(x)) = U IT% (x).

k>1 k>1

Therefore, ;- 1% (x) =II(x) for any x € X. Lemma 2(i) and (ii) imply that IT is mea-
surable. -

(ii) As in (i), the correspondence F is measurable, nonempty, convex and compact
valued. If G = {g} for some measurable function g, then I1(x) = F (6x ® g(x)), which is
measurable, nonempty and compact valued.

(iii) We continue to work with the two correspondences F:XxY— MY x Z) and
F: M(X xY)— M(Y x Z)asin part (i). By the condition on F, it is obvious that the cor-
respondence F is continuous, nonempty, convex and compact valued. Lemma 8 implies
the properties for the correspondence F. Define a correspondence G: X — M(X x Y)
as G(x) = 8, ® G(x). 41 Since G and F are both nonempty-valued, I1(x) = F(G(x))
is nonempty. As G is compact-valued and F is continuous, II is compact-valued by
Lemma 2. As G and F are both continuous, II is continuous by Lemma 1(vii).

(iv) Let Y’ = Y and define a correspondence F:XxY— MY’ x Z) as

F(x,y) =8, ®F(x,y) = {8, ®u: pe F(x,y)}.

Then F is also measurable, nonempty, convex and compact valued, and sectionally up-
per hemicontinuous on X.

Let d be a totally bounded metricon Y’ x Z, and U(Y’ x Z) be the space of bounded,
real-valued, and uniformly continuous functions on Y’ x Z endowed with the supre-
mum norm, which is obviously separable. It follows from Theorem 15.2 of Aliprantis
and Border (2006) that the space of Borel probability measures on Y’ x Z with the topol-
ogy of weak convergence of measures can be viewed as a subspace of the dual space of
U(Y’ x Z) with the weak* topology. By Corollary 18.37 of Aliprantis and Border (2006),
II(x) = fY F(x, y)A(dy) is nonempty, convex, and compact for any x € X.4?

41Given a finite measure v on X and a set D of finite measures on Y, v ® D denotes the set of finite
measures {v @ u: u € D}.

42Note that the integral fY F (x, y)A(dy) can be viewed as the Gelfand integral of the correspondence in
the dual space of U(Y’ x Z); see Definition 18.36 of Aliprantis and Border (2006).
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Now we show the upper hemicontinuity. If x,, — x¢ and u,, € I[1(x,), we need to prove
that there exists some wg € I1(x() such that a subsequence of {u,} weakly converges
to wo. Suppose that for n > 1, f,, is a Borel measurable selection of F(x,, -) such that
Hn = Ao fr.

Fixany y € Y andlet J(y) =co{f,(y) ® 6, }»>1, which is the closure of the convex hull
of {f,(y) ® 6x,}u>1. It is obvious that J(y) is nonempty and convex. It is also clear that
J(y) is the closure of the countable set

n n
Y aifi()®8yn=la;eQp,i=1,...,nY aj=1¢,
i=1

i=1

where Q is the set of nonnegative rational numbers. Let F'(x) = {u ® 6 : u € F(x, y)}
for any x € X. Then F’ is continuous on X. Since {x, : n > 0} is a compact set,
Lemma 2(vi) implies that ( J,., F'(x,) is compact. Hence, {f,(y) ® 6x,}s>1 is relatively
compact. By Theorem 5.22 of Aliprantis and Border (2006), {f,(y) ® 6x, }»>1 is tight. That
is, for any positive real number e, there is a compact set K¢ in Z x X such that for any
n>1, f(y) ® 8x,(Ke) >1—€. Thus, Y7 ; @i fi(y) ® 8,(Ke) > 1 — € for any n > 1 and for
any @; € Q4, i=1,...,nwith >7_; @; = 1. Hence, J(y) is compact by Theorem 5.22 of
Aliprantis and Border (2006) again.

For any n > 1 and for any «; € Q4, i =1,...,n with Y7, @; = 1, it is clear that
Yo aifi(y)®8y, ismeasurablein y € Y. Lemma 2(v) implies that J is also a measurable
correspondence from Y to M(Z x X). By the argument in the second paragraph of the
proof of part (iv), the set

A ={Ao{: {is aBorel measurable selection of J}

is compact.

Since A o (fy ® 85,) € A for each n, there exists some Borel measurable selection ¢ of
J such that a subsequence of {A ¢ (f, ® x,)}, say itself, weakly converges to A ¢ { € A.
Let {x(y) be the marginal probability of {(y) on X for each y. Since x, converges to xg,
{x(y) = 8y, for A-almost all y € Y. As a result, there exists a Borel measurable function
fo such that { = fo ® 6, where fy(y) € cOLs,{f,(y)} for A-almost all y € Y. Since F
is convex and compact valued, and upper hemicontinuous on X, f; is a measurable
selection of F(xg, -). Let wg = A ¢ fy. Then u, weakly converges to g, which implies that
IT is upper hemicontinuous.

Next we show the lower hemicontinuity of I1. Suppose that x,, — x¢ and pg € I1(xg).
Then there exists a Borel measurable selection f; of F(xg, -) such that uy = A ¢ fy. Since
F is sectionally lower hemicontinuous on X and compact-valued, for each n > 1, there
exists a measurable selection f, for F(x,, -) such that f,(y) weakly converges to fy(y) for
each y € Y.*3 Denote u, = A ¢ f,. For any bounded continuous function ¢ on Y x Z,
[ ¥(y, 2)fa(dzly) converges to [, ¢ (y, z) fo(dzl|y) for any y € Y. Thus, we have

f w(y,z)un(d(y,z))=//tl/(y,z)fn(dzly))\(dy)
YxZ YJZ

43See Proposition 4.2 in Sun (1997). Note that the atomless Loeb probability measurable space assump-
tion is not needed for the result of lower hemicontinuity as in Theorem 10 therein.
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R / / (s 2)foldz Iy A(dy)
YJZ

by the dominated convergence theorem. Therefore, II is lower hemicontinuous. The
proof is thus complete. O

The following lemma is taken from Simon and Zame (1990) (see also Lemma 4 in
Reny and Robson (2002)).

e The S and Y are Polish spaces, and D is a closed subset of § x Y, where D(s) is
compact forall s € S.

e We have X =[], Xi, where each X; is a Polish space.

e For each i, 4; is a nonempty and compact valued continuous correspondence
from D to X;, 4A=[]<;, 4i, and E = Gr(A).

e The P is a bounded, nonempty, convex and compact valued upper hemicontinu-

ous correspondence from E to R”.

LEMmmA 10. Consider the correspondence ®: D — R" x M(X) x A(X) defined as
(v, a, ) € (s, y) if p is a selection of P such that p(s,y,-) is Borel measurable for any
(s, y) and the following relationships hold:

(i) We havev = [y p(s, y, x)a(dx).

(ii) We have that a € Q,;.; M(Ai(s,y)) is a Nash equilibrium in the subgame (s, y)
with payoff profile p(s, y, -) and action space A;(s, y) for each player i.

(iii) We have u= p(s,y,)oa.

Then ® is nonempty and compact valued, and upper hemicontinuous on D.

A.2 Proofof Theorem 1

A.2.1 Backward induction As explained in Section 4.3, the backward induction step
aims to show that some desirable properties of the equilibrium payoff correspondences
can be preserved when one works backward along the game tree.

Givent > 1, let Q,,1 be abounded, nonempty and compact valued, and upper hemi-
continuous correspondence from H; to R". For any /,_1 € H,_1 and x; € A;(h;_1), let

Pi(hi_1,x¢) Z/S Or1(hi—1, x4, 80) fro(dse | he—1).
Since fyo(-|h;—_1) is atomless and Q,. is nonempty and compact valued, by Lemma 4,

Pi(hi—1,x¢) = /S €0 Qr1(hy—1, X1, 80) fro(dse|lhi—1),
t

where co Q;1(h;_1, x¢, 5¢) is the convex hull of Q,,1(h;_1, x¢,5:). By Lemma 4, P; is

bounded, nonempty, convex and compact valued. To show that P; is upper hemicontin-

uous on Gr(A4;), by Lemma 1(v), it is sufficient to show that P; is upper hemicontinuous
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on {(hf_l, xf)}kzo, where {(hf_l, xf)}kzo is a sequence such that (hf_l, xi‘) — (h?_l, x?)
as k — oo. Note that {(hf_l, Xf)}kzo is indeed a compact set. Then the upper hemicon-
tinuity of P, on {(hi‘il, xf)}kzo follows from Lemma 7.

By Lemma 10, there exists a bounded, measurable, nonempty and compact valued
correspondence ®, from H,_; to R” x M(X;) x A(X;) such that @, is upper hemicon-
tinuous, and for all 4,1 € H,_1, (v, @, u) € ®¢(h;_1) if p; is a selection of P; such that

pi(h;_1,-) is Borel measurable and we have the following relationships:
e Wehavev= fAt(hH) pi(hi_1, x)a(dx).

e We have that « € &);.; M(A;(h,—1)) is a Nash equilibrium in the subgame A;_;
with payoff p,(h,_1, -) and action space [ [;.; Asi(h;—1).

e Wehave u= p;(h;_1,-)oca.

Denote the restriction of @, on the first component R” as ®(Q; 1), which is a correspon-
dence from H,_; to R”. By Lemma 10, ®(Q;,1) is bounded, nonempty and compact
valued, and upper hemicontinuous.

A.2.2 Forward induction If one views Q; as some payoff correspondence for the play-
ers in stage ¢, then the correspondence ®; obtained in the backward induction step col-
lects all the equilibrium strategies, the corresponding payoff vectors, and the induced
probabilities in stage ¢ — 1. The issue here is that one needs to construct jointly measur-
able payoff functions (as selections of Q,) and strategy profiles in stage ¢ that induce the
equilibrium payoffs in ®,. This is done in the forward induction step. Specifically, we
prove the following proposition.

ProprosITION 3. For any t > 1 and any Borel measurable selection q; of ®(Q11),
there exists a Borel measurable selection q;,1 of Q,;+1 and a Borel measurable mapping
fii Hi—1 = Qjcr M(Xy) such that for all h;_y € H;_1, we have the following relation-
ships:

(i) We have fi(hi-1) € @;cf M(Asi(hi-1)).
(ii) We have q;(hi—1) = [ 4 5, ) [s, @1 (i1, Xe, 50 fro(dselhe—1) fe(dxelhy—y).
(iii) We have that fi(-|h,—1) is a Nash equilibrium in the subgame h,_, with action
spaces { A;i(h;_1)}icr and payoff functions
[g‘ItJrl(htfl;‘>st)ft0(dst|ht71)-
t

Proor. We divide the proof into three steps. In Step 1, we show that there exist
Borel measurable mappings f;: H;—1 - @, M(Xy) and u;: H;—1 — A(X;) such that
(qt, ft, t) is a selection of ®,. In Step 2, we obtain a Borel measurable selection g; of P;
such that for all #,_ € H,_1, we have the following relationships.

e We have qr(hi—1) = ‘[At(ht—l) &t(hi—1, x) fi(dx|h;—1).
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e We have that f;(h,_1) is a Nash equilibrium in the subgame /,_; with payoff
g/(h;_1,-) and action space A4,(h;_1).**

In Step 3, we show that there exists a Borel measurable selection g, 1 of Q,,1 such that
forall h,_1 € H,_1 and x; € A;(h,_1),

&i(hi—1,x1) = /; qr1(hi—1, xt, 8¢) fro(dse|hy—1).
t
Combining Steps 1-3 completes the proof.
Step 1. Let ¥ : Gr(P(Q;41)) > M(X;) x A(X;) be
Wi(hi—1,v) = {(Ch w): (v, a, p) € q)t(hz—l)}-

Forany {(h* |, v5)}i<k<oo € Gr(®(Q;+1)) such that (k¥ |, v¥) convergesto (h%° |, v™),
pick (a¥, uk) such that (v%, of, u*) € ®,(h* ) for 1 < k < co. Since @, is upper hemi-
continuous and compact-valued, there exists a subsequence of (¥, ak, ,uk ), say itself,
such that (vF, e, u¥) converges to some (v, a*®, u>®) € ®;(h%°,) due to Lemma 1(v).
Thus, (a®, u*>°) € Wy (h{°,,v>), which implies that W, is also upper hemicontinuous
and compact-valued. By Lemma 2(iii), ¥; has a Borel measurable selection ;. Given
a Borel measurable selection g; of ®(Q;11), let ¢, (hi—1) = (qe(hi—1), Ye(hi—1, q:(hi—1))).
Then ¢; is a Borel measurable selection of ®;. Let f; and w; be the second and third di-
mensions of ¢;, respectively. By the construction of ®;, for all #,_; € H,_1, the following
relationships hold:

e We have that g;(h,_1) = fAt(ht—l) pi(hy_1, x)fi(dx|h;_1) such that p,;(h;_1,-) is a
Borel measurable selection of P;(h,_q, -).

e We have that f;(h,_1) € Q;c; M(A;i(h;~1)) is a Nash equilibrium in the subgame
h,_1 with payoff p;(h;_1,-) and action space [],.; A:i(hi—1)-

e We have /‘L;(-”’l[,l) = Pt(hz—la ) ] ft('|htfl)~

Step 2. Since P; is upper hemicontinuous on {(4,_1, x;): h;_1 € H;_1, x; € A;(h;_1)},
due to Lemma 6, there exists a Borel measurable mapping g such that (a) g(h;_1, x;) €
P;(hy_1,x;) for any h,_y € H;_1 and x; € A;(h;_1), and (b) g(h,_1, x;) = pi(h;_1, x;) for
fi(-|h;_1)-almost all x;.

In a subgame h,_1 € H,_1, let

iel

Byi(hi—1) = {Yi € Ayi(hi—1):
/ &i(he—1, Yi> Xe(—iy) fr—ip(dxr(—iylhi—1)
At(fi)(ht—l)

>/ pti(htlaxt)fl(dxl|htl)}-
At(ht—l)

440One cannot simply use p, in the previous subsection instead of g; here. Note that p; may not be jointly
Borel measurable in (/,_;, x) even though p;(h,_1, -) is Borel measurable for each fixed /,_;.
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Since g(h;_1, x:) = pi(h;_1, x;) for fi(-|h;_1)-almost all x;,
/ g(ht—laxt)ft(dxt|ht—1):/ pe(hi—1, x¢) fr(dxe|hy—1).
Ai(hi—1) A(hi—1)

Thus, By; is a measurable correspondence from H, | to A;;i(h;—1). Then B;; has a
Borel graph. As f;(h,_1) is a Nash equilibrium in the subgame 4, | € H, 1 with payoff
pie(hi—1,), fri(Bri(hi—1)|hi—1) =0.

Denote B;(h;_1,x;) = minPy(h,_1,x;), where P,(h;_1,x;) is the projection of
Pi(h;_1, x;) on the ith dimension. Then the correspondence P;; is measurable and
compact-valued, and B; is Borel measurable. Let A;(h,_1, x;) = {Bi(h.—1, x1)} x [0, y]" 1,
where y > 0 is the upper bound of P;. Denote A’(h;_1, x;) = Ai(hi—1, %) N Pe(hi—1, X1).
Then A is a measurable and compact-valued correspondence, and hence has a Borel
measurable selection g’. Note that 8; is a Borel measurable selection of P;. Let

8t(hi—1, x¢)
_ Bi(hi—1,x:) ifhi_y € Hi_1, x4 € Bi(hy—1) and xj ¢ Byj(hi—1),Vj #1,
g(h,_1,x¢) otherwise.
Note that

{(hi—1,x0) € Gr(Ay): hy—y € Hi—q, x4 € Byi(hy—1) and xj & Byj(hy—1),Vj #i; }
=Gr(4,) N U((Gr(B”-) x HX,,-)\(U(Gr(BU) <[] th))>,
ket

iel j#i j#i
which is a Borel set. As a result, g; is a Borel measurable selection of P;. Moreover,
gt(hi_1,x¢) = pi(hy_1,x¢) forall hy_y € H,_1 and f;(-|h,;—1)-almost all x;.
Fix a subgame h, 1 € H,_;. We verify that f;(-|h,_1) is a Nash equilibrium given the
payoff g;(h;_1, -) in the subgame %, _1. Suppose that player i deviates to some action X;.
If X;; € Bsi(h,_1), then player i’s expected payoff is

/ 8rihi—1, Xtiy Xe(—iy) fr—iy(dxs (=il hi—1)
Ay—iy(hi—1)

/ 8tiChi—1, Xeis Xe(—i) fr(—iy(dXs (=il he—1)
l_[j;éi ij(h,_l)

=/ Bi(hi—1, X4, Xt(—iy) fr(—iy(dxr—iylhi—1)
[Tjzi B,C]-(ht—l)

< / DriChe—1, X1iy Xe—iy) fr—iy(dxs—iylhi—1)
l_[j#,' B,cj(ht—l)

=f PriChi—1, X4y X1—iy) fr—iy (dxr—iylhi—1)
Ap—iy(hi—1)

< / peilhu_t, x) fi(dxelhi_)
As(hi_1)
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- / g1, x0) fudxilhyr).
At(ht—l)

The first and the third equalities hold since f;j(B;j(h;—1)|h;—1) = 0 for each j, and
hence ft(_,-)(]_[#i Btcj(hl_l)|ht_1) = fr—i)(Ay—iy(hi—1)|hi—1). The second equality and
the first inequality are due to the fact that g;;(h;_1, X1, x1(—i)) = Bi(hi—1, X4, X1(—i)) =
min Pyi(he—1, Xii, X1(~iy) < piiChi—1, Xii, Xi(-iy) for xy—iy € [1;; B;(hi—1). The second in-
equality holds since f;(-|h,_1) is a Nash equilibrium given the payoff p;(#,_1, ) in the
subgame /,_1. The fourth equality follows from the fact that g,(h;_1, x;) = p:(h;—1, x¢)
for f;(-|h,;_1)-almost all x;.
If X4; ¢ B:i(h,_1), then player i’s expected payoff is

/ gti(ht—l,iti,xt(—i))fz(—i)(dxt(—i)|ht—1)
Ar—iy(hi—1)

= / 8riChs—1, Xeis Xy (=) fr(—py(dxi—iplhi—1)
[T B

Cj(hz—l)

=/ 8i(hi—1, Xsiy Xe—iy) fr—iy(dxy—ip|lhi—1)
l—l_,'#ij(hz—l)
=/ 8i(hi—1, X4i, X1(—i)) fr—iy(dxs—iplhsi—1)
Ay—iy(hi—1)
< / it x0) fu(dxel )
At(ht—l)

:/ 8ti(hi—1, x¢) fr(dxi|hy ).
Ai(hi—1)
The first and the third equalities hold since

fi—i (l_[ ij(htl)lhzl) = fr—iy (An—iy(he—Dhi—1).
J#
The second equality is due to the fact that g;;(h;—1, Xsi, X/ (—i)) = gi(hi—1, X1i, X4 (—i)) for
Xi—iy € [1 i Btcj(ht_l). The first inequality follows from the definition of B;;, and the
fourth equality holds since g;(#;_1, x;) = p/(h;_1, x;) for f;(-|h;_1)-almost all x,.

Thus, player i cannot improve his payoff in the subgame #, by a unilateral change
in his strategy for any i € I, which implies that f;(-|h,_1) is a Nash equilibrium given the
payoft g;(h,_1, -) in the subgame A4,_;.

Step 3. For any (h;_1, x;) € Gr(A;),

Pi(hi—1,x¢) Z/S Or1(hs—1, x¢, 80) fro(dse | hs—1).
t

By Lemma 5, there exists a Borel measurable mapping g from Gr(P;) x S; to R” such that
we have the following relationships:

o We haVe q(hl‘fla Xt €, St) € QtJrl(h[fl’ Xt, Sl) for any (hl‘fla Xt €, Sl) € Gr(Pl) X Sl'
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e We have ¢ = fSt q(hi_1, x¢, e, 8¢) fro(dse|hy—1) for any (h,_1, x;, ) € Gr(P;), where
(hi—1, x¢) € Gr(Ay).

Let
qQre1(he—1, Xt 8¢) = C](ht—la xt, 8t(he—1, X¢), St)

for any (h;_1, x¢, s;) € H;. Then g, is a Borel measurable selection of O, ;.
For (h;-1, x¢) € Gr(Ay),

gt(ht—laxt):f Q(ht—laxtagt(ht—laxt)ast)fto(dst|ht—1)

Si

= /S C]z+1(hz—1, Xt S0) fro(dselhi—1).
t

Therefore, we have a Borel measurable selection ¢, 1 of Q,;; and a Borel measurable
mapping f;: H,—1 = &),;c; M(X;;) such that for all 4, € H,_1, properties (i)—(iii) are
satisfied. The proofis complete. O

If a dynamic game has only T stages for some positive integer 7 > 1, then let
Ory1(hr) ={u(ht)} for any hr € Hr and Q; = ®(Q;41) for 1 <t < T — 1. We can start
with the backward induction from the last period and stop at the initial period, and
then run the forward induction from the initial period to the last period. We obtain the
following corollary.

CoroLLARY 1. If a finite-horizon continuous dynamic game with almost perfect infor-
mation satisfies the condition of atomless transitions, then it has a subgame-perfect equi-
librium.*>

A.2.3 Infinite-horizon case Pick a sequence & = (£1, &, ...) such that (a) &, is a tran-
sition probability from H,,_; to M(X,,) for any m > 1, and (b) &, (Am(hpm_1)|hm_1) =1
for any m > 1 and h,,,_1 € H,,_1. Denote the set of all such £ by Y. Intuitively, £ can be
viewed as a correlated strategy profile with each ¢; being the correlated strategy in stage
t,and Y is the set of all such correlated strategies.

Fix any ¢ > 1 and define a correspondence A’ as follows: in the subgame 4,1,

Af(hi—1) = M(Ai(hi—1)) ® fro(hi—1).

Then Al(h,_) is the set of probability measures on the space of action profiles of stage
t, which is induced by all the possible correlated strategies among the active players and
Nature’s move in the subgame /;_;. Inductively, we define the set of possible paths for
correlated strategies in any subgame between stages ¢t and m; for ¢t < m; < oco.

For any integer m; > ¢, suppose that the correspondence A;"‘_l has been defined.
The correspondence A" : H, | — /\/l(l_[,smfm1 (Xm x Sin)) is defined as

AP (he—y) = {g(hi—1) © (Emy (hi—1, ) ® fmpo(hi—1,)):

45The condition of atomless transition is not needed at the last stage.



Theoretical Economics 15 (2020) Dynamic games with (almost) perfect information 847

. . -1
g is a Borel measurable selection of A7,

&m, is a Borel measurable selection of M (A,,,) },

where the correspondence M(A,,,) takes value M (A, (hy,—1)) at subgame h,,, . For
any my > t, let o}! . € A" be the probability measure on [T, (Xm X Sm) in-
duced by Nature’s moves {f,,0}r<m<m, and the correlated strategies {£,,};<m<m,. Then
Q'(’Z]t_ly & is a possible path induced by ¢ in the subgame %, ; before stage my, and
A7 (h,_1) is the set of all such possible paths Q?;zl,fl,g) in the subgame /4,_;. Note that
Q:';llt—l,f) can be regarded as a probability measure on Hy, (h;—1) = {(X1, St5 .-+, Xmys Smy)
(Bi—1,X¢t,St5 -+ Xmy» Smy) € Hpp ). Similarly, let o, , ¢ be the probability measure
on [[,,-,(Xm x S,) induced by Nature’s moves {f,,,0}»>: and the correlated strategies
{fm}mzt_ after the subgame /,_;. The correspondence

Atl H[_l — M(l_[(Xm X Sm))

m>t

collects all the possible paths o(j, | ¢).

We show that the correspondence A,(%,_1), which contains all the possible paths
induced by correlated strategies in the subgame /,_1, is nonempty and compact valued,
and continuous. The claim is proved by showing that A}"' has such properties and that
A, can be approximated by A]"! when m; is sufficiently large.

LeMMA 11. (i) Foranyt > 1, the correspondence A}"' is nonempty and compact valued,
and continuous for any my > t.

(ii) Foranyt > 1, the correspondence A; is nonempty and compact valued, and contin-
uous.

Proor. (i) Consider the case m; =t > 1, where
AP (1) = M(Ai(hi-1)) © fro(hi1).

Since A, is nonempty and compact valued, and both A4, and f, are continuous, A" is
nonempty compact valued, and continuous.

Suppose that A} is nonempty and compact valued, and continuous for some m; >
¢t > 1. Note that

AP (1) = {g(hi 1) © (Emys1 (i1, ) @ fimy1yo(hi1, )
g is a Borel measurable selection of A},
&m,+1 1s a Borel measurable selection of M(A4,,,1 )}.
By Lemma 9(iii), A’;12+1 is nonempty and compact valued, and continuous.

(i) It is obvious that A, is nonempty-valued. We first prove that it is upper hemicon-
tinuous and compact-valued.
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Given sequences {hf_l} and 7% C A,(hf_l), there exists a sequence of {gk}kzl such
that &k = (&%, f’z‘, ..)eYand ¥ = Onk | gk) for each k > 1. Suppose that hf_l — h2,.
By (i), A! is compact-valued and upper hemicontinuous. Then there exists a mea-
surable mapping g, such that (a) g' = (&],..., &} |, 8, &l,,,...) € Y and (b) a sub-

sequence of {QE Iy Note
t—1°

1
. 41 )
gk)}, say {Q(h,(_”1 k”)}lzlr that weakly converges to Q(hf’il,g’)'
that {§f+1} is a Borel measurable selection of M(A4,;1). By Lemma 9(ii), there is
a Borel measurable selection g,.1 of M(A,;.1) such that there is a subsequence of
t+1 t+1 t+1 t+1 _
» 8 ol , where =
{Q(hfill’gkll)}lzl y {Q(hi?,pgk (°g™+1) 8

(1, €1, 81> 8141, €5> - ) € Y. Repeating this procedure, one can construct a Borel

measurable mapping g such that o weakly con-

}1>1, that weakly converges to o
2y~

R gkny k2 gy €k ghssyr oo
verges to 0y ¢)- That is, O(h®,,g) is a convergent point of {0k | ¢r)}. By Lemma 1(v),
- - t—1°

A, is compact-valued and upper hemicontinuous.

Next we consider the lower hemicontinuity of A,. Suppose that ¥ € At(hg_l). Then

; 0 _ =mo_ 0
there exists some ¢ € Y such that ¥ = O .8 Denote 7" = Qzl?_]’g) e AY'(hy_ )
for m > t. As A" is continuous, for each m, there exists some ¢” € Y such that
d(QZ';l gy 7y < L for k,, sufficiently large, where d is the Prokhorov metric. Let
t—1°

m
™M =0 (hkm_gm)- Then 7™ weakly converges to 7, which implies that A, is lower hemi-
—1°

continuous. O

Below, we define a correspondence Q7 from H;_; to R’ , inductively for any stages
t,7>1.When r < t, Q] (h;_1) is the set of all the payoffs based on correlated strategies in
the subgame 4,1, which does not depend on 7. As a result, for any stage 7, Q7 | can be
defined. Then for 7 > ¢, Q] is the correspondence obtained by repeating the backward
induction from the correspondence Q7 ;. Specifically,

07 (hi—1)

{f u(htfl’xas)Q(ht,l,f)(d(xﬁ S)): Q(/’l,,l,f) EAt(ht])}a T<I,
an;(XmXSm)
¢(Q:+1)(hlfl)7 T>1.

The lemma below presents several desirable properties of Q7.

LEMMA 12. Foranyt, T > 1, Q] is bounded, measurable, nonempty and compact valued,
and upper hemicontinuous.

Proor. For ¢t > 7, O] is bounded, measurable, nonempty and compact valued, and up-
per hemicontinuous because of the corresponding properties of u and A;.

For t+ < 7, we can start with or INE Repeating the backward induction in Ap-
pendix A.2.1, Q7 is bounded, measurable, nonempty and compact valued, and upper
hemicontinuous. U
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Denote O° = (,.; Q. Recall that Q7 is the payoff correspondence of correlated
strategies when 7 < t and the correspondence obtained by repeating the backward in-
duction from Q7 | when 7 > 1. Given some ¢, when 7 is sufficiently large, it is expected
that Q7| should be close to the payoff correspondence of all the mixed strategies, as
the game is continuous at infinity. Given the correspondence Q7 ,, players play some
equilibrium strategies in each backward induction step. As a result, it is expected that
Q7 would be close to the actual equilibrium payoff correspondence E; for sufficiently
large 7. The following three lemmas show that Q% (h,_1) = @(Qﬁl)(h,_l) = FE;(h;_q) for

all ht—l S Ht_1.46

LEmma 13. (i) The correspondence Q5° is bounded, measurable, nonempty and compact
valued, and upper hemicontinuous.

(it) Foranyt>1, O7°(hi—1) = (O} ) (he—1) forall hy—y € Hy .

Proor. (i) Itis obvious that Q¢° is bounded. By the definition of Q7 , forall 4,_; € H;_1,
Q7' (hy_1) € Q;*(h,_y) for 7y > 7,. Since Q7 is nonempty and compact valued, Q% =
(,~1 Q7 is nonempty and compact valued. By Lemma 2(ii), (),.; Q; is measurable,
which implies that Q$° is measurable. -

Since Q7 is upper hemicontinuous for any 7, by Lemma 2(vii), it has a closed graph
for each 7, which implies that O has a closed graph. Referring to Lemma 2(vii) again,

> is upper hemicontinuous.

(i) For any 7 > 1 and h,—y € Hy—1, ®(Q77 ) (hi—1) € P(Q7, ) (hi—1) € O (hi—1), and,
hence, ®(Q7} ) (h;-1) € O (hi-1).

Let {1,2,...00} be a countable compact space endowed with the metric d(k, m) =
|% - %| for 1 < k,m < co. The sequence {Q:H}lgfoo can be regarded as a corre-
spondence Q.1 from H; x {1,2,...,00} to R", which is measurable, nonempty and
compact valued, and upper hemicontinuous on H; x {1,2,...,00}. The step of back-
ward induction in Appendix A.2.1 shows that ®(Q,,) is measurable, nonempty and
compact valued, and upper hemicontinuous on H; x {1,2,...,00}. For h,_1 € H;_
and a € Q°(h;_1), by its definition, a € Q] (h;—1) = ®(Q7, ,)(h;—1) for 7 > ¢t. Thus,
ae®(Q (hi-1).

As aresult, 0% (h;—1) = CID(Q‘;il)(h,_l) forall h,_1 € H,_1. O

T
t+1

Though the definition of Q] involves correlated strategies for = < ¢, the following
lemma shows that one can work with mixed strategies in terms of equilibrium payoffs.
In Lemma 13, it is shown that Q7° = ®(Q;7 ) for any ¢ > 1. Then one can apply the for-
ward induction recursively to obtain the mixed strategies {fi;}ic; and a selection c; of
Qp° for each k > 1 such that f; is an equilibrium and c is the corresponding equilib-
rium payoff given the payoff function ¢, . Lemma 14 shows that {fy;}¢>1,ies is indeed
an equilibrium and ¢y is the equilibrium payoff of the game in stage k. The key here
is that since Q° C Of = <I>T_k+1(Q: 1) for k < 7, one can obtain ¢, via the strategies

46The proofs of Lemmas 13 and 15 follow the standard argument with various modifications; see, for
example, Harris (1990), Harris et al. (1995), and Mariotti (2000).
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{fri}k<k <= icr between stages k and 7, and the correlated strategies {£/}, -, after stage
7. Because of the assumption of the continuity at infinity, the latter payoff converges to
¢ as T — oo. To check the equilibrium property, one can rely on the same asymptotic
argument to check the payoff for any deviation. Then we show that ¢ is an equilibrium
payoff without using the correlated strategies.

LEmMA 14. [f ¢; is a measurable selection of ®(Q7Y ), then c;(h,-1) is a subgame-perfect
equilibrium payoff vector for any h,_1 € H;_1.

Proor. Without loss of generality, we prove only the case ¢ = 1.

Suppose that c; is a measurable selection of ®(Q5°). Apply Proposition 3 recursively
to obtain Borel measurable mappings {f;}ic; for kK > 1. That is, for any k > 1, there
exists a Borel measurable selection ¢, of Q7° such that for all 4;_; € Hy_1, we have the
following relationships:

e We have that f (h;_1) is a Nash equilibrium in the subgame /4, _;, where the action
space is Ay;(hi_1) for player i € I, and the payoff function is given by
/;Ck+l(hk—19'ask)fko(dskmkfl)-
k
¢ We have

Ck(hkfl)zf / Ck1(hi—1, Xk, Si) fro(dsic | he—1) fr (dx [ hg—1).
Ag(hg—1) ISk

We need to show that ¢ (h) is a subgame-perfect equilibrium payoff vector for all 4 €
H,.
Step 1. We show that forany & > 1 and all 4, _1 € Hy_1,

cx(hi-1) =/ u(hg—1,%,8)0(n,_,,p(d(x,)).
Hmzk(Xm XSm)

. .. . hie—1)=Nr>1 9%
Fix a positive integer M > k. By Lemma 13, c¢;(h;_1) € Q,io( )= O X

(hj—1) forall hy_ € Hy_;. Since Q] = <I>T*k+1(Q:+l) fork <7, ci(hi-1) € (Ny=k Pkl %
Q7 (h—1) € PM—Kk+1(QM  Y(hg_y) for all hy_y € Hy_y. Thus, there exists a Borel
measurable selection w of Oy, and some § € Y such that for all iy € Hy -1, we have
the following relationships:

(i) We have that fy;(hy—1) is a Nash equilibrium in the subgame /,,_1, where the
action space is Ays;(hy—1) for player i € I and the payoff function is given by

/ w(hp -1, Sm) fmo(dspy|lhp—1).
Sm
(ii) We have

cm(hy—1) =/

/w(hM_1,XM,SM)fMo(dSMIhM—l)fM(dlehM—l)-
Apm(hy—1) ISu
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(iii) We have w(hy) = fl_[m XS,y WM X, )0 (hyy 69 (d(X, 9)).

>M+1

Then for h;_1 € Hy_4,
ck(hg-1) =/ u(hic—1,%,8)0, vy (d(x,9)),
[y X Son) (A1, 1)
where f,ﬁ"’ is fy if k <M andis & if k > M + 1. Since the game is continuous,

M(h — ,X,S) d(x, S)
/1_[m>k(XmXSm) k=1 Q(hkfth)( )

converges to

/ u(hi_1,%,8)0n,_,,1(d(x,5))
Hmzk(XmXSm)
when M goes to infinity. Thus, for all 4, _; € Hy_1,
cr(hi—1) = / u(hi—1,%,)0(n_,,f)(d(x,9)).
Hmzk(XmXSm)

Step 2. Below, we show that {fy;}ics is @ subgame-perfect equilibrium.

)

Fix a player i and a strategy g; = {gx;}x>1. For each k > 1, define a new strategy f/ as
fF = (g1, 8kis fikr1yis Fikt2is - - -); that is, we simply replace the initial k stages of f;

by g;. Denote f* = (f:-k, Jr(=iy)-
Fix k > 1. For any hj = (x*, sk, we have

uChy, x,8)0h,,fH(d(x,s)
/Hm>k+1(XmXSm) wf ( )

=/ / Ck42)i Pics Xk 15 Sk 1) Fie+1)0(dS k11 i) frer1 (dx 11 hy)
Apeg1 (i) ISk

2/ / Ck+2)i (s X415 Sk+1)
Ageg1(hy) ISk

T+ 10(dsip1 1) (Fie1y—iy @ ke+1)i) (X g1 hk)

Z/ f / / Ck+3)i (s Xka15 k15 Xk425> Sk+2)
Apg1(hi) ISk Y Ao (i, X g 155k4+1) Y Ska2

Fik+200(dsgal i, X 15 Sk 1) Fik2)(—iy @ fik2)i(dX g2l P, Xt 15 Sk41)

Foe+00(dsk11h1) fie+1)(—i) © 8k+1)i(AXkg11hi)

Z/ / f / Ck+3)i Pk s Xk 15 Sk41> X425 Sk42)
Apq1(h) I Sppr S Ao (hi, Xkr155k41) ISk

Joe+2)0(dsicialic, Xicr 15 Sk fke+2)(—i) ® 8ik+2)i(AX k2l Py Xje 1, Ske1)

Foe+00(dsk 1) fie+1)(—i) © 8k+1)i(dXkq11hi)
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u(hp, x,8)0, 2 (d(x,s)).

/1;[m>k+l(Xm xSm) (i, 5+ )( )

The first and the last equalities follow from (2) in the end of Step 1. The second equality
is due to (ii) in Step 1. The first inequality is based on (i) in Step 1. The second inequality
holds since by the choice of 4 and (i) in Step 1, for fix,1)0(hr)-almost all s;1 € Siiq
and all x4, € X1, we have

/ / Ck+3)i Pk s Xkt 15 Skt 15 X425 Sk+2)
Agga (g, Xy 158k41) Y Sk

Foe+20(dSk2l i, Xiq 15 Sk fk+2) =iy @ Frk+2)i (X gq2lhic, Xk 15 Sk41)

Z/ / Ck+3)i (o> Xki15 Sk15 Xk42> Sk+2)
A2 (hie s Xy 158k4+1) Y Sk42

Joke+2)0(dSk 2l i, Xicq 15 Sk 1) fik+2)(—i) @ &k+2)i(AXpq2l Pk, Xk 15 Skt1)-

Repeating the above argument, one can show that

/ uChi, X, )0(n,, 1) (d(x, 5))
[Tz k41 (Xm X Sm)

>

uChi,x,8)0,, i, (d(x,s)
/Hmzk+1(Xm><Sm) (hk,fM+1)( )

for any M > k. Since

uChy, x,s) o (d(x,s)
/Hmzk+1(xm><Sm) k Q(hk,fMﬂ)( )

converges to

/ u(hics X, )0y (i fin (A (X, 9))
[Tnzk41(XmxSm)

as M goes to infinity, we have

/ u(hic, X, 8) 0y, p)(d(x, )
Hmzk-f—l (Xm XSM)

>

u(hk)x’ S)Q(/’l ,(gi, _,‘))(d(xas))'
‘/1_[m>k+1(XmXSm) k8 f

Therefore, {f;}ics is a subgame-perfect equilibrium. O

By Lemmas 10 and 13, the correspondence ®(Q}7,) is measurable, nonempty and
compact valued. By Lemma 2(iii), it has a measurable selection. Then the equilibrium
existence result in Theorem 1 follows from the above lemma.

For ¢t > 1and h,_1 € H,_1, recall that E;(h,_1) is the set of payoff vectors of subgame-
perfect equilibria in the subgame #,_;. The following lemma shows that E;(4,_1) is the
same as O7°(h,_1).
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LEMMA 15. Foranyt>1, E/(h;—1) = O (hs—1) forall h;,_1 € H;_1.

Proor. Step 1. We first prove the following claim: for any r and 7, if £, 1(h;) C o7, (hy)
forall h; € H;, then E;(h;—1) € Q7 (h,—1) forall h,_1 € H,_;. We only need to consider the
case that 7 < 7.

By the construction of ®(Q7, ;) in Appendix A.2.1, for any ¢; and 2,_; = (x' !, ") e
H,_y, if the following relationships hold, then ¢, € ®(Q7 L) ().

e We have ¢, = fA[(hH)fS, qr1(hi—1, x¢, 80) fro(dse | hi—1)a(dx,), where g, 1(hi—1,-)
is measurable and g;.1(h;_1, x¢,5¢) € OF (hy—1,x¢, ) for all s, € S; and x; €
Ar(hi—1).

e We have that o € &),.; M(A;;(h;—1)) is a Nash equilibrium in the subgame A;_;
with payoff [ gr1(hi-1, -, 50) fro(dse|h.—1) and action space [];c; Ari(hi-1),

Fix a subgame /,_; = (x'~!,s'~1). Pick a point ¢, € E,;(h;_1). There exists a strat-
egy profile f such that f is a subgame-perfect equilibrium in the subgame /,_; and the
payoff is ¢;. Let ¢;y1(h,_1, x¢, 5¢) be the payoff vector induced by {f;}ic; in the subgame
(h¢—1, x1,8¢) € Gr(A;) x S;. Then we have the following relationships:

e We have that ¢, ZIA,(hH)fS, Crp1(hy—1, xe, o) fro(dsel ) fr(d x| he—1).

e We have that nf;(-|h,_1) is a Nash equilibrium in the subgame #4,_; with action
space A;(h,—1) and payoff [g ciy1(hi—1, -, s0) fro(dsilhi—1).

Since f is a subgame-perfect equilibrium in the subgame A, 1, c.y1(hi_1, X, 8) €
E i q1(hi_q,x¢,8) C Qtf+1(ht,1,x,, s¢) for all s; € Sy and x; € A;(h,_1), which implies that
¢ € DO, (1) = OF (hi_1).

Therefore, E;(h;—1) € Q7 (h;—1) forall h;_; € H;_.

Step 2. Forany ¢ > 7, E; € Q]. If t < 7, we can start with £, C o7, and repeat
the argument in Step 1. Then we can show that E;(h,_1) € O (h;—1) forall h;_y € H,_;.
Thus, Es(h;—1) € O (h—1) forall hy_y e H,_y.

Suppose that ¢; is a measurable selection from ®(Q77 ). Apply Proposition 3 recur-
sively to obtain Borel measurable mappings {fi;}ic; for k > ¢. By Lemma 14, c¢;(h,_1)
is a subgame-perfect equilibrium payoff vector for all 7, € H,_1. Consequently,
®(077)(hi—1) S Et(hy—y) forall by € Hy.

By Lemma 13, E;(h;—1) = QF° (hy—1) = P(Q77 ) (A1) forall h;_1 € H;_1. O

Therefore, we complete the proof of Theorem 1.

A.3 Proof of Theorem 2

Step 1: Backward induction. For any ¢ > 1, suppose that the correspondence Q,. | from
H, to R" is bounded, measurable, nonempty and compact valued, and upper hemicon-
tinuous on X*.
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If player j is the active player in stage ¢, then we assume that S; = {s;}. Thus,
Pi(hy_1,x;) = Qry1(hy_1, x4, 81), which is nonempty and compact valued, and upper
hemicontinuous. Note that P, may not be convex-valued. Then define the correspon-
dence @, from H;_1{ to R" x M(X;) x A(X}) as (v, a, u) € ®;(h;_1) if we have the follow-
ing relationships:

e We have v= p;(h;_1, As—j(hi-1), x;‘j) such that p(h;_1, -) is a measurable selec-
tion of P;(h;_1, ).

o We have that x’t“j € A,j(h,—1) is a maximization point of player j given the payoff
function pj(h,—1, Ay—j(hi—1),-) and the action space A;(h;—1), a; =8 4,,(n,_,) for
i;éjandajzéxfj.

o We have u= pi(h—1, Ai(—j)(hi—1), xp) o a.

If P; is nonempty, convex and compact valued, and upper hemicontinuous, then we
can use Lemma 10, the main result of Simon and Zame (1990), to prove the nonempti-
ness, compactness, and upper hemicontinuity of ®,;. In Simon and Zame (1990), the
only step they need the convexity of P; for the proof of their main theorem is Lemma
2 therein. However, the one-player pure-strategy version of their Lemma 2, stated in
the following paragraph, directly follows from the upper hemicontinuity of P; without
requiring the convexity.

Let Z be a compact metric space, and {z,},>0 € Z. Let P: Z — R, be a bounded, upper
hemicontinuous correspondence with nonempty and compact values. For each n > 1, let
gn be a Borel measurable selection of P such that g,(z,) = d,. If z, converges to z; and d,,
converges to some d, then dj € P(zy).

Repeating the argument in the proof of the main theorem of Simon and Zame
(1990), one can show that ®, is nonempty and compact valued, and upper hemicon-
tinuous.

Next we consider the case that Nature moves in stage ¢; that is, there is no active
player in / moving in this stage and A,(k;_) is a singleton set. Suppose that the corre-
spondence Q,.1 from H, to R" is bounded, measurable, nonempty and compact valued,
and upper hemicontinuous. Let

Pi(hi—1,x;) :/S Qt+1(ht71a Xt, St)fto(dst|hz71),
t

where A;(h;_1) = {x;}. Since f;o(-|h,—1) is atomless, as in Appendix A.2.1, P; is
nonempty, convex and compact valued, and upper hemicontinuous. The rest of the
step remains the same as in Appendix A.2.1.

In summary, ®; is nonempty and compact valued, and upper hemicontinuous.

Steps 2 and 3: Forward induction and the infinite-horizon case. These two steps
are the same as those in Appendix A.2, except the corresponding notation need to be
changed to be consistent with the perfect information environment whenever neces-
sary.
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REmMARK 4. Theorem 2 remains true if the state transitions either are atomless or have
the support inside a fixed finite set irrespective of the history at a particular stage. In the
backward induction step, at the stage ¢ that Nature is active and concentrates inside a
fixed finite set {s;1, ..., S;x}, we have

Pr(hy—q, %) = Z Qt+1(ht—1,xt,stk)fto({stk}mt—l),

Stk €4Se15-- 81K}

where A;(h;_1) = {x;}. Note that P; is also nonempty and compact valued, and upper
hemicontinuous. The proofis the same in other cases. Similarly, Theorem 4 still holds if
the state transitions either satisfy the ARM condition or have the support inside a fixed
finite set irrespective of the history at a particular stage.

A.4 Proof of Proposition 1

The proof is essentially a combination of the proofs in Appendices A.2 and A.3. That is,
when there is only one active player, we refer to the argument in Appendix A.3. When
there is more than one active player or Nature is the only player that moves, we modify
the argument in Appendix A.2.

Step 1: Backward induction. For any ¢ > 1, suppose that the correspondence Q;
from H; to R” is bounded, measurable, nonempty and compact valued, and upper
hemicontinuous on X".

If N, =1, then S; = {s;}. Thus, P;(h;_1,x;) = Qry1(hs_1, Xy, S), which is nonempty
and compact valued, and upper hemicontinuous. Then define the correspondence ®;
from H; | to R" x M(X;) x A(X;) as (v, a, ) € D;(h;_1) if we have the following rela-
tionships:

e We have v= p,(h;_1, Ay—j)(hi-1), x;‘j) such that p(h;_1, -) is a measurable selec-
tion of P;(h;_1, ).

e We have that x’t“j € A;j(h,—1) is a maximization point of player j given the payoff
function pyj(h;—1, Ai~j)(hi—1), -) and the action space A;(h;—1), a; =8 4,,n,_,) for
i;éjandaj=8x;;_.

o We have p = p;(hi—1, Ai—j)(hi-1), X};) o c.

As discussed in Appendix A.3, ®; is nonempty and compact valued, and upper hemi-
continuous.
When N, =0, forany 4, € H;_y and x; € A;(h;_1),

Pi(hyq,x1) = / OQri1(hy—1, X1, 80 fro(dse| i1, Xp).
A (hy—1,x1)

Letco Q;11(hs_1, x¢t, 5¢) be the convex hull of O, 1 (h;_1, x;, s¢). Because Q, 1 is bounded,

nonempty and compact valued, co O, is bounded, nonempty, convex and compact

valued. By Lemma 2(viii), co O, is upper hemicontinuous.
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Note that fio(-|h;_1, x;) is atomless and Q,, is nonempty and compact valued. We
have

Pi(hi—1,x) = / co Qrp1(hy—1, X1, 80) fro(dse|lhi—1, x¢).
Ao (hy—1,x1)

By Lemma 7, P; is bounded, nonempty, convex and compact valued, and upper hemi-
continuous. Then by Lemma 10, one can conclude that ®; is bounded, nonempty and
compact valued, and upper hemicontinuous.

Steps 2 and 3: Forward induction and the infinite-horizon case. These two steps are
the same as that in Appendix A.2. The only change is to modify the notations corre-
spondingly.
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