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This paper investigates the conditions under which socially responsible invest-
ment (SRI) is neutral from the viewpoint of general equilibrium theory. Three
conditions are jointly sufficient for neutrality of SRI. First, the financial market
is complete and SRI does not compromise the spanning opportunities it provides.
Second, consumers’ rankings of consumption bundles are unaffected by their as-
set holdings. Third, firms maximize shareholder value. Under an additional as-
sumption that is satisfied, e.g., if SRI takes the form of negative screening, the taxes
and transfers needed to implement a Pareto-optimal allocation are the same as in
the absence of SRI. SRI is neutral despite financial market incompleteness if there
are perfect substitutes for targeted stocks.
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1. Introduction

Social responsibility has become an important factor in asset allocation. According to
the Global Sustainable Investment Alliance (2020, p. 9), the volume of socially respon-
sible investment (SRI) assets was $35.3 trillion at the beginning of 2020, up more than
50 percent over the preceding 4 years, or 35.9 percent of total assets under professional
management. It seems natural to suppose that such multi-trillion dollar investments
have the potential to move markets and the real economy. Evidently, this view is un-
derlying the European Union’s sustainable finance strategy based on its taxonomy for
sustainable activities.1 Yet, even though there is a sizable theoretical and empirical liter-
ature (reviewed below), the question of what are the precise theoretical conditions under
which SRI affects asset returns and corporate behavior has not yet been sorted out. The
objective of the present paper is to answer this question, using the cornerstone mod-
els of resource allocation and consumption-based asset pricing, viz. the Arrow–Debreu
(AD) model of general equilibrium with production, time, and uncertainty and the the-
ory of general equilibrium with incomplete markets (GEI).

One important determinant of whether SRI is neutral or not is completeness of the
financial market. The standard notion of market completeness entails that the financial
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assets span the state space. Consider the stronger assumption that for each consumer,
the assets she does not care about for SRI reasons are sufficient for spanning. Assume
further that SRI does not affect consumers’ rankings of different consumption vectors,
that firms maximize the value of the cash flow they generate for the initial shareholders,
and that not all consumers are socially responsible. These four conditions are jointly
sufficient for neutrality. SRI is neutral despite market incompleteness if for each firm
that is the object of SRI considerations, there is another firm with perfectly correlated
outputs that is not the object of SRI considerations, which also ensures replicabililty of
the payoffs of firms targeted by SRI.

With market completeness SRI does not affect socially responsible agents’ consump-
tion possibilities at unchanged prices. Separability implies that they choose the same
consumption bundle as in the absence of SRI. Similarly, despite incompleteness, SRI
does not affect individuals’ consumption choices in the perfectly correlated productiv-
ity shocks case. Consumers without SRI motives act as counterparties for the desired
asset trades. Since the consumers’ aggregate supply of funds to the firms is unchanged,
shareholder value maximization gives rise to the same corporate investments.

SRI is effective if the financial market is incomplete and the payoffs of stocks tar-
geted by SRI cannot be replicated using other assets, if the same factors that affect con-
sumers’ investment decisions also have a direct impact on their preferences over dif-
ferent consumption bundles (cf. Beltratti (2005)), or if pro-social corporate action is
initiated by existing shareholders at the expense of shareholder value (see Kitzmueller
and Shimshack (2012)).

We also investigate the conditions under which Pareto-optimal allocations can be
implemented as parts of market equilibria in the presence of SRI. Implementation is
feasible in the complete markets case if it is feasible with contingent commodity mar-
kets and SRI satisfies a positive responsiveness condition, which is satisfied, e.g., if the
utility or disutility consumers obtain from holding a firm’s assets depends on the indus-
try the firm belongs to but not on its scale (as, e.g., in the case of negative screening).
The required transfers and taxes are the same as in the contingent commodity markets
economy. Thus, the classical “division of labor between government and firms” (Kitz-
mueller and Shimshack (2012, p. 55)) in achieving economic efficiency is left unaffected
by SRI if markets are complete.

Our paper contributes to the theoretical literature on the real effects of SRI. David-
son, Worrell, and El-Jelly (1995), Angel and Rivoli (1997), Statman (2000), Johnsen (2003),
and Haigh and Hazelton (2004) provide early verbal and partial equilibrium discus-
sions. In a seminal contribution, Heinkel, Kraus, and Zechner (2001) analyze an equilib-
rium model in which the threat of a shareholder boycott by sufficiently many pro-social
investors induces firms to “go green.” Related contributions include Beltratti (2005),
Mackey, Mackey, and Barney (2007), Gollier and Pouget (2014), Dam and Scholtens
(2015), Vanwalleghem (2017), and Albuquerque, Koskinen, and Zhang (2019). A series of
recent papers by Luo and Balvers (2017), Zerbib (2020), Pedersen, Fitzgibbons, and Po-
morski (2021), and Pastor, Stambaugh, and Taylor (2021) uses the capital asset pricing
model (CAPM) to characterize the impact of SRI on stock returns.
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The present paper deviates from the existing literature on SRI by taking the AD–GEI
framework with production as the starting point. This approach allows a detailed anal-
ysis of the precise determinants of the efficacy of SRI. It highlights the role played by
financial market completeness or, alternatively, by the possibility of replicating the pay-
offs on stocks that are the object of SRI concerns with other stocks. It brings to the fore
the role of separability of consumption choices from portfolio decisions, connects con-
sumers’ financial decisions to firms’ investment decisions, and sheds light on the role of
financial arbitrage in neutralizing the impact of SRI on consumption. It clarifies the con-
ditions for unanimity about shareholder value maximization and allows investigation of
the conditions under which Pareto-optimal allocations can be implemented as parts of
market equilibria. It provides a consumption-based asset pricing explanation of real
effects of SRI using stochastic discount factors. It contains the CAPM with incomplete
markets as a special case.

Viewed from a different angle, the paper contributes to the analysis of nonstandard
preferences in general equilibrium. Our neutrality result and the analysis of implemen-
tation of Pareto-optimal allocations with complete markets are formally similar to the
Dufwenberg, Heidhues, Kirchsteiger, Riedel, and Sobel (2011, henceforth: DHKRS) equi-
librium equivalence theorem and their version of the Second Welfare Theorem, respec-
tively, for other-regarding preferences (ORP), and the separability condition is borrowed
from them. The investigation of SRI in general equilibrium raises many new issues, how-
ever, concerning spanning, investment, arbitrage, and shareholder unanimity.

There is a large empirical literature on SRI that analyzes the relative performance
of SRI compared to standard investment strategies and the efficacy of SRI in promoting
pro-social firm behavior. Some studies find positive abnormal returns (or a higher cost
of capital) for socially responsible stocks (e.g., Gompers, Ishii, and Metrick (2003), Kempf
and Osthoff (2007), Edmans (2011), Baker, Bergstresser, Serafeim, and Wurgler (2020)).
Others report a negative return premium for environment-friendly or pro-ESG (environ-
mental, social, and governance) stocks (Renneboog, Ter Horst, and Zhang (2008), Ped-
ersen, Fitzgibbons, and Pomorski (2021)) and positive premiums for “sin stocks” (e.g.,
Hong and Kacperczyk (2007), Luo and Balvers (2017), Zerbib (2020)) or firms excluded
from SRI portfolios due to their ESG performance (e.g., El Ghoul, Guedhami, Kwok, and
Mishra (2011), Chava (2014)). Still others do not find a significant impact of SRI orien-
tation on returns (e.g., Galema, Plantinga, and Scholtens (2008)). According to Junkus
and Berry’s (2015, p. 1183) survey of the impact of SRI on returns, “[M]ost studies found
that there is no statistically significant difference in the performance of SR [socially re-
sponsible] and conventional mutual funds”. Similarly, while some authors argue that
screening can provide incentives for firms to behave socially responsibly (e.g., Aslak-
sen and Synnestvedt (2003)), others are skeptical (e.g., Haigh and Hazelton (2004)). A
prominent example of neutrality of SRI is Teoh, Welch, and Wazzan’s (1999) finding that
the events leading to the passage of the Anti-Apartheid Act of 1986 in the United States,
which included the prohibition of new loans and investments, did not hurt the South
African stock market. Wagemans, van Koppen, and Mol (2013, p. 246) conclude from
their survey of existing studies of the impact of SRI on corporate behavior that “SRI is
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currently not a major driver for social and environmental change.” Our neutrality re-
sults help explain why the empirical evidence is less conclusive than one might expect
in view of the size of the SRI industry. By identifying conditions that determine the ef-
ficacy of SRI, our analysis generates new testable hypotheses as to the circumstances
under which SRI is or is not related to returns and capital formation.

The paper is organized as follows. Section 2 introduces the model, with a special
focus on SRI. Section 3 introduces the relevant notion of market completeness and clar-
ifies the conditions for shareholder value maximization. Sections 4 and 5 analyze the
cases of complete and incomplete markets, respectively. Section 6 summarizes the em-
pirical implications of the analysis. Section 7 concludes. Proofs are collected in the Ap-
pendix.

2. Model

The model we consider is the standard AD-GEI model with production, time, uncer-
tainty, financial markets, and externalities augmented to include SRI.

There are two dates, 0 and 1. At date 1, there is a finite number of states, labeled
s = 1, 2, � � � , S. At date 0, there is a single good. At date 1, there are L different goods,
labeled l = 1, 2, � � � , L.

There are Jl single-output firms producing good l labeled j = 1, � � � , Jl. The jth
firm producing good l is briefly called (j, l). It transforms capital input kjl (≥ 0) at
date 0 into output yjls (≥ 0) in state s at date 1 according to the production function
fjls(kjl ). Marginal returns are positive and strictly decreasing, so that firms generate a
positive cash flow for their initial owners. The vector of firm capital stocks is denoted
k = (k11, � � � , kjl, � � � , kJLL ). The state dependence of the production function allows
for any kind of productivity shocks, a first source of risk in the economy. We allow for
externalities that emanate from firms’ production processes and harm or benefit con-
sumers. Pro-social firm behavior consists of reductions in the scale of operations that
cause negative externalities or expansion of activities with positive externalities beyond
what shareholder value maximization indicates. We argue below that the analysis gen-
eralizes straightforwardly to a setup with externalities in production, abatement costs,
or a choice between technologies that differ with respect to the amount of externalities
they cause.

The economy is populated by I consumers labeled i = 1, 2, � � � , I. Consumer i’s con-
sumption vector is ci = (ci0, ci11, � � � , ciLS ), where ci0 (≥ 0) is her consumption at date
0 and cils (≥ 0) is her consumption of good l in state s at date 1. Consumer i is en-
dowed with yi0 (> 0) units of the single available good at date 0 (and nothing at date
1). These endowments can be used for date-0 consumption. Alternatively they can be
transformed one-to-one into capital supplied to the firms. Consumer i’s consumption
utility is given by the function ui(ci, k). Utility ui can have the standard expected utility
form. Alternatively, the amount of utility drawn from a given level of consumption can
differ across states, so that “preference shocks” are a second source of risk in the econ-
omy. The dependence on k captures the negative and positive externalities emanating
from the firm sector. Utility ui allows for both local externalities (in which case i’s utility
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is only affected by a subset of geographically nearby producers (j, l)) and global exter-
nalities like climate change (in which case the capital stocks of all firms that emit CO2

affect ui). It captures the impact of externalities on i at both dates and allows for a dif-
ferential impact of production on i’s utility in different states s at date 1, a third source
of risk. For instance, if the externalities emanating from firm (j, l)’s productive activity
are particularly harmful for i in a subset S of states (e.g., when they interact with me-
teorological factors to cause natural disasters), her consumption utility ui may depend
strongly negatively on fjls(kjl ) for s ∈ S but not for s /∈ S . The utility function ui may
also reflect i’s attitudes toward the environmental or other external consequences of her
consumption ci.

SRI is introduced by assuming that, as argued by Fama and French (2007, p. 675),
some consumers “get direct utility from their holdings of some assets, above and be-
yond the utility from general consumption that the payoffs on the assets provide.” Riedl
and Smeets (2017, p. 2508), among others, provide empirical support for the assumption
that “social preferences are indeed an important determinant of investment decisions.”
Anticipating the existence of stock and bond markets, let θijl denote i’s ownership share
in firm (j, l) and let aijl denote her holdings of bonds issued by (j, l). The respective vec-
tors of asset holdings are denoted θi = (θi11, � � � , θiJLL ) and ai = (ai11, � � � , aiJLL ). The
term vjl denotes the market capitalization of firm (j, l), i.e., the total value at which
the firm’s shares are traded, and v = (v11, � � � , vJLL ). Socially responsible (SR) consumers’
overall utility function Ui depends on consumption utility ui(ci, k) as well as on θi, ai, k,
and v, i.e., it satisfies the following notion of separability:

Definition 1. Consumer i’s utility function satisfies separability if it is a function
Ui(ui(ci, k), θi, ai, k, v) of her consumption utility ui(ci, k), and of θi, ai, k, and v.

Given separability, i’s ranking of any set of consumption vectors ci is independent of
her asset holdings. As a consequence, SRI does not have an impact on her demands for
goods if it leaves the set of consumption vectors she can afford unchanged (see Lemma 3
below). The analogous separability condition is used by DHKRS (2011, Section 2) in
their analysis of ORP in general equilibrium (nonseparability is discussed in Section 4.3).
Consumers whose overall utility Ui coincides with their consumption utility ui(ci, k) are
called neutral consumers.

The specification of Ui encompasses several different types of SRI. Consumer i’s util-
ity can depend on the number of shares she holds in firm (j, l) (i.e., on θijl but not on
vjl) or on the value of her shareholdings θijlvjl. The values θijl or θijlvjl can interact with
the firm’s capital stock kjl. For instance, Ui can depend negatively on θijlfjls(kjl ) if i is
concerned about the scale of negative externalities emanating from (j, l)’s production
activities. In the opposite case, when Ui does not depend directly on k, so that the scale
of the firms does not matter for consumers, we say that SRI is classification-based. An
example is negative screening, caused by a large disutility in case of θijl �= 0 irrespective
of kjl. The specification of Ui allows for a state-contingent assessment of i’s investments.
For instance, Ui can depend strongly negatively on θijlfjls(kjl ) and aijlfjls(kjl ) for a sub-
set S of the state space if the externalities caused by the firm are particularly severe
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in states s ∈ S . An SR consumer’s overall utility does not necessarily depend on her
holdings of assets of all firms.

Definition 2. Given θi and ai, let θ′
i and a′

i be obtained by replacing θijl and aijl with
θ′
ijl and a′

ijl, respectively, for some (j, l). Consumer i is said to be indifferent toward the
assets issued by (j, l) (or, briefly, indifferent toward (j, l)) if for all ci, θi, ai, k, v, θ′

ijl, and
a′
ijl,

Ui

(
ui(ci, k), θi, ai, k, v

) =Ui

(
ui(ci, k), θ′

i, a
′
i, k, v

)
.

If i is not indifferent toward (j, l), she is said to care about the firm’s assets or the firm.

We assume that for each firm (j, l), there is a consumer i who is indifferent toward
(j, l). A sufficient condition is that there is at least one neutral consumer.

We assume strong monotonicity in consumption: Ui is strictly increasing in its first
argument, and ui is strictly increasing in each component of ci. In the complete markets
case, for a solution to a consumer’s utility maximization problem to exist, utility must
not be monotonically increasing or decreasing in her SRI-motivated asset holdings.

Definition 3. The function Ui(ui, θi, ai, k, v) satisfies satiation in SRI if for all ui, k,
and v, there exists (θi, ai ) that maximizes Ui.

Dorfleitner and Nguyen (2016, Table 5, p. 16) provide evidence for satiation: in an
online survey for private investors with above average wealth, about 60 percent of the
participants who stated that SRI plays a role in their investment decisions answered in
the affirmative to the question, “Are your nonmonetary or ethical ambitions satisfied if
a certain amount is invested sustainably?” A similar proportion of investors indicated
that the optimum proportion of sustainable investing is less than one-half of their total
investment.

3. Markets and market completeness

This section explains which markets are open, introduces the relevant notion of com-
pleteness of the financial market, discusses shareholder value maximization, and de-
fines equilibrium.

3.1 Markets

Goods are traded in competitive spot markets. The goods prices at date 0 is denoted
p0 (> 0) and the price of good l in state s at date 1 as pls (> 0). The price vector is
p = (p0, p11, � � � , pls, � � � , pLS ).

There are three types of asset markets. First, there is a market for safe corporate
bonds. Firms sell bonds at date 0 that pay off one unit of income in each state s at date 1.
The number of bonds bjl (≥ 0) issued by (j, l) is exogenous. To make sure that corpo-
rate debt is in fact a safe asset, it is assumed that bjl ≤ plsyjls in all states s for all (j, l)
in equilibrium. So corporate bonds issued by different firms are perfect substitutes in
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terms of their financial payoffs. As will be seen below, they are traded at the same price,
denoted R, irrespective of how they affect the SR consumers’ utilities. Second, there is
a competitive stock market in which firms’ shares are traded. Shareholdings θijl entitle
i to a fraction θijl of (j, l)’s date-1 revenue net of debt service plsyjls − bjl. Consumer

i’s initial ownership shares are denoted θ̄ijl (≥ 0),
∑I

i=1 θ̄ijl = 1 for all (j, l), and i has to
contribute a fraction θ̄ijl to (j, l)’s date-0 capital expenditure net of the amount raised by
issuing debt p0kjl −Rbjl.2 Third, there are M state-contingent securities (briefly called
securities in what follows) labeled m = 1, � � � , M . These securities are in zero net supply
and pay off xms (≥ 0) units of income in state s. Options are the most prominent exam-
ple. One may also think of futures, swaps, insurance contracts, etc. The price of security
m at date 0 is qm, and q = (q1, � � � , qM ). Let zim denote i’s demand for security m. Her
vector of security holdings zi = (zi1, � � � , ziM ) is not an argument of i’s utility function Ui:
consumers are indifferent toward their holdings of state-contingent securities. There
are no short sales constraints.

Consumer i’s budget constraints are

p0(ci0 − yi0 ) +
L∑
l=1

Jl∑
j=1

[
θ̄ijl(p0kjl −Rbjl ) + (θijl − θ̄ijl )vjl +Raijl

]

+
M∑

m=1

qmzim ≤ 0 (1)

L∑
l=1

plscils −
L∑
l=1

Jl∑
j=1

[
θijl(plsyjls − bjl ) + aijl

] −
M∑

m=1

xmszim ≤ 0,

s = 1, � � � , S, (2)

i = 1, � � � , I. The first constraint says that the sum of i’s net consumption expenditure,
her contributions to firm capital formation, and the cost of her asset portfolio is nonpos-
itive. The latter constraints say that in each state, the payoff on her portfolio is sufficient
to cover her consumption expenditure. A consumption vector ci is called affordable for
i if there exists a portfolio (θi, ai, zi ) such that ci and (θi, ai, zi ) jointly satisfy her budget
constraints (1) and (2).

3.2 Completeness

Without SRI, the absence of arbitrage opportunities implies the existence of a unique
vector of state prices if the financial market is complete, i.e., if the assets’ payoff vectors
span the state space. The state price for s is the common cost of all portfolios that pay off
one unit of income in s and nothing in all other states in that case (see Magill and Quinzii
(2002), p. 383). SRI motives may in principle prevent SR consumers from exploiting ar-
bitrage opportunities, e.g., if an arbitrage portfolio contains long positions in assets they

2The analysis remains unaffected if consumers supply capital to firms proportionally to their post-trade
ownership shares θijl .
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consider unacceptable. An alternative, stronger, notion of market completeness, which
ensures that arbitrage is also active in the presence of SRI, is that the financial market is
complete in the usual sense and SRI does not compromise the spanning opportunities
it provides for any consumer.

Definition 4. The financial market satisfies spanning with assets with no social returns
(SWANS) if for each i, there are S assets i is indifferent toward that jointly span the state
space.

SWANS ensures that each consumer can achieve (though not necessarily afford) a
given consumption vector with given holdings of the stocks and corporate bonds she
cares about. A sufficient condition is that there are S state-contingent securities with
linearly independent payoff vectors. But the definition does not rule out that i also needs
stocks issued by firms she is indifferent toward so as to achieve a given payoff profile. We
say that the financial market is complete if SWANS is satisfied and that it is incomplete if
not (using the term completeness in a stronger than usual sense).

We assume that the financial market satisfies SWANS to begin with (the case of in-
complete markets is analyzed in Section 5). We further assume that prices are such that
no consumer can reap an arbitrage profit using only assets she is indifferent toward.
Since otherwise there is no solution to her utility maximization problem, this is implied
by the definition of equilibrium below. SWANS and no arbitrage jointly imply the exis-
tence of a unique vector of state prices.

Lemma 1. Given v, R, q, and plsyjls (j = 1, � � � , Jl, l = 1, � � � , L, s = 1, � � � , S), if there is no
arbitrage opportunity for any consumer i that uses assets i is indifferent toward only, then
there exists a unique and strictly positive vector of state prices r= (r1, � � � , rS ) such that

vjl =
S∑

s=1

rs(plsyjls − bjl ), j = 1, � � � , Jl, l = 1, � � � , L (3)

R=
S∑

s=1

rs (4)

qm =
S∑

s=1

rsxms , m= 1, � � � , M . (5)

The state prices are the same as in the absence of SRI. The proof rests on the same
arguments that establish the irrelevance of deleting redundant assets in complete mar-
kets. As stipulated above, safe corporate bonds are traded at a uniform price.

SWANS implies that consumer i can achieve any given consumption vector ci with
a portfolio that includes given quantities of the assets she cares about. From the pricing
rules in Lemma 1, fixing the quantities of the assets she cares about does not render an
affordable consumption vector unaffordable.



Theoretical Economics 18 (2023) Socially responsible investing 73

Lemma 2. Let (ci, θi, ai, zi ) satisfy (1) and (2). Let θ′
ijl and a′

ijl be given for all (j, l) i

cares about. Then there exist θ′
ijl and a′

ijl for (j, l) i does not care about and z′
i such that

(ci, θ′
i, a

′
i, z

′
i ) satisfies (1) and (2).3

Jointly with separability, Lemma 2 implies that maximization of overall utility Ui and
maximization of consumption utility ui give rise to the same demands for consumption
goods.

Lemma 3. If (c∗
i , θ∗

i , a∗
i , z∗

i ) maximizes Ui(ui(ci, k), θi, ai, k, v) subject to (1) and (2),
then it maximizes ui(ci, k) subject to (1) and (2). Let Ui satisfy satiation in SRI. Then,
conversely, if (c∗

i , θ∗∗
i , a∗∗

i , z∗∗
i ) maximizes ui(ci, k) subject to (1) and (2), then there is

(θ∗
i , a∗

i , z∗
i ) such that (c∗

i , θ∗
i , a∗

i , z∗
i ) maximizes Ui(ui(ci, k), θi, ai, k, v) subject to (1) and

(2).

The economy thus described, with separability, strong monotonicity, at least one
indifferent consumer for each firm, SWANS, and no arbitrage, is denoted E . To assess the
impact of SRI on returns and the real economy, we compare E to the economy without
SRI, E0 say, in which all consumers are neutral (i.e., Ui(ui(ci, k), θi, ai, k, v) = ui(ci, k) for
all i).

3.3 Shareholder value maximization

Following the existing literature on SRI, we assume that firms maximize shareholder
value (SV), i.e., the value of the cash flow they generate for the incumbent sharehold-
ers. This rules out pro-social corporate action initiated by initial shareholders pursuing
their own nonfinancial goals (which is discussed in Section 4.3).

Shareholder value is vjl − (p0kjl − Rbjl ), where vjl is given by (3). In maximizing
SV, the firms hold competitive expectations, i.e., they take the state prices r determined
according to Lemma 1 as given (cf. Magill and Quinzii (2002, p. 383)).

From the budget constraints (1) and (2) and the pricing equations (3)–(5),

p0(ci0 − yi0 ) +
S∑

s=1

rs

L∑
l=1

plscils −
L∑
l=1

Jl∑
j=1

θ̄ijl
[
vjl − (p0kjl −Rbjl )

] ≤ 0.

An increase in SV expands each initial shareholder’s consumption possibilities. Assum-
ing SV maximization is nonetheless not innocuous in the present setting. For one thing,
it means that firms ignore the externalities they cause, captured by the second argument
in the consumption utility function ui(ci, k). This is standard in the theory of external-
ities (see Baumol and Oates (1988, p. 17)). For another, it implies that firms ignore how
their capital stock kjl and the resulting firm value vjl directly affect their initial share-
holders’ overall utility via the final two arguments of Ui(ui(ci, k), θi, ai, k, v). If Ui de-
pends negatively on kjl or vjl for some i with θ̄ijl > 0, then i might approve a decrease in
the firm’s scale below the SV maximizing level.

3We adopt the convention that θ′
i = (θ′

i11, � � � , θ′
iJLL

), and similarly for a′
i and other variables below.
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There are two possible justifications for the SV maximization assumption. First, one
can assume that indifferent initial shareholders, whose utility is independent of θi, ai,
k, and v,4 have the power to establish it as the firm objective. These consumers fa-
vor SV maximization because it maximizes their consumption possibilities and they do
not have any nonfinancial goals. With majority voting over the firm objective and “one
share, one vote,” they have the power to establish SV maximization if the sum of their
initial shareholdings θ̄ijl exceeds one-half for all firms. Second, one can make additional,
restrictive, assumptions on consumers’ utility functions to ensure that the initial share-
holders are unanimous about SV maximization.5 A convenient specification is

Ui

(
ui(ci, k), θi, ai, k, v

) = Ûi

(
ui(ci, k), θi11v

Di11
11 , � � � , θiJLLv

DiJLL

JLL
, vM

)
, (6)

where Dijl ∈ {0, 1} and vM = ∑L
l=1

∑Jl
j=1 vjl. That is, Ui is independent of bond holdings

and SRI is classification-based. Given total market capitalization vM , firm (j, l)’s market
value vjl matters either not at all (if Dijl = 0) or only through the values of i’s share-
holdings (if Dijl = 1). The dependence on vM allows that investments are normalized by
market capitalization (i.e., Ui depends on θijlvjl/vM ).

Lemma 4. Let Ui = Ûi be given by (6). Taking k in ui(ci, k) and vM as given, if kjl maxi-
mizes vjl − (p0kjl −Rbjl ), then there is no k′

jl that allows i to achieve a higher maximum

utility Ûi.

The proof rests on the fact that maximization of consumption possibilities does not
interfere with the pursuit of social investment goals if utility is given by (6). For given vjl,

consumer i can still achieve the values of θijlv
Dijl

jl that maximize Ûi by choosing the θijl’s
appropriately.

Definition 5. The vector ((ci, θi, ai, zi )Ii=1, k, p, v, R, q) is an equilibrium of E if
(ci, θi, ai, zi ) maximizes Ui subject to the budget constraints (1) and (2), i = 1, � � � , I,6

kjl maximizes vjl − (p0kjl − Rbjl ) with vjl given by (3) taking r as given, j = 1, � � � , Jl,
l = 1, � � � , L, the goods markets clear, i.e.,

I∑
i=1

ci0 +
L∑
l=1

Jl∑
j=1

kjl =
I∑

i=1

yi0

I∑
i=1

cils =
Jl∑
j=1

yjls , l = 1, � � �L, s = 1, � � � , S,

4Consumer i is indifferent toward (j, l) if Ui is independent of θijl and aijl , That kjl and vjl do not affect
Ui either is an additional assumption.

5Evidently, it would be enough that unanimity prevails among a subset of initial shareholders holding a
majority of the shares.

6The solution is time-consistent: the optimum (ci1s , � � � , ciLs ) maximizes Ui subject to (2) for given s.
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and the asset markets clear, i.e.,

I∑
i=1

θijl = 1,
I∑

i=1

aijl = bjl, j = 1, � � � , Jl, l = 1, � � � , L

I∑
i=1

zim = 0, m= 1, � � � , M .

An equilibrium of E0 is the special case with Ui(ui(ci, k), θi, ai, k, v) = ui(ci, k) for
all i.

4. Complete financial markets

This section investigates the determinants of the neutrality or nonneutrality of SRI, and
analyzes the implementation of efficient allocations as parts of market equilibria with
SWANS.

4.1 Neutrality of SRI

Our first main result is that it does not make a difference if consumers give up SRI.

Theorem 1. If ((c∗
i , θ∗

i , a∗
i , z∗

i )Ii=1, k∗, p∗, v∗, R∗, q∗ ) is an equilibrium of E , it is also an
equilibrium of E0.

Suppose all goods prices, stock market valuations, security prices and state prices,
and the bond price are the same in E0 as in E . Then firms do not have an incentive
to change their outputs yjls = fjls(k∗

jl ). It follows from Lemma 1 that the state prices
in fact do not change. Furthermore, the budget constraints are the same in E0 as in
E . From Lemma 3, consumers choose the same consumption vectors c∗

i and portfolios
(θ∗

i , a∗
i , z∗

i ).
Since individual asset holdings are indeterminate, there are a multitude of other

equilibria of E0 with different portfolios (θi, ai, zi )Ii=1 but with the same allocation
((c∗

i )Ii=1, k∗ ) and the same prices p∗, v∗, R∗, and q∗.
The converse of Theorem 1, i.e., neutrality of introducing SRI, is not generally true

for two reasons. First, SRI may cause non-existence of equilibrium in E even if an equi-
librium of E0 exists. To see this, suppose i’s marginal utility ∂Ui/∂θijl of shares in firm
(j, l) is constant and nonzero. Consider an equilibrium of E at which i consumes c∗

i .
Depending on whether ∂Ui/∂θijl is positive or negative, i can increase her utility by in-
creasing or decreasing θijl, respectively. From Lemma 2, she can change the holdings
of assets she is indifferent toward in such a way that c∗

i is unaffected. The converse of
Theorem 1 thus requires satiation in SRI (see Definition 3).

The second reason why the converse of Theorem 1 is not generally true is that the
changes in consumers’ portfolios caused by the introduction of SRI may be incompat-
ible with asset market clearing. To see this, suppose there are two equally likely states
(S = 2) and only one good (L = 1). The economy is symmetric with regard to the two
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states. The number of firms is even. For j odd and j′ even, the production functions obey
fj11(k) = fj′12(k) and fj12(k) = fj′11(k) for all k ≥ 0, where fj11(k) > fj12(k) for all k ≥ 0.
That is, the odd-numbered firms are more productive in state 1 and the even-numbered
firms are more productive in state 2. The consumption utility functions are symmetric
in that ui(ci0, c, c′, k) = ui(ci0, c′, c, k) for all ci0, c, c′, and k. The only security is a safe as-
set. Consider a symmetric equilibrium of E0 at which all firms install the same amount
of capital and consumers are fully insured, i.e., c∗

i11 = c∗
i12 for all i. Suppose, for social

responsibility reasons (a large penalty inherent in Ui), the odd-numbered consumers
boycott the shares of the odd-numbered firms and the even-numbered consumers boy-
cott the shares of even-numbered firms (that applies to both long positions and short
sales). Since for each i, the non-boycotted stock and the safe asset span the state space,
SWANS is satisfied. Additionally, for each firm there is a consumer who is indifferent
toward the firm. However, given that c∗

i11 = c∗
i12, the only way for i to obtain c∗

i in E is to
invest only in the safe asset and not buy shares in the firms she does not boycott anyway.
That implies zero demand for each stock, which is incompatible with market clearing.
A simple way to overcome this second problem is to assume that there is at least one
neutral consumer.

Theorem 2. Let all Ui satisfy satiation in SRI and let the set of neutral consumers be non-
empty. Then, if ((c∗

i , θ∗∗
i , a∗∗

i , z∗∗
i )Ii=1, k∗, p∗, v∗, R∗, q∗ ) is an equilibrium of E0, there is an

equilibrium ((c∗
i , θ∗

i , a∗
i , z∗

i )Ii=1, k∗, p∗, v∗, R∗, q∗ ) of E .

The proof is similar to the proof of Theorem 1. Given unchanged goods and state
prices, firms do not have an incentive to change their outputs yjls = fjls(k∗

jl ) in E . From
Lemma 3, consumers use a utility maximizing portfolio to finance unchanged consump-
tion c∗

i in E . Neutral consumers are ready to adjust their portfolios such that the asset
markets clear at unchanged prices.

In the absence of risk (i.e., when S = 1), SWANS is satisfied if, for each consumer,
there is one asset she does not care about, e.g., a safe security. SRI has no real effects
then. Risk is an essential prerequisite for nonneutrality of SRI.

Call ((ci )Ii=1, k) an equilibrium allocation of E if there are portfolios (θi, ai, zi )Ii=1 and
prices (p, v, R, q) such that ((ci, θi, ai, zi )Ii=1, k, p, v, R, q) is an equilibrium. Let A and
A0 denote the sets of equilibrium allocations of E and E0, respectively. From Theorem 1,
the set of equilibria of E is a subset of the set of the equilibria of E0, so A ⊆ A0. Under the
additional conditions of Theorem 2, the sets of equilibrium allocations with or without
SRI are the same: A0 ⊆ A and, hence, A = A0.

Theorems 1 and 2 also hold with a choice between alternative modes of produc-
tion that differ in terms of sustainability, with abatement technologies, and with ex-
ternalities in production. To see this, suppose each firm (j, l) has the choice between
different modes of production, indexed by κjl (0 ≤ κjl ≤ 1), where a higher value cor-
responds to a lower level of negative externalities. Given κjl, it can reduce negative ex-
ternalities further by using a fraction ιjl (0 ≤ ιjl ≤ 1) of its capital stock kjl for abate-
ment. Let κ = (κ11, � � � , κJLL ) and ι = (ι11, � � � , ιJLL ). Firm (j, l)’s output is given by
fjls((1 − ιjl )kjl, κjl, k, κ, ι). The function fjls displays decreasing marginal returns with
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respect to its own capital stock used in production (1 − ιjl )kjl. It is strictly decreasing in
its second argument, so that a production mode with lower emissions yields lower pro-
duction. The remaining three arguments of fjls capture externalities in production. The
components kjl, κjl, and ιjl of k, κ, and ι, respectively, do not affect fjls . Consumption
utility is ui(ci, k, κ, ι). SV maximization implies κjl = ιjl = 0. The analysis goes through
without further modification.

4.2 Welfare

Due to externalities, the First Welfare Theorem obviously does not hold in E or E0. So,
following DHKRS (Section 5), we focus on the question of whether given Pareto-optimal
allocations can be implemented as parts of market equilibria using lump-sum transfers.
Because of externalities, this also necessitates the use of Pigouvian taxes. We show that
any Pareto-optimal allocation that can be implemented in an economy with contingent
commodity markets (CCMs) and no financial markets can also be achieved in E pro-
vided that SRI satisfies a positive responsiveness property that generalizes classification-
based SRI. The required lump-sum transfers and Pigouvian taxes are the same in both
economies. Thus, given positive responsiveness, SRI does not impinge on the problem
of implementing efficient allocations.

Denote the economy with CCMs as Ẽ . In addition to the date-0 spot markets, there
is a CCM for each good l in each state s in which the claim to the delivery of one unit
of l conditional on the occurrence of s is traded at price p̃ls at date 0. The price vector
is denoted p̃ = (p0, p̃11, � � � , p̃LS ). There are no financial markets. Consumer i’s overall
utility Ui coincides with her consumption utility ui. Capital supplied to firm (j, l) at date
0 is taxed at rate tjl. Consumer i gets a lump-sum transfer Ti at date 0. The fiscal budget

is balanced:
∑L

l=1
∑Jl

j=1 tjlp0kjl =
∑I

i=1 Ti. Consumer i’s budget constraint is

p0(ci0 − yi0 ) +
S∑

s=1

L∑
l=1

p̃lscils −
L∑
l=1

Jl∑
j=1

θ̄ijl

[
S∑

s=1

p̃lsyjls − (1 + tjl )p0kjl

]
− Ti ≤ 0.

Definition 6. The allocation ((ci )Ii=1, k, p̃) is an equilibrium of Ẽ if each consumer
i maximizes utility ui subject to her budget constraint, each firm (j, l) maximizes SV∑S

s=1 p̃lsfjls(kjl ) − (1 + tjl )p0kjl, and the date-0 spot markets and the CCMs clear.

Under standard convexity assumptions, given any Pareto-optimal allocation
((ci )Ii=1, k), there are tax rates tjl (j = 1, � � � , Jl, l = 1, � � � , L), transfers Ti (i = 1, � � � , I),
and a price vector p̃ such that ((ci )Ii=1, k, p̃) is an equilibrium of Ẽ . In the differentiable
case, letting p0 = 1, the Pigouvian taxes are

tjl = −
I∑

i=1

∂ui(ci, k)
∂kjl

∂ui(ci, k)
∂ci0

,
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the transfers Ti make sure that i can just afford ci, and p̃ls = [∂ui(ci, k)/∂cils]/[∂ui(ci, k)/
∂ci0] (cf. Baumol and Oates (1988, Section 4.3)).7

In the economy with financial markets E , as in the CCM economy, let there be
taxes tjl on capital formation and transfers Ti to consumers. Consumer i’s net payment∑L

l=1
∑Jl

j=1 θ̄ijltjlp0kjl − Ti shows up as an additional term on the left-hand side of her
date-0 budget constraint (1). Let the tax rates and transfers take on the same values in E

as in Ẽ , and let the conditions of Theorem 2 be satisfied. Then E brings forth the same
set of equilibrium allocations as Ẽ . To see this, consider first the economy without SRI
E0. Let ((ci, θi, ai, zi )Ii=1, k, p, v, R, q) be an equilibrium of E0 and let p̃ls = rspls. Then
((ci )Ii=1, k, p̃) is an equilibrium of Ẽ . Conversely, if ((ci )Ii=1, k, p̃) is an equilibrium of Ẽ ,
then there is an equilibrium ((ci, θi, ai, zi )Ii=1, k, p, v, R, q) of E0 with p̃ls = rspls . This
follows from the fact that the sets of affordable consumption vectors are identical in E0

and Ẽ when p̃ls = rspls (see Magill and Quinzii (2002, p. 384)). Call ((ci )Ii=1, k) an equi-
librium allocation of Ẽ if there is p̃ such that ((ci )Ii=1, k, p̃) is an equilibrium, and let ˜A

denote the set of equilibrium allocations of Ẽ . Then A0 = ˜A . From A = A0, it follows
that the sets of equilibrium allocations are identical in E and Ẽ : A = ˜A . This parallels
the equilibrium equivalence result of DHKRS (Theorem 2, p. 618) for an economy with
ORP (see also Dubey and Shubik (1985, p. 3)).

To make the model accessible to classical welfare analysis, assume that consumers’
utility functions Ui(ui, θi, ai, k, v) are independent of the market valuations of the firms
v. Otherwise it is impossible to define Pareto optimality independently from market out-
comes. Redefine an allocation in E as ((ci, θi, ai, zi )Ii=1, k), i.e., as a profile of consump-
tion vectors and portfolios and a capital stock for each firm. An allocation is feasible if at
date 0 and in all states at date 1, total consumption of each good does not exceed total
production and total asset holdings equal total supply, i.e., if the goods market clear-
ing conditions in Definition 5 hold with = replaced by ≤ and the asset market clearing
conditions hold.

Definition 7. Let ((c∗
i , θ∗∗

i , a∗∗
i , z∗∗

i )Ii=1, k∗ ) be a feasible allocation. Let ((ci )Ii=1, k) sat-
isfy the goods market clearing conditions in Definition 5 with = replaced by ≤. Suppose
that if ui(ci, k) ≥ ui(c∗

i , k∗ ) for all i with strict inequality for some i, then there exists
(θi, ai, zi )Ii=1 such that ((ci, θi, ai, zi )Ii=1, k) is feasible and

Ui

(
ui(ci, k), θi, ai, k, v

) ≥Ui

(
ui

(
c∗
i , k∗), θ∗∗

i , a∗∗
i , k∗, v

)
for all i with strict inequality for some i. Then we say that preferences satisfy positive
responsiveness.

Positive responsiveness means that the overall utilities respond positively to con-
sumption utilities: if an allocation Pareto-dominates in terms of consumption utilities
(which take into account the externalities caused by firms), then the assets can be dis-
tributed across consumers in such a way that it also Pareto-dominates in terms of overall

7If the externalities caused by all producers j of good l enter all utility functions ui only via total capital

formation
∑Jl

j=1 kjl , then tjl is uniform across all producers of the good.
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utilities (note the similarity to DHKRS’s, p. 622, strong monotonicity property for ORP).
Classification-based SRI implies positive responsiveness. This follows from the obser-
vation that the inequality in Definition 7 is satisfied for θi = θ∗∗

i and ai = a∗∗
i if Ui is

independent of k.

Theorem 3. Let Ui be independent of v for all i, let the conditions of Theorem 2 hold, and
let preferences satisfy positive responsiveness. Let ((c∗

i , θ∗∗
i , a∗∗

i , z∗∗
i )Ii=1, k∗ ) be a Pareto-

optimal allocation in E . Suppose there are tjl (j = 1, � � � , Jl, l = 1, � � � , L), Ti (i = 1, � � � , I)
and p̃∗ such that ((c∗

i )Ii=1, k∗, p̃∗ ) is an equilibrium of Ẽ . Then, given tjl and Ti, there is
an equilibrium ((c∗

i , θ∗∗
i , a∗∗

i , z∗∗
i )Ii=1, k∗, p∗, v∗, R∗, q∗ ) of E .8

The theorem says that, given positive responsiveness, if implementation of a Pareto-
optimal allocation is feasible with CCMs, then it is also feasible with financial markets
and SRI, using the same Pigouvian taxes and lump-sum transfers. The price mecha-
nism, including transfers and taxes, allocates productive capital, consumption goods,
and financial assets efficiently.

The proof of Theorem 3 makes use (following DHKRS’s, p. 622ff, proof of the Second
Welfare Theorem with ORP) of the fact that the set of Pareto-optimal allocations of E is a
subset of the set of Pareto-optimal allocations of E0. This is not generally true if positive
responsiveness is violated. In that case asset holdings can be valued so strongly in E

that an allocation with low consumption utilities is Pareto-optimal, even though it is not
Pareto-optimal in E0.

4.3 Real effects of SRI

According to Theorems 1 and 2, separability, SV maximization, and SWANS are jointly
sufficient for neutrality of SRI. This subsection discusses the implications of giving up
the former two conditions. Market incompleteness is analyzed in Section 5.

In principle, consumers can affect corporate behavior in two ways: by changing the
cost of capital or the demands for goods. The separability assumption allows it to dis-
entangle these two channels. Theorems 1 and 2 show that if the goods demand channel
is shut down, then, given market completeness, there is no effect via the cost-of-capital
channel either. That is, so as to have positive impact, pro-social consumer behavior
must not be confined to portfolio formation, but must also have an impact on the rela-
tive demands for goods.

Given separability and market completeness, SRI does not provide incentives for SV
maximizing firms to change their behavior. However, initial shareholders are of course
free to incorporate other factors besides SV in firms’ objective functions, which give rise
to different corporate behavior. That is, even if corporate social responsibility (CSR)
cannot be enforced via the stock exchange, it can be implemented by incumbent share-
holders of their own accord (for a survey of CSR, see Kitzmueller and Shimshack (2012)).

8The conditions of the theorem, with positive responsiveness replaced by the stronger assumption of
classification-based SRI, also imply the validity of the First Welfare Theorem in the absence of externalities.
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An objection to this view is “amoral drift” (Hart and Zingales (2017, p. 255)): in the-
ory, if a firm does not maximize SV and the firm’s capital stock is not fixed irreversibly, a
hostile takeover is an arbitrage opportunity, so there are strong financial incentives for
neutral investors to re-implement SV maximization. To see this, consider an equilibrium
at which the initial owners of a firm (j, l) with a different objective than SV maximiza-
tion decide to install a capital stock kjl that falls short of the level k′

jl that maximizes
vjl − (p0kjl − Rbjl ). Consider the following takeover strategy targeted at the firm: buy
all shares of the firm at their market value vjl, install additional capital k′

jl − kjl at cost
p0(k′

jl−kjl ), and sell a portfolio that pays off plsfjls(k′
jl )−bjl short (the existence of such

a portfolio is guaranteed by market completeness). The cash flow generated by the firm
at date 1 is sufficient to unwind the short positions in each state s. The date-0 revenue
from the short sales

∑S
s=1 rs[plsfjls(k′

jl ) − bjl] (= v′
jl) coincides with the market capital-

ization of the firm under SV maximization. The net payoff at date 0 is positive exactly
if

v′
jl > vjl +p0

(
k′
jl − kjl

)
.

The validity of this inequality follows from the fact that k′
jl maximizes vjl−p0(kjl−Rbjl ),

whereas kjl does not.

5. Incomplete markets

This section analyzes the incomplete markets case in which SWANS is violated. SRI is
neutral if for each firm a consumer cares about, there is another firm with perfectly cor-
related productivity that she does not care about, i.e., if the payoffs of portfolios includ-
ing stocks targeted by SRI can be replicated for given holdings of these stocks despite
incompleteness. A CAPM special case of the model is used to show that the impact of
SRI on real economic activity is small if there are closely correlated substitute stocks.

5.1 Model

We adopt the simplifying assumptions of Diamond’s (1967) classical GEI model. There
is only one good at date 1 (i.e., L = 1). We drop the index for goods l and normalize the
spot prices to unity (p0 = 1 and ps = 1, s = 1, � � � , S). The firms’ production functions
feature multiplicative uncertainty: yjs = λjsfj(kj ), where λj is a productivity shock with
positive realization λjs in each state s.9 They are twice continuously differentiable with
f ′
j (kj ) > 0 > f ′′

j (kj ) for all kj > 0, f ′
j (kj ) → ∞ for kj → 0, and f ′

j (kj ) → 0 for kj → ∞.
Firms do not issue bonds, so ai drops out of the utility functions Ui, which is assumed
differentiable. Consumer i’s consumption utility is

ui(ci, k) = {
νi(ci0 ) +βiE

[
νi(ci )

]}
ei(k),

where E is the expectations operator, ci is i’s random date-1 consumption, and βi (> 0) is
her subjective discount factor. The function νi is twice continuously differentiable with

9Here and in what follows, ξ denotes the random variable with realizations ξs (s = 1, � � � , S).
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ν′
i(c) > 0 > ν′′

i (c) for all c > 0 and ν′
i(c) → ∞ for c → 0. The function ei(k) is positive-

valued and captures the (non-state-dependent) effect of externalities on i’s consump-
tion utility. The only available security is a safe asset with payoff x1s = 1. Its price is de-
noted (q1 =) q and i’s holdings are denoted as (zi1 =) zi. We assume that λj (j = 1, � � � , J)
and the safe asset do not span the state space, so that SWANS is violated and the market
is incomplete (a simple sufficient condition is J + 1 < S). The economy is denoted as X

and its special case without SRI as X0.

5.2 Equilibrium

The necessary conditions for a utility maximizing choice of θi and zi are

∂Ui

∂ui

{−ν′
i(ci0 )vj + E

[
βiν

′
i(ci )yj

]}
ei(k) + ∂Ui

∂θij
= 0, j = 1, � � � , J (7)

∂Ui

∂ui

{−ν′
i(ci0 )q+ E

[
βiν

′
i(ci )

]}
ei(k) = 0. (8)

From (7) and (8), the asset prices satisfy

vj = fj(kj )E(m̃ijλj ) (9)

and q = E(mi ), where

m̃ij = mi

1 − 1

ν′
i(ci0 )eivj

∂Ui/∂θij

∂Ui/∂ui

(10)

and mi = βiν
′
i(ci )/ν

′
i(ci0 ). Consumer i applies different stochastic discount factors

(SDFs) m̃ij to the payoffs of different firms j. Her SDF for j is higher or lower than the
standard SDF mi, depending on whether ∂Ui/∂θij is positive or negative, i.e., whether i
prefers an increase or a decrease in her share in j, respectively. When Ui satisfies satia-
tion in SRI and θij maximizes utility, so that ∂Ui/∂θij = 0, the SDF boils down to m̃ij = mi.

As in the complete markets model, we assume SV maximization under competitive
expectations. That is, firm j maximizes vj −kj with vj given by (9) taking the equilibrium
value of m̃ij as given. The optimum capital stock then satisfies

f ′
j (kj )E(m̃ijλj ) = 1. (11)

From (9), E(m̃ijλj ) (= vj/fj(kj )) is uniform across i in equilibrium, so the outcome of SV
maximization is independent of whose consumer’s SDF j uses to value its cash flow yj .
SV maximization can be justified similarly as in Section 3.3: each firm j is controlled by
initial shareholders i whose utilities Ui are independent of θi, k, and v, or Ui is given by
(6) with Dij = 1 for all i. This follows from the next lemma.

Lemma 5. For Ui given by (6) with Dij = 1 (i = 1, � � � , I, j = 1, � � � , J), holding ei(k) and
vM constant,

dUi

dkj
= ∂Ui

∂ui
ν′
i(ci0 )eiθ̄ij

(
dvj

dkj
− 1

)
+

(
−θij

vj

∂Ui

∂θij
+ ∂Ui

∂vj

)
dvj

dkj
+ ∂Ui

∂kj
. (12)
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For indifferent initial shareholders i, the latter three partial derivatives in (12) van-
ish, so SV maximization (i.e., dvj/dkj = 1) maximizes utility. This is the basis of Di-
amond’s (1967) classical shareholder unanimity theorem (see also Magill and Quinzii
(2002), p. 418). With overall utility given by (6) and Dij = 1,

θij

vj

∂Ui

∂θij
= θij

∂Ûi

∂(θijvij )
= ∂Ui

∂vj

and ∂Ui/∂kj = 0. Again, dvj/dkj = 1 implies dUi/dkj = 0.

Definition 8. The vector ((ci, θi, zi )Ii=1, k, v, q) is an equilibrium of X if (ci, θi, zi )
maximizes Ui subject to (1) and (2), kj maximizes vj − kj with vj given by (9) taking
m̃ij for some i as given, and the goods and asset markets clear.

5.3 Neutrality of SRI

It is easy to see that the neutrality result from the complete markets case does not gen-
erally hold if SWANS is violated. Consider the following example. All consumers have
the same endowments yi0, the same initial shareholdings θ̄ij (= 1/I), and the same con-
sumption utility functions ui. There is a no-trade equilibrium of X0 in which consump-
tion cis is uniform across consumers i in each state s. Suppose there is a pair of states
(s, s′ ) such that the set of all firms can be partitioned into two subsets J ′ and J ′′ with
λjs = λjs′ for all j ∈ J ′ and λjs > λjs′ for all j ∈ J ′′. That is, the firms in J ′ are equally
productive in states s and s′, whereas the firms in J ′′ are more productive in s than
in s′. Then cis/cis′ > 1 for all i at the no-trade equilibrium of X0. In X , let SR consumer i
have a strong aversion to nonzero holdings of the firms j ∈ J ′′, so that θij = 0. Since all
other assets have the same payoff in s as in s′, cis/cis′ = 1 at an equilibrium of X . SRI is
nonneutral. As i refuses to hold shares of firms in J ′′, she cannot benefit from the high
returns on the stocks of these firms in state s and, therefore, she cannot maintain her X0

consumption profile in X .
SRI is neutral despite incompleteness if, contrary to the example, it does not affect

SR consumers’ consumption possibilities. The following result provides a simple exam-
ple:

Theorem 4. Let all Ui satisfy satiation in SRI, and let the set of neutral consumers be non-
empty. Suppose for each firm j consumer i cares about, there is a firm j′ she is indifferent
toward with λjs = λj′s for all s. Then, if ((c∗

i , θ∗
i , z∗

i )Ii=1, k∗, v∗, q∗ ) is an equilibrium of X ,
it is an equilibrium of X0. Conversely, if ((c∗

i , θ∗∗
i , z∗∗

i )Ii=1, k∗, v∗, q∗ ) is an equilibrium of
X0, there is an equilibrium ((c∗

i , θ∗
i , z∗

i )Ii=1, k∗, v∗, q∗ ) of X .

Each consumer i can replicate the payoff on any portfolio of all stocks with pair-
wise perfectly correlated outputs with an alternative portfolio of the same stocks that
includes given quantities of the stocks she cares about at no change in cost (see Lemma 6
in the Appendix). So i chooses the same consumption vector c∗

i as in X0 and a portfolio
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with ∂Ui/∂θij = 0 for all j she cares about in X . As a result, the SDFs and the SV maxi-
mizing capital stocks are the same in X and X0. The only difference in the equilibria is
that within each set, all stocks with pairwise perfectly correlated outputs, SR consumers’
portfolios are determinately tilted toward pro-social stocks in X .

If the equilibrium ((c∗
i , θ∗

i , z∗
i )Ii=1, k∗, v∗, q∗ ) of X is a continuous function of (a pa-

rameter that controls) the correlation between stocks SR consumers care about and their
closest substitutes, then the real effects of SRI are small when there are close substitutes
for stocks SR consumers care about. A CAPM example is presented in the subsequent
subsection.

Financial market completeness is thus not a necessary condition for neutrality or al-
most neutrality of SRI. What matters is that SR consumers can replicate or nearly repli-
cate the payoffs of stocks they care about for social responsibility reasons using other
assets at no additional cost.

5.4 CAPM

This subsection uses the CAPM special case of the incomplete markets model to illus-
trate almost neutrality for closely correlated returns and to show how SRI affects the
cross section of returns and real economic activity under alternative conditions (cf. the
CAPMs with exogenous outputs in Luo and Balvers (2017), Zerbib (2020), Pedersen,
Fitzgibbons, and Pomorski (2021), and Pastor, Stambaugh, and Taylor (2021)).

For each consumer i, let νi(c) = −exp(−ρic), where ρi (>0) is her coefficient of ab-
solute risk aversion. Consumer i’s overall utility function is

Ui

(
ui(ci, k), θi, k, v

) = ui(ci, k) exp

[
−

J∑
j=1

γij(θijvj )

]
,

where the γijs are differentiable functions. As ui(ci, k) < 0, the higher is γij(θijvj ), the
higher is i’s overall utility Ui. A negative value of γij(θijvj ) thus indicates that i dislikes
firm j and vice versa. This utility function is a special case of (6) with Dij = 1, so, from
Lemma 5, there is unanimity about SV maximization. Using E(mi ) = q, i’s SDF for firm j

in (10) becomes

m̃ij = mi

1 − 1 + q

ρi
γ′
ij(θijvj )

. (13)

It is high if an increase in her holdings of stocks of j raises γij(θijvj ) and Ui, and vice
versa.

Suppose the productivity shocks λj are jointly normally distributed (assuming now
that the state space is given by the real line and negative output and consumption levels
are admissible). Using E(mi ) = q and Stein’s lemma for normal random variables (i.e.,
cov[yj , exp(−ρci )] = ∑J

j′=1 cov(yj , yj′ )E{∂[exp(−ρci )]/∂yj′ }), (13) can be rewritten as

J∑
j′=1

cov(yj , yj′ )θij′ = 1
ρi

[
E(yj ) − vj

q

]
+ 1 + q

q

γ′
ij(θijvj )

ρ2
i

vj . (14)
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Let

γij(θijvj ) = gij
(θijvj )2

2
,

where gij = g < 0 for i and j odd, and gij = 0 otherwise. That is, the odd-numbered
consumers are socially responsible and dislike holding nonzero amounts of shares of
odd-numbered firms. There is satiation in SRI. The productivity shocks are λj = λ for j
odd and λj = λ+κε for j even, where λ and ε are independent normal random variables
with positive variances and κ ≥ 0. As κ → 0, the correlation between the productivity
shocks of odd- and even-numbered firms approaches 1. In the limit, the conditions
of Theorem 4 are satisfied. All consumers are characterized by the same endowment
yi0 = y0, the same subjective discount factor βi = β, and the same degree of absolute
risk aversion ρi = ρ; fj = f is uniform across all j; I and J are even.

Eliminating θ12 − θ22 from (14) for j = 1 and j = 2, and using (I/2)(θ11 + θ21 ) = 1
yields

J
[
f (k1 )

]2
κ2 σ2

λσ
2
ε

σ2
λ + κ2σ2

ε

(
θ11 − 1

I

)
= 1 + q

q

gθ11

ρ2 v2
1.

For κ close to 0, θ11 ≈ 0 and θ21 ≈ 2/I. By symmetry, θ1j = θ11 and θ2j = θ21 for all j
odd. That is, as the stocks become perfect substitutes, the stocks SR consumers dislike
are exclusively held by the neutral consumers. As γ′

ij(θijvj ) ≈ 0, the SDFs m̃ij ≈ mi are
approximately uniform across firms, so SV maximization implies k1 ≈ k2. So θ12 −θ22 ≈
−(θ11 − θ21 ). From market clearing and symmetry, θ1j = θ12 ≈ 2/I and θ2j = θ22 ≈ 0
for all j even. That is, the SR consumers hold all the stocks they are indifferent toward.
Substituting ci0 ≈ y0 − (J/I )kj and ci ≈ (J/I )λf (kj ) into (13) with γ′

ij(θijvj ) ≈ 0 and the
resulting SDF m̃ij into (11) shows that the uniform equilibrium capital stock kj is ap-
proximately equal to the value determined by

f ′(kj )βE
(

exp
{
−ρ

[
J

I
λf (kj ) − y0 + J

I
kj

]}
λ

)
= 1,

which is also the equilibrium capital stock in X0. Thus, SRI is almost neutral when the
correlation between SRI stocks and non-SRI stocks is close to unity.

Alternatively, consider the following specification with non-satiation in SRI, bor-
rowed from Pastor, Stambaugh, and Taylor (2021):

γij(θijvj ) = gijθijvj .

Suppose there is no pair of firms, j and j′, with identical productivity shocks (i.e., with
λjs = λj′s for all s). Otherwise an equilibrium does not exist (see the proof of Theorem 4
in the Appendix). Using market clearing (i.e.,

∑I
i=1 θij′ = 1), it follows from (14) that

J∑
j′=1

cov(yj , yj′ ) =
I∑

i=1

1
ρi

[
E(yj ) − vj

q

]
+ 1 + q

q
�jvj ,
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where

�j =
I∑

i=1

gij

ρ2
i

is a weighted sum of all consumers’ attitudes toward firm j (= 1, � � � , J). Define
rj = yj/vj − 1 as the return on stock j, rF = 1/q − 1 as the safe interest rate, rM =
(
∑J

j=1 yj )/vM − 1 as the return on the market, and σjM = cov(rj , rM ) as the covariance
between j’s return and the market return. Then

E(rj ) − rF

E(rM ) − rF
=

σjM − 2 + rF
vM

�j

σ2
M − 2 + rF

vM

J∑
j′=1

vj′

vM
�j′

.

The special case with gij = 0 for all i and j yields the standard CAPM formula. SRI turns
the model into a two-factor model. Firms j with a negative assessment by the market
(�j negative) must pay investors a return premium and vice versa. This follows straight-
forwardly from the logic of SDFs. Suppose, starting from an equilibrium of X0, a subset
of consumers take a critical stance on firm j (so that γ′

ij(θijvj ) = gij < 0). From (13), this
implies additional discounting of the payoffs of stocks j with a negative ESG assessment
(a lower value of E(m̃ij )). The SR consumers sell some of these stocks to indifferent con-
sumers. This reduces the covariance of ci and λj for the sellers and increases it for the
buyers, thereby restoring equality of E(m̃ijλj ) across all consumers (see (9)). At the re-
sulting equilibrium of X , vj is lower than in X0, because both SR consumers (due to
gij < 0) and indifferent consumers (due to purchases of stocks of j) discount j’s cash
flow more strongly.

From (9), (11), and the definition of the return on j,

E(rj ) = E(λj )f ′
j (kj ) − 1.

Given E(λj ), kj is inversely related to E(rj ) and, hence, positively related to �j . That is,
the negative cross-sectional relation between firms’ returns and ESG performance also
identified in SRI-augmented CAPMs with exogenous outputs leads to a positive cross-
sectional relation between capital formation and ESG performance.

6. Empirical implications

The model has several empirical implications for the relation between SRI, asset returns,
and real economic activity. Generally, it is consistent with mixed existing results about
the neutrality or nonneutrality of SRI. More specifically, it yields several testable hy-
potheses about factors that have a bearing on whether SRI is related to real economic
activity or not.

Given market completeness and SV maximization, the efficacy of SRI depends on
nonseparability of SR consumers’ utility functions, i.e., on a positive relation between
sustainable investing and sustainable consumption (see Section 4.3). As rising demands



86 Lutz G. Arnold Theoretical Economics 18 (2023)

for pro-social goods tend to drive up their prices, SR consumers’ additional demand
crowds out neutral consumers’ demand. Theory thus predicts that SRI is related to fi-
nancial returns and real economic activity if interacted with a measure of the correlation
between socially responsible investments and socially responsible consumption at the
household level.

Given separability and SV maximization, SRI is neutral if SWANS is satisfied (see Sec-
tion 4.1). This is a weak condition in theory. It is satisfied when each consumer can form
a portfolio with different payoffs in each state using assets she is indifferent toward and
it is possible to write simple call options with arbitrary strike prices on that portfolio
(see Ross (1976)). The instruments needed for spanning become more complicated in
dynamic settings (see Bajeux-Besnainou and Rochet (1996)) or when the state space is
multidimensional (see Pazarbasi, Schneider, and Vilkov (2021)), however. In addition,
for practical purposes, it is a strong assumption that insurance against any conceivable
contingency using options or other securities is feasible and used comprehensively to
neutralize the impact of SRI on consumption profiles. So theory predicts that SRI is
related to financial returns and capital formation if interacted with the sophistication
of financial markets and the intensity with which SR consumers use them. Pazarbasi,
Schneider, and Vilkov (2021, p. 28) propose several such measures, derived from bid–
ask spreads, moneyness ranges, volumes of outstanding options, and numbers of option
trades, in a different context.10 An illustrative piece of anecdotal evidence in favor of a
link between market incompleteness and the efficacy of SRI is Renneboog, Ter Horst,
and Zhang’s (2008, p. 308) finding that the differences in the alphas of SRI funds versus
conventional funds are negative and significant in several continental European and
Asian countries, but not in the United States, where financial markets are arguably most
developed.

Given market completeness and separability, pro-social corporate policies have to
be initiated by incumbent shareholders, rather than outside investors, to succeed. How-
ever, if successful, a hostile takeover is an arbitrage opportunity, which raises the prob-
lem of amoral drift back to nonresponsible corporate policies (see Section 4.3). So the
model predicts that pro-social corporate reforms are more frequent in markets with
strong takeover protection, such as anti-takeover legislation or poison pills, for instance
(see Hart and Zingales (2017, p. 256)). Emmanuel Faber’s resignation as chief executive
officer (CEO) of Danone is a recent example. Danone underperformed financially after
Faber put CSR goals high on its agenda. This provided incentives for (“wolf packs” of)
hedge funds to acquire stakes below disclosure thresholds up to a point where they could
credibly threaten to dismiss the CEO and enforce a firm policy that puts less weight on
CSR goals.11

Even if financial markets are incomplete, the impact of SRI on real economic activity
is small if consumers can neutralize the impact of SRI on their portfolio payoffs using
closely correlated stocks or portfolios of stocks (see Section 5.4). Theory thus predicts

10Pazarbasi, Schneider, and Vilkov (2021) investigate the recovery of bounds on the dispersion of beliefs
from observed asset prices.

11See https://www.forbes.com/sites/timabansal/2021/04/15/how-hedge-funds-are-destroying-
corporations-and-society/?sh=7420b7077ead.

https://www.forbes.com/sites/timabansal/2021/04/15/how-hedge-funds-are-destroying-corporations-and-society/?sh=7420b7077ead
https://www.forbes.com/sites/timabansal/2021/04/15/how-hedge-funds-are-destroying-corporations-and-society/?sh=7420b7077ead
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that SRI is related to financial returns and real economic activity if interacted with a
measure of how well stocks’ returns can be replicated using close substitutes. Leaving
the confines of the model with multiplicative shocks, consider a set of ex ante similar,
competing firms in an energy-intensive industry. Suppose reforms that enhance social
performance or promote good governance reduce the firms’ payoffs proportionately in
all states, whereas, due to differential exposure to energy price shocks, environment-
friendly reform changes the payoff pattern in such a way that stock returns are harder to
replicate using competitors’ shares. Theory predicts that SRI is more strongly related to
real economic activity if it aims at “E” reforms, rather than “S or G” reforms. This is in
contrast, however, to Pedersen, Fitzgibbons, and Pomorski’s (2021, p. 592) findings that
there are positive abnormal returns for stocks with low accruals (a proxy for unaggressive
accounting and good governance), but not for low-carbon intensity stocks.

The CAPM special case of the incomplete markets model in Section 5.4 yields a two-
factor pricing equation that is similar to the SRI-augmented CAPMs of Luo and Balvers
(2017), Zerbib (2020), Pedersen, Fitzgibbons, and Pomorski (2021), and Pastor, Stam-
baugh, and Taylor (2021), and, therefore, serves as an alternative motivation for existing
regressions of returns on measures of SRI. Our model predicts that returns are inversely
related to capital formation (see Section 5.4). It would be interesting to see whether the
firm data underlying return regressions conform to this pattern.

7. Conclusion

Even having reached multi-trillion dollar volume, it cannot be taken for granted that
SRI has real effects. We provide a set of jointly sufficient conditions for neutrality: un-
restricted spanning opportunities provided by assets that cause no SRI concerns, sep-
arability of utility, and shareholder value maximization. SRI is neutral despite incom-
pleteness of the financial market if there are perfect substitutes for targeted stocks. This
is the main message of the paper: financial activities aimed at fostering sustainability,
well meant, implemented by professional funds, and promoted by organizations and
politics, are not necessarily effective.

The framework of our analysis is the cornerstone equilibrium model of resource al-
location and consumption-based asset pricing. This setup allows us to precisely iden-
tify the circumstances under which SRI has real effects on returns and capital forma-
tion. Additionally, it can be used to address further questions that arise in the analy-
sis, for instance, “how do the decision making processes in firms impact the efficacy
of SRI when the conditions for shareholder unanimity are violated” and “does SRI lead
to financial innovations that enable consumers to neutralize the impact of SRI on con-
sumption when markets are incomplete?”

Our results provide an explanation for mixed results of empirical studies of SRI. In
addition, they yield the testable empirical hypothesis that SRI is related to returns and to
real economic activity if interacted with variables that proxy for the theoretical factors
that have a bearing on the efficacy of SRI, viz., the correlation between SRI and sus-
tainable consumption at the household level, financial market completeness, and the
correlation between targeted stocks and substitutes.
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Appendix

Let J = {(j, l)|j = 1, � � � , Jl, l = 1, � � � , L}, Ji = {(j, l)|j = 1, � � � , Jl, l = 1, � � � , L, i is
indifferent toward (j, l)}, and J c

i = J \Ji.

Proof of Lemma 1. If there is a neutral consumer i, then, given SWANS, a unique vec-
tor of state prices r exists that satisfies (3)–(5).

The same r is also the unique state price vector in the absence of a neutral consumer.
To see this, let i hold arbitrary given amounts of assets (j, l) ∈ J c

i . Because of SWANS,
the assets (j, l) ∈ Ji span the state space. So the absence of arbitrage opportunities
using assets (j, l) ∈ Ji for i implies that there exists a unique vector of state prices ri
that satisfies (3) for (j, l) ∈ Ji, (4), and (5). The fact that r satisfies these equations and
uniqueness of ri imply ri = r. That r is the unique solution to (3) for all (j, l) ∈ J , (4), and
(5) follows from the assumption that for each firm (j, l), there is i such that (j, l) ∈ Ji

(so that ∪I
i=1Ji = J ).

Proof of Lemma 2. Suppose (ci, θi, ai, zi ) satisfies (1) and (2) with equality. This is
without loss of generality, because otherwise there is c′

i ≥ ci that satisfies (1) and (2) with
equality and the lemma establishes affordability of c′

i, which implies affordability of ci.
From SWANS, there is (θ′

i, a
′
i, z

′
i ) with θ′

ijl and a′
ijl given for (j, l) ∈ J c

i that yields payoff∑L
l=1 plscils in s, i.e.,

L∑
l=1

plscils −
L∑
l=1

Jl∑
j=1

[
θ′
ijl(plsyjls − bjl ) + a′

ijl

] −
M∑

m=1

xmsz
′
im = 0.

Let (�θi, �ai, �zi ) = (θ′
i, a

′
i, z

′
i ) − (θi, ai, zi ). Using (2) with equality,

L∑
l=1

Jl∑
j=1

[
�θijl(plsyjls − bjl ) +�aijl

] +
M∑

m=1

xms�zim = 0.

Multiply by rs , add up, and use (3)–(5) to get

L∑
l=1

Jl∑
j=1

(vjl�θijl +R�aijl ) +
M∑

m=1

qm�zim = 0. (A.1)

Since (ci, θi, ai, zi ) satisfies (1) with equality,

p0(ci0 − yi0 ) +
L∑
l=1

Jl∑
j=1

[
θ̄ijl(p0kjl −Rbjl ) + (

θ′
ijl −�θijl − θ̄ijl

)
vjl

+R
(
a′
ijl −�aijl

)] +
M∑

m=1

qm
(
z′
im −�zim

) = 0.

Jointly with (A.1), it follows that (ci, θ′
i, a

′
i, z

′
i ) satisfies (1) with equality.
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Proof of Lemma 3. Let (c∗
i , θ∗

i , a∗
i , z∗

i ) maximize Ui(ui(ci, k), θi, ai, k, v) subject to (1)
and (2). Suppose there is (ci, θi, ai, zi ) satisfying (1) and (2) such that ui(ci, k) > ui(c∗

i , k).
From Lemma 2, ci can be achieved with θ∗

ijl and a∗
ijl for (j, l) ∈ J c

i . The ensuing overall
utility is Ui(ui(ci, k), θ∗

i , a∗
i , k, v). From strong monotonicity,

Ui

(
ui(ci, k), θ∗

i , a∗
i , k, v

)
>Ui

(
ui

(
c∗
i , k

)
, θ∗

i , a∗
i , k, v

)
.

This contradicts the fact that (c∗
i , θ∗

i , a∗
i , z∗

i ) maximizes Ui(ui(ci, k), θi, ai, k, v).
Let (c∗

i , θ∗∗
i , a∗∗

i , z∗∗
i ) maximize ui(ci, k) subject to (1) and (2). From Lemma 2, i can

achieve c∗
i with given θijl and aijl for (j, l) ∈ J c

i . Suppose she chooses (θ∗
i , a∗

i , z∗
i ) such

that θ∗
ijl and a∗

ijl for (j, l) ∈ J c
i maximize Ui(ui(c∗

i , k), θi, ai, k, v). Satiation in SRI en-
sures the existence of a maximum. Then

Ui

(
ui

(
c∗
i , k

)
, θ∗

i , a∗
i , k, v

) ≥Ui

(
ui

(
c∗
i , k

)
, θi, ai, k, v

)
for all θi and ai that jointly with c∗

i and some zi satisfy (1) and (2). The lemma asserts that
there is no (ci, θi, ai, zi ) satisfying (1) and (2) that yields higher utility than (c∗

i , θ∗
i , a∗

i , z∗
i ).

Suppose to the contrary that

Ui

(
ui(ci, k), θi, ai, k, v

)
>Ui

(
ui

(
c∗
i , k

)
, θ∗

i , a∗
i , k, v

)
for some (ci, θi, ai, zi ) that satisfies (1) and (2). Together with the preceding inequality,
it follows from monotonicity that ui(ci, k) > ui(c∗

i , k), a contradiction.

Proof of Lemma 4. Let kjl maximize vjl− (p0kjl−Rbjl ) and let (ci, θi, ai, zi ) maximize

Ûi subject to (1) and (2). From Lemma 3, (ci, θi, ai, zi ) maximizes ui(ci, k) subject to (1)
and (2).

Suppose (j, l) chooses a capital stock k′
jl �= kjl. The resulting market capitalization

is denoted v′
jl. Utility maximization yields (c′

i, θ
′
i, a

′
i, z

′
i ). From v′

jl − (p0k
′
jl − Rbjl ) ≤

vjl − (p0kjl −Rbjl ) and strong monotonicity, ui(c′
i, k) ≤ ui(ci, k). Suppose k′

jl allows i to
achieve higher overall utility than kjl:

Ûi

(
ui

(
c′
i, k

)
, θ′

i11v
Di11
11 , � � � , θ′

ijl

(
v′
jl

)Dijl , � � � , θ′
iJLL

v
DiJLL

JLL
, vM

)
> Ûi

(
ui(ci, k), θi11v

Di11
11 , � � � , θijlv

Dijl

jl , � � � , θiJLLv
DiJLL

JLL
, vM

)
.

First, let (j, l) ∈ J c
i . Given kjl, from Lemma 2, i can achieve ci with a share θ′

ijlv
′
jl/vjl in

(j, l) and shares θ′
ij′l′ in (j′, l′ ) ∈ J c

i \{(j, l)}. Since ui(c′
i, k) ≤ ui(ci, k), the ensuing utility

satisfies

Ûi

(
ui(ci, k), θ′

i11v
Di11
11 , � � � , θ′

ijl

(
v′
jl

)Dijl , � � � , θ′
iJLL

v
DiJLL

JLL
, vM

)
≥ Ûi

(
ui

(
c′
i, k

)
, θ′

i11v
Di11
11 , � � � , θ′

ijl

(
v′
jl

)Dijl , � � � , θ′
iJLL

v
DiJLL

JLL
, vM

)
.

Jointly, the two inequalities contradict the fact that (ci, θi, ai, zi ) maximizes Ûi given kjl.
If, on the other hand, (j, l) ∈ Ji, then i can achieve ci with shares θ′

ij′l′ in (j′, l′ ) ∈ J c
i ,

and the same contradiction occurs.
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Proof of Theorem 1. Let p∗, v∗, R∗, and q∗ be the same in E0 as in E . Suppose the
state prices r are also the same in E0 and in E . Then

∑S
s=1 rs[p

∗
lsfjls(kjl ) − bjl] − (p∗

0kjl −
R∗bjl ) is the same in E0 as in E . SV maximization under competitive expectations im-
plies that the capital stocks k∗

jl and the resulting outputs yjls = fjls(k∗
jl ) optimal in E

maximize SV in E0 as well. It follows that the vector of state prices r determined by (3)–
(5) is in fact the same in E0 as in E . Furthermore, the consumers’ budget constraints (1)
and (2) are also the same in E0 as in E . From Lemma 3, (c∗

i , θ∗
i , a∗

i , z∗
i ) maximizes util-

ity in E0. Market clearing for goods, stocks, bonds, and securities in E implies market
clearing in E0.

Proof of Theorem 2. Let p∗, v∗, R∗, q∗, and r be the same in E as in E0. Then SV
maximization yields the same capital stocks k∗

jl and outputs yjls, so that the state prices
determined by (3)–(5) are in fact the same in E as in E0, and the budget constraints are
also the same. From Lemma 3, for each i, there exists a portfolio (θ∗

i , a∗
i , z∗

i ) that jointly
with c∗

i maximizes Ui.
It remains to show that the set of profiles (c∗

i , θ∗
i , a∗

i , z∗
i )Ii=1 contains an element that

implies asset market clearing. Let (�θi, �ai, �zi ) = (θ∗
i , a∗

i , z∗
i ) − (θ∗∗

i , a∗∗
i , z∗∗

i ). For all
i, (c∗

i , θ∗∗
i , a∗∗

i , z∗∗
i ) satisfies (1) and (2) with equality, as it maximizes utility in E0. The

vector (c∗
i , θ∗

i , a∗
i , z∗

i ) also satisfies (1) and (2) with equality if, and only if,

L∑
l=1

Jl∑
j=1

(
v∗
jl�θijl +R∗�aijl

) +
M∑

m=1

q∗
m�zim = 0 (A.2)

L∑
l=1

Jl∑
j=1

[(
p∗
lsyjls − bjl

)
�θijl +�aijl

] +
M∑

m=1

xms�zim = 0, s = 1, � � � , S. (A.3)

Let i′ be a neutral consumer. From Lemma 2, there exist (θ∗
i , a∗

i , z∗
i ) and, hence,

(�θi, �ai, �zi ) such that (c∗
i , θ∗

i , a∗
i , z∗

i ) satisfies (1) and (2) with equality and, hence, (A.2)
and (A.3) for all i �= i′. Take these (θ∗

i , a∗
i , z∗

i ) as given. Summing (A.2) and (A.3) over all
i �= i′ yields

L∑
l=1

Jl∑
j=1

(
v∗
jl

∑
i �=i′

�θijl +R∗ ∑
i �=i′

�aijl

)
+

M∑
m=1

q∗
m

∑
i �=i′

�zim = 0 (A.4)

L∑
l=1

Jl∑
j=1

[(
p∗
lsyjls − bjl

)∑
i �=i′

�θijl +
∑
i �=i′

�aijl

]
+

M∑
m=1

xms

∑
i �=i′

�zim = 0,

s = 1, � � � , S. (A.5)

Let

(�θi′ , �ai′ , �zi′ ) =
(

−
∑
i �=i′

�θi, −
∑
i �=i′

�ai, −
∑
i �=i′

�zi

)
,

so that the asset markets clear. From (A.4) and (A.5), (c∗
i′ , θ

∗
i′ , a

∗
i′ , z

∗
i′ ) satisfies (A.2) and

(A.3), and, hence, (1) and (2) with equality for i = i′.
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Proof of Theorem 3. Let ((c∗
i , θ∗∗

i , a∗∗
i , z∗∗

i )Ii=1, k∗ ) be Pareto-optimal in E0. As con-
sumers’ utilities do not depend on asset holdings, ((c∗

i )Ii=1, k∗ ) is Pareto-optimal in
Ẽ . Suppose there are tjl, Ti, and p̃∗ such that ((c∗

i )Ii=1, k∗, p̃∗ ) is an equilibrium of Ẽ .
From equilibrium equivalence in Ẽ and E0, it follows that, given tjl and Ti, there exists
(p∗, v∗, R∗, q∗ ) such that ((c∗

i , θ∗∗
i , a∗∗

i , z∗∗
i )Ii=1, k∗, p∗, v∗, R∗, q∗ ) is an equilibrium of E0.

Given positive responsiveness, the set of Pareto-optimal allocations of E is a subset
of the set of Pareto-optimal allocations of E0. To see this, let ((c∗

i , θ∗∗
i , a∗∗

i , z∗∗
i )Ii=1, k∗ ) be

Pareto-optimal in E . Suppose there is an allocation ((ci, θ′
i, a

′
i, z

′
i )
I
i=1, k) that is Pareto-

superior to ((c∗
i , θ∗∗

i , a∗∗
i , z∗∗

i )Ii=1, k∗ ) in E0. That implies ui(ci, k) ≥ ui(c∗
i , k∗ ) for all i with

strict inequality for some i. By positive responsiveness, there exists (θi, ai, zi )Ii=1 such
that ((ci, θi, ai, zi )Ii=1, k) is feasible and

Ui

(
ui(ci, k), θi, ai, k, v

) ≥Ui

(
ui

(
c∗
i , k∗), θ∗∗

i , a∗∗
i , k∗, v

)
for all i with strict inequality for some i in E . That is, the allocation ((ci, θi, ai, zi )Ii=1, k)
is Pareto-superior to ((c∗

i , θ∗∗
i , a∗∗

i , z∗∗
i )Ii=1, k∗ ) in E , a contradiction.

Taken together, it follows that given an allocation ((c∗
i , θ∗∗

i , a∗∗
i , z∗∗

i )Ii=1, k∗ ) that is
Pareto-optimal in E , there is an equilibrium ((c∗

i , θ∗∗
i , a∗∗

i , z∗∗
i )Ii=1, k∗, p∗, v∗, R∗, q∗ ) of

E0. From Theorem 2, there is an equilibrium ((c∗
i , θ∗

i , a∗
i , z∗

i )Ii=1, k∗, p∗, v∗, R∗, q∗ ) of E .
From Lemma 2,

Ui

(
ui

(
c∗
i , k∗), θ∗

i , a∗
i , k∗, v

) ≥Ui

(
ui

(
c∗
i , k∗), θ∗∗

i , a∗∗
i , k∗, v

)
(A.6)

for all i. Suppose the inequality is strict for some i. Then, starting from ((c∗
i , θ∗∗

i , a∗∗
i ,

z∗∗
i )Ii=1, k∗ ), reallocating (�θi, �ai ) = (θ∗

i , a∗
i ) − (θ∗∗

i , a∗∗
i ) from a neutral consumer to i

constitutes a Pareto improvement, a contradiction. So (A.6) holds with equality for all i.
This proves that ((c∗

i , θ∗∗
i , a∗∗

i , z∗∗
i )Ii=1, k∗, p∗, v∗, R∗, q∗ ) is an equilibrium of E .

Proof of Lemma 5. Substituting for ci0 and cis from (1) and (2) with equality into Ui,
differentiating with respect to kj holding ei(k) and vM constant, and using multiplicative
uncertainty gives

dUi

dkj
= ∂Ui

∂ui

{
ν′
i(ci0 )

[
−θ̄ij − (θij − θ̄ij )

dvj

dkj

]
+ E

[
βiν

′
i(ci )θijλjf

′
j (kj )

]}
ei

+ ∂Ui

∂kj
+ ∂Ui

∂vj

dvj

dkj
+

J∑
j′=1

(
∂Ui

∂ui

∂ui
∂θij′

+ ∂Ui

∂θij′

)
dθij′

dkj
+ ∂Ui

∂ui

∂ui
∂zi

dzi
dkj

.

From (7) and (8), the final two terms in the sum on the right-hand side vanish in equi-
librium. Using

E
[
βiν

′
i(ci )θijλjf

′
j (kj )

] = ν′
i(ci0 )θij

[
1 − 1

ν′
i(ci0 )eivj

∂Ui/∂θij

∂Ui/∂ui

]
dvj

dkj

(from (9) and (10) and the fact that the denominator of the fraction in (10) is nonrandom)
and simplifying terms yields (12).
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Lemma 6. For all i, suppose for each firm j′ ∈ J c
i , there is a firm j′′ ∈ Ji with λj′′s = λj′s

for all s. Let (ci, θi, zi ) satisfy (1) and (2), and let θ′
ij be given for j ∈ J c

i . Then there exists
θ′
ij for j ∈ Ji such that (ci, θ′

i, zi ) satisfies (1) and (2).

Proof. Given j′ ∈ J c
i , consider the set J ′ of all j with identical productivity shocks.

Pick any j′′ ∈ J ′ ∩ Ji ( �= ∅). Define

μj = fj(kj )
fj′′(kj′′ )

= λjsfj(kj )
λj′′sfj′′(kj′′ )

= yjs

yj′′s
, j ∈ J ′.

Consider a neutral consumer i′. From (9) with m̃i′j =mi′ for all j,

μj = E(mi′μjyj′′ )

E(mi′yj′′ )
= E(mi′yj )

E(mi′yj′′ )
= vj

vj′′
, j ∈ J ′.

The set J can be partitioned into subsets J ′ of firms with identical productivity
shocks. If J ′ ∩ J c

i = ∅, let θ′
ij = θij for all j ∈ J ′. For J ′ with J ′ ∩ J c

i �= ∅, there
exists θ′

ij for j ∈ J ′ ∩ Ji such that

∑
j∈J ′

θ′
ijμj =

∑
j∈J ′

θijμj .

Pick any j′′ ∈ J ′ ∩ Ji. Then∑
j∈J ′

θ′
ijvj =

∑
j∈J ′

θ′
ijμjvj′′ = vj′′

∑
j∈J ′

θ′
ijμj = vj′′

∑
j∈J ′

θijμj =
∑
j∈J ′

θijμjvj′′ =
∑
j∈J ′

θijvj

and, analogously, ∑
j∈J ′

θ′
ijyjs =

∑
j∈J ′

θijyjs .

It follows that if (ci, θi, zi ) satisfies (1) and (2), so does (ci, θ′
i, zi ).

Proof of Theorem 4. From Lemma 6, ∂Ui/∂θij = 0 for j ∈ J c
i at an equilibrium

of X , for otherwise there exists θ′
i such that (c∗

i , θ′
i, z

∗
i ) satisfies (1) and (2) and

Ui(ui(c∗
i , k∗ ), θ′

i, k
∗, v∗ ) > Ui(ui(c∗

i , k∗ ), θ∗
i , k∗, v∗ ), a contradiction. From (10), m̃ij = mi

for all j ∈ J . Using Lemma 6 instead of Lemma 2, the assertions of Lemma 3 follow
from the same arguments as in the proof above.

Let v∗, q∗, and mi (i = 1, � � � , I) be the same in X0 as in X . Then SV maximization
implies that k∗

j , yjs (j = 1, � � � , J) and, hence, the consumers’ budget constraints are the
same in X0 as in X . From Lemma 3, (c∗

i , θ∗
i , z∗

i ) maximizes utility in X0. It follows
that the mis are in fact the same as in X . Market clearing for goods, stocks, and the
safe security in X implies market clearing in X0, so an equilibrium of X is also an
equilibrium of X0.

As for the converse, let v∗, q∗, and mi (i = 1, � � � , I) be the same in X as in X0. Then
SV maximization yields the same k∗

j , yj (j = 1, � � � , J), and budget constraints. From
Lemma 3, there exists a portfolio (θ∗

i , z∗
i ) that jointly with c∗

i maximizes utility for i. The
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SDFs are in fact the same as in X0. The same arguments as in the proof of Theorem 2
establish that the set of profiles (c∗

i , θ∗
i , z∗

i )Ii=1 contains an element that is compatible
with asset market clearing.
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