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Abstract

We study the standard reputation model with a long-run (LR) player facing a se-
quence of short-run (SR) opponents, with one difference: the SR players are uncertain
about the monitoring structure, while the LR player knows it. We construct examples
where the standard reputation result breaks down: Even if there is a possibility that
the LR player is a commitment type that always plays the action to which he wants to
commit, there exist “bad” equilibria in which the LR player gets payoffs substantially
lower than his commitment payoffs. In contrast, if there is the possibility of dynamic
commitment types that switch between ‘““signaling” actions that help the SR players
learn the monitoring structure and “collection” actions that are desirable for payoffs,
our main theorem shows that a sufficiently patient LR player obtains payoffs at least
the commitment payoffs in each state in every equilibrium.
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1 Introduction

Consider a long-run firm building a reputation for producing environmentally-friendly
products. Such a reputation is valuable for the firm when consumers care about the envi-
ronmental impact of their purchases and are often willing to pay more for green products.
Consumers make purchase decisions based on whether products have “eco-friendly” labels,
but are typically unsure of how much to trust the labels. Indeed, there are over 400 eco-
labels and green certification systems.! Many of these labels are genuine certifications with
stringent standards, but numerous others have been discredited as being fake. As a result,
on seeing an eco-label, consumers are uncertain about its informational content, and may
not be convinced about the product being environmentally friendly.?> But, if consumers
do not trust product labeling, a firm, even after honest investment in green products and
after undergoing reliable labeling, may find it difficult to establish a positive reputation,
and convince consumers that its products are indeed environmentally-friendly. This moti-
vates the central question of the paper: Can reputations be built in environments with such
uncertainty in monitoring?

To start, consider reputation building in environments in the absence of such uncer-
tainty. Canonical models of reputation (e.g., Fudenberg and Levine (1992)) consider a
long-run (LR) agent (a firm) who repeatedly interacts with short-run (SR) opponents (con-
sumers). There is incomplete information about the firm’s type: consumers entertain the
possibility that the firm is of a “commitment” type that is committed to playing a particular
action in every period. Even when the actions of the firm are noisily observed, the classical
reputation result states that if a sufficiently rich set of commitment types occurs with posi-
tive probability, a patient firm can achieve payoffs arbitrarily close to his Stackelberg payoff
of the stage game in every equilibrium.* Intuitively by mimicking a commitment type that
always plays the Stackelberg action, a LR firm can eventually signal to the consumer its

intention to play the Stackelberg action in the future and thus obtain high payoffs in any

'Source: Ecolabel Index

>The Federal Trade Commission maintains: “Very few products, if any, have all the attributes consumers
seem to perceive from such claims, making these claims nearly impossible to substantiate.” (Source: Wyatt,
E. “FTC Issues Guidelines for Eco-Friendly Labels.” New York Times Oct 1, 2012)

3 According to Scott Poynton, founder of The Forest Trust, “The trouble ... with eco-labels is that some of
them are OK, especially when done well. But they can also be highly misleading ... When there are so many
cases where a variety of eco-labels are shown up as greenwashing nonsense, how can you have confidence in
any of them?”

“The Stackelberg payoff is the payoff that the LR player would get if he could commit to an action in the
stage game, and the Stackelberg action is the corresponding commitment action.



equilibrium. Importantly, this result remains valid even on introduction of other arbitrary
commitment types. This intuition critically relies on the consumer’s ability to accurately
interpret the noisy signals. But, if monitoring is uncertain, the reputation builder may find
it difficult to signal his intentions.

To study the effect of uncertain monitoring, we also consider the canonical model of a
LR firm facing a sequence of SR consumers, but with one key difference. At the beginning
of the game, a persistent state (6, ®) € ® x Q is realized, which determines both the type
of the firm, @, and the monitoring structure, g : A; — A(Y): a mapping from actions taken
by the firm to distribution of signals, A(Y), observed by consumers. We assume that the
firm knows the state of the world, but the consumer does not.

We first show in a simple example that uncertain monitoring can cause the traditional
reputation result to break down: Even if consumers believe that the firm may be a “commit-
ment” type that plays the Stackelberg action every period, there exist equilibria in which
even a patient firm obtains payoffs far below its Stackelberg payoff. Such “bad equilibria”
arise due to an identification problem that stems from the uncertainty about monitoring:
Good actions in one state cannot be statistically distinguished from a bad action in a differ-
ent state.

Our simple example with such a bad equilibrium leads us to ask what might restore
reputation building under uncertain monitoring in the face of such identification problems.
Under an assumption that the action space is sufficiently rich, we construct a set of com-
mitment types such that, if these types occur with positive probability, a sufficiently pa-
tient firm obtains payoffs arbitrarily close to the Stackelberg payoff in all equilibria even
when the consumers are uncertain about the monitoring environment.” Importantly, the
result holds independent of the fine details of the type space in that it remains valid even
if we include other arbitrary commitment types. The commitment types that we construct
are committed to dynamic (time-dependent) strategies that switch infinitely often between
“signaling actions” that help the consumer learn the unknown monitoring state and “col-
lection actions” that are desirable for payoffs (the Stackelberg action). A key contribution
is the construction of these dynamic commitment types that play periodic strategies. As we
will discuss later, such dynamic commitment types are generally necessary for reputation

building under uncertain monitoring, because signaling the unknown state and Stackelberg

SWe can also interpret our model as one that represents subjective uncertainty that consumers have about
the actual monitoring structure and the behavior of the reputation-building firm. We show that the firm
can indeed effectively establish a reputation, as long as the consumers assign positive probability to the
constructed commitment types and the correct monitoring structure.



payoff collection may require the use of different actions in the stage game.

The proof of the main result involves establishing two properties, which together imply
that the LR player can guarantee payoffs close to Stackelberg payoffs in any equilibrium.
First, we show that by mimicking any commitment type, the LR player can ensure in any
equilibrium with high probability that the SR players’ predictions of the public signal distri-
bution is close to the true distribution generated by this commitment type in all but a finite
number of periods. This step demonstrates the classic result in the spirit of “merging of
opinions,” a la Blackwell and Dubins (1962), and is proved using standard arguments from
Gossner (2011).° In our setting, ensuring accurate predictions of the public signal distribu-
tion by the SR players is not sufficient for a reputation result due to potential identification
problems across states. Second, we show that by mimicking the appropriate commitment
type, the LR player can additionally ensure that the SR players learn the state at a rate that
is uniform across all equilibria. We prove this by establishing a result on robust learn-
ing, which provides an easy-to-check sufficient condition that guarantees that an observer
will learn the validity of an event at a uniform rate across a rich class of learning envi-
ronments. The condition relates the uniform rate at which Hellinger transforms vanish
across all learning environments in the class to uniform learnability of an event.” To the
best of our knowledge, the robust learning theorem is a novel methodological contribution,
which applies to general learning environments beyond the specific reputation context of
this paper.

A key feature of the constructed dynamic commitment types is that they return to the
signaling phase infinitely often. One might reasonably conjecture that the inclusion of
a commitment type that begins with a sufficiently long phase of signaling followed by a
permanent switch to playing the Stackelberg action for the true state would suffice for rep-
utation building. We show in examples that this is generally not sufficient. Also, while this
paper is motivated by environments with uncertain monitoring, our model allows for uncer-
tainty both about monitoring and about the payoffs of the reputation builder. Finally, our
main result continues to hold even if the signals observed by the SR players are unobserved
by the LR player.

While the main result establishes a lower bound on the LR player’s equilibrium payoff,

a natural question is whether the LR player can obtain payoffs much higher than the Stack-

6See also discussion after Lemma 3.
"See Section 5.3 for precise statements of our sufficient condition, as well as Torgersen (1991) and
Moscarini and Smith (2002) for illustrations of other applications of the Hellinger transform.



elberg payoff. With uncertain monitoring, a patient LR player may be able to obtain payoffs
that are strictly higher than the Stackelberg payoff of the true state. The reason is that the
LR player may not find it optimal to signal the true state, but would rather block learning to
attain payoffs that are higher than the Stackelberg payoff in the true state. Providing a gen-
eral, sharp characterization of an upper bound on a patient LR player’s equilibrium payoffs
is difficult, as it depends on the specific set of commitment types and the prior distribution
over types. ¥ Nevertheless, we provide a joint sufficient condition on the monitoring struc-
ture and stage game payoffs that ensure that the lower bound and the upper bound coincide:

Loosely speaking, these are games in which state revelation is desirable for the LR player.

1.1 Related Literature

We contribute to the literature on reputation, that started with Kreps and Wilson (1982) and
Milgrom and Roberts (1982), and includes the canonical models of Fudenberg and Levine
(1989), Fudenberg and Levine (1992), and more recent contributions by Gossner (2011).
As far as we know, this paper is the first to study reputation under uncertain monitoring.

Aumann et al. (1995) and Mertens et al. (2014) study repeated games with uncertainty
in both payoffs and monitoring but focus on zero-sum games. Wiseman (2005), Hérner and
Lovo (2009), Horner et al. (2011) study payoff uncertainty in non-zero sum repeated games,
but do not allow uncertainty about the monitoring structure. Our framework is closest to
Fudenberg and Yamamoto (2010) who study a repeated game in which there is uncertainty
about both monitoring and payoffs. However, Fudenberg and Yamamoto (2010) focus on
perfect public ex-post equilibrium in which players play strategies whose best-responses
are independent of any belief about the state. As a result, in equilibrium, no player has an
incentive to affect the beliefs of the opponents about the monitoring structure. We study
more general equilibria where the LR player may have incentive to affect the beliefs of the
SR players about the monitoring structure.

The necessity of dynamic commitment types for reputation building due to identifica-
tion problems is novel. Dynamic commitment types also arise in reputation building against
LR opponents, as in Aoyagi (1996), Celentani et al. (1996), and Evans and Thomas (1997),

because establishing a reputation for carrying out punishments after certain histories can

8This is in contrast to the previous papers in the literature, where the payoff upper bound is generally
independent of the f ine details of the type-space such as the relative probabilities of commitment types.



be beneficial for the reputation builder.”>'° But in our setting with SR players, the threat
of punishments has no bite. Dynamic commitment types turn out to still be necessary to
resolve a trade-off between signaling the correct state and collecting the Stackelberg payoff
which are both desirable to the reputation builder.

In a recent paper, Pei (2020) studies reputation with interdependent values. Pei (2020)
restricts attention to perfect monitoring and a finite number of stationary commitment
types, and studies the conditions under which the repeated game yields a reputation result.
In contrast, we study a model where actions are imperfectly observed, but the observed
public signals can potentially convey information about the state. We similarly show that
reputation building can break down when the type space only consists of stationary com-
mitment types, and further construct dynamic commitment types that would restore a rep-
utation result given general type spaces which contain these dynamic commitment types in
its support.

Our negative examples demonstrate that reputation building may be fragile in the pres-
ence of uncertainty about monitoring, because multiple combinations of state and action
lead to the same distribution over observed public signals. Identification problems can also
give rise to long-run disagreements between different agents in Acemoglu et al. (2016),
and can result in convergence to incorrect beliefs in dynamic games with learning, as in
Fudenberg and Levine (1993a) and Fudenberg and Levine (1993b). The novel question
that we address here is whether or not such identification problems can be circumvented by
a patient long-lived player in a reputation setting.

Finally, our robust learning theorem also relates to a recent literature that studies rates
of learning in decision theoretic settings. Moscarini and Smith (2002) and Mu et al. (2021)
both provide exact characterizations of the speed of learning in decision theoretic settings,
focusing on learning environments where the signals arrive in a iid manner conditional on
the realized state. On the other hand, our robust learning theorem focuses only on a lower
bound on the rate of learning, while allowing for signals that may exhibit arbitrary forms
of serial correlation. Our robust learning result also relates loosely to ideas of uniform
learning from Vapnik-Chervonenkis theory used for example in Al-Najjar (2009) and Al-
Najjar and Pai (2014). These papers study the uniform learning of a rich class of events

given any 1.1.d. process. The main conceptual distinction of our robust learning result is

9 Atakan and Ekmekci (2011), Atakan and Ekmekci (2015), Ghosh (2014) also use similar ideas.
101n this literature, some papers do not require the use of dynamic commitment types by restricting atten-
tion to conflicting interest games. See, for example, Schmidt (1993) and Cripps et al. (2005).



that we study uniform learning of finitely many events but allow for any arbitrary stochastic

process that may involve arbitrary serial correlations.

2 Model

2.1 Notation

We first introduce some notation that we use throughout the paper. Given a countable set
X, let A(X) denote the set of all probability measures on X. Let AT(X) be the set of full
support probability measures on X. For any B C X, we let B¢ denote the complement of B.

Given x,x’ € X and some real number A € [0, 1], welet Ax® (1 —A)x’ € A(X) denote the
probability measure that assigns probability A toxand 1 —A tox’. If v € A(X] x --- X X;,),
then margy v is the marginal distribution of v on X;: margy v(x;) = ¥;z; v(xj,x—;).
Given a probability measure v € A(X) and some function g : X — R, define E, [g(x)] to be
the expectation of g(x) when x is distributed according to v.

Given a finite set Y and a countable set X, define S(Y,X) as the set of all possible
stochastic processes over Y= with state space X as follows. Formally, an element s €
S(Y,X)is asequence s = {s; };> , where for each, s; € A(Y’ x X) that satisfies the following
consistency condition: margy:—1, xs; = s;—1. By Kolmogorov’s extension theorem, for any
s € S(Y,X), there exists some s € A(Y* x X) such that margy: , ys. = s; for all ¢. For
any s € S(¥,X) and any subset C C X we can also define s¢ € S(Y,X) as the corresponding
stochastic process conditional on C: s¢ = (s;(- | €))7~ .

We use N to represent the set of all natural numbers including zero and let N :=
N\ {0}. Finally, we establish the convention that both inf@ = min@® = e and sup® =

max () = —oo.

2.2 Setting

A long-run (LR) player, player 1, faces a sequence of short-run (SR) player 2’s. Before
the interaction begins, a pair (0, ®) € ® x Q of a state of the world and type of player 1 is
drawn independently according to the product measure Y := Vg X o with vy € AT (@), and
Lo € AT(Q). We assume that @ is finite and enumerate @ := {6y, ...,6,,_1}, but Q may
possibly be countably infinite.!! The realized pair of state and type (6, @) is then fixed for

"'The assumption of allowing Q to be countably infinite is standard in the existing literature (e.g. Fu-
denberg and Levine (1992)) when the Stackelberg action of the stage-game can be mixed. We do not know
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the entirety of the game.

In each period r = 0,1,2,..., players simultaneously choose actions from their respec-
tive action spaces a} € A; and a, € Ay. We assume A; and A; are finite. Let A = A X Aj.
Let o7; := A(A;) be the set of mixed actions of player i with typical element ;.

In each period ¢ > 0, after players have played action profile a; € A, a public signal y; is
drawn from a finite signal space Y according to the probability measure, y(- | a;,0) € A(Y).
Note importantly that both the action profile chosen at time ¢ and the state of the world 6
potentially affect the signal distribution. The state of the world 0 represents the unknown
monitoring structure. Denote by H' := Y the set of all 7-period public histories with typical
element 4’ = (yo,...,y;_1) and assume by convention that H° := 0. Let H := |J7_(H'
denote the set of all public histories of the repeated game.

We assume that the LR player observes the realized state of the world 6 € ® perfectly
so that his private history at time ¢ is formally a vector, & € H] := ©® x A} X Y'. Meanwhile
the SR player at time ¢ observes only the public signals up to time ¢ and so his information
coincides exactly with the public history H := H'.

A strategy for player i is a map o; : U;> (H! — 7. Denote the set of strategies of player
i by X;. Finally, let #; be the set of static state contingent mixed actions of player 1,
P = {P1 : ©® — o } with typical element f3;.

2.3 Type Space

We assume that Q = Q" U {®@*}, where Q" is the set of commitment types and @° is
a strategic type. Each commitment type @ € Q™ is associated with a strategy o}’ € X;
such that type @ always plays o{°. In contrast, type ®* € Q is a strategic type who chooses
a strategy 0] € X1 to maximize payoffs, which we describe in the next subsection. Thus a
strategy profile, denoted 6 = ((01(®))yeq:02). is a tuple for which o1 (@) = o for all
W € Q™"

2.4 Payoffs and Equilibrium

Any strategy profile o together with the prior ¥, induces a unique stochastic process,
(m2),—p € S(Y xA,Q x ©) for all r. By the Kolmogorov extension theorem, there exists
some 2 € A(H” x A” x Q x ©) such that for all 7, margy: 4 0 eTS = 7°.

whether our arguments can be extended to the setting where |®| is countably infinite. We leave this open for
future research.



To study SR players’ best responses, it will also be useful to define the following beliefs
of the SR players after observing a public signal history:

Then SR players’ expected payoffs in any period depend on the belief, A € A(A| x ©):

uz(az,l) = E)L [uz(m,az,e)] = Z uz(al,az,e)l(al,e).
a1€A1,eE®
Thus, a strategy profile, o, yields the expected payoff of uy(c,(h'),A°(h")) in period ¢
after the public history /A'. Let By(A) denote the mixed best responses of player 2, i.e.
By(A) := argmaxg,cq (02, A). With a slight abuse of notation, we write By (a,0) =
By (o x 1g), where 14 is the Dirac probability measure that assigns probability 1 to 8, and
Bz(ﬁl,p) = BZ(lﬁl,p)’ where for B; € %) and p € A(@), lﬁm(al, 9) = p(e)ﬁl (a1 ‘ 9).
The payoff of the LR strategic type, ®°, in state 6 is given by:

Ui(01,02,0:8) :=Egg |(1—-8) ) 8'ui(d},d5,0) | 6,0°| .
t=0

Then the ex-ante expected payoff of type @* is
Ul (Gl ,02; 6) = ]EV() [Ul (Gl ,02, 9, 6)] .

Finally, we can define the statewise-Stackelberg payoff of the stage game. The Stack-
elberg payoff of player 1 in state 0 is given by:

uj(0):= sup inf  wu(0,00,0).
oy €y 02€B2(1,0)

For each € > 0, let 5”98 be the set of e-Stackelberg actions in state 0, which are the mixed



actions that approximate u}(6) up to € in 6 € O:

yg::{alem: inf ul(al,a2,9)>u’f(6)—8}.
0 EBy(1,0)

We analogously define .¢ C %;:
FE:={p1 € B :pi(0) S forall 6 € O}.

Our analysis will focus on Bayes Nash equilibria and to shorten the exposition, subse-
quently we will refer to Bayes Nash equilibrium as simply equilibrium. We let BNE?

denote the set of all equilibria of the game.!?

2.5 Information Structure and Key Assumptions

We now impose two key assumptions on the information structure, Assumptions 1 and 2,

which we maintain for the entirety of the paper. We start with a definition.

Definition 1. A signal structure y satisfies action identification for (ay,0) € 7] x @ if for
all o € 9,
IV( | O‘laaZae) = ll/( | OC{,OCQ,Q) = 0 = (x{'

Let B;; C % be the set of all B; € %) such that (B1(0), ) satisfies action identification
forall 6 € ©.

Assumption 1. For every € > 0, .4 N %,y # 0.

In words, the above assumption holds if and only if in every state 0, there exists some
e-Stackelberg action in state 6 such that this action would be statistically identified from all
other actions regardless of the actions played by the SR player. Note that this is generally
a minimal condition that is required for a LR player to be able to guarantee Stackelberg
payoffs in state 6, since without it, reputation building may be impossible even when 6 is
common knowledge.

While the above assumption concerns statistical identification of actions for a fixed
state O, this is generally not sufficient for a reputation theorem. We furthermore impose the

following assumption, which concerns the statistical identification of actions across states.

20ur main theorems provide bounds on payoffs across all equilibria. So these bounds also apply even
when restricting attention to more stringent solution concepts such as perfect Bayes Nash equilibria.
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(a) Assumption 2 satisfied. (b) Assumption 2 violated.

Figure 1: Illustration of Assumption 2

Assumption 2. For every 0’ # 0, there exists some o € 7 such that

w(]on,00,0)#y(|a,a,6)

for all of € 7 and all o € 2.

First note that Assumption 2 does not assume that o; must be a e-Stackelberg action
(for € small) in state 6. Indeed in many examples, such as those in Section 3, this assump-
tion will not be satisfied for those e-Stackelberg actions.

Second, we can also visualize the assumption above as follows. Let us assume for the
purposes of illustration that SR’s action does not affect the public signal distribution. Then
for each 6, denote by W? the set of all probability distributions in A(Y) that are spanned by

possibly mixed actions in .27] at the state 6:
WO = {y(- |0, 0) e AY) oy € ).

If for each pair of states 6 # 6’, neither po C P9 nor ¢ C W9 holds, then the assumption
holds as in Figure 1a.!3 On the other hand, Assumption 2 is violated if there exists a pair
of states in which W® C P9 a5 in Figure 1b.

Remark. Notice that the model can indeed be recast in the standard reputation framework
by interpreting the pair of (0, ®) as the type of the long run player. However, in the classi-
cal reputation literature, non-identification problems are typically avoided by assuming that

3Note that we only impose the condition above pairwise. In fact, even if for some 6,6, 8", ¥ C wo'y
" . .
W9 the above assumption may still hold.

11



the e-Stackelberg actions (for € > 0 small) are identified. In our setting, this is no longer
true. For an e-Stackelberg action o € ., our assumptions do not preclude the possibil-
ity that there exists some other state 8’ and some other action ¢ that generate the same
distribution over public signals. We provide a more detailed discussion of the relationship
to the previous literature on reputation building with imperfect public monitoring after the

presentation of Theorem 1.

3 Illustrative Example

We begin with a simple example to illustrate that uncertainty in monitoring can hinder rep-
utation building. Consider a LR player (row player) who faces a sequence of SR opponents
(column player). There are two unknown states of the world 6 € ® = {g,b}. The state
affects both the SR player’s payoffs and the monitoring structure.

Figure 2 below describes the stage-game in each state.

06=0b| B N 6=
L1 | —1,0 C

2,-21 0,0

g B N
,—2 | —1,3
-21 0,3

1
2

Sl

S

Y

Figure 2: Stage Game in each state

The SR players do not directly observe the action of the LR player, but rather observe a
public signal. There are two possible public signals: ¥ = {y,y}. Figure 3 below describes
the distribution of signals, which depend only on the LR player’s action and the state.

06=>b| y y O6=g| ¥y y
C 3/4 | 1/4 C 4/5 | 1/5
D 1/4 | 3/4 D 3/4 | 1/4

Figure 3: Monitoring Structure in each state

Finally suppose that the LR player can be one of two types: @ € {®°", ®*}.'* The type
@™ is the “commitment type” that always plays C and ®@* is the strategic type that maxi-

14This type space mirrors those type spaces studied in the classical reputation literature.
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mizes the sum of discounted payoffs.'>

First note that, if the state & were commonly known then all actions are statistically
identified. Thus if 8 = b were common knowledge, the classical reputation results would
imply that, for every € > 0, for 0 sufficiently high, the LR player would get a payoff at least
1 — € in every equilibrium. We show below that this is not true when there is uncertainty
about the state.'6

3.1 Failure of Reputation Building

Consider a strategy profile, ¢, in which w® always plays D, ®“°"* always plays C, and SR
always plays N. We demonstrate a failure of reputation building: when uy(@w™) > 0 is
sufficiently small, the above strategy profile is indeed a perfect Bayesian equilibrium (PBE)
for all § € (0,1) in which the LR player obtains a payoff of 0 in both states.!”

To see this, suppose that (™) > 0 is sufficiently small so that

o @) vp(b) = (0", b) < S30(0",8) = SHo(@") o e).

Now consider the beliefs, 7° (, 0 | h') that SR player assigns to the pair (o, 0) at a public
history #'.
Because y(- | C,b) = y(- | D, g), in equilibrium, at all public histories /', the likelihood
ratio between (@°,b) and (®@°*, g) remains at the prior, and hence,
%G(wcvb | h[) o ,},O(wcomyb) 2

com b hl‘ < — = 1
WO I) S e 1)~ @) 3 M

Moreover, SR finds it strictly optimal to play N whenever he assigns strictly less than 2/3
probability to the event that both @ = b and LR plays C.!8 Since @™ is the only type that

I5For expositional simplicity, we focus on a setting in which the commitment type plays the pure Stackel-
berg action. With suitable modification of the information structure, the example can easily be extended to
settings in which this type plays a mixed action. See Section 4.3.1 for an example along these lines.

161 our motivating example of eco-labeling, the state can be interpreted as the accuracy of the eco-label.
In that case, it may be more natural to assume that the state affects only the distribution of public signals and
not the SR player’s payoffs. It is easy to construct a similar example of the failure of reputation building in
that setting as well.

17We illustrate this example using PBE rather than Bayes Nash equilibrium to emphasize that the example
is robust even to standard refinements such as those imposed by perfect Bayesian Nash equilibrium.

18T see this, consider any belief distribution A over A| x ©. Then

w(B,A) < uz(N,A) & 3A(C,b) —2 < 3(A(C,g) + A(D,g)).
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plays C in state b, SR plays N whenever y° ((w™,b) | k') < 2/3, which holds at all public
histories, as shown in Inequality (1). This implies that SR’s strategy of always playing N is
indeed incentive compatible.

Finally given SR’s strategy, there are no inter-temporal incentives for LR, and hence it
is optimal for w® to always play D. Thus, ¢ is a PBE and gives LR a payoff of 0 for all
0 €(0,1).

Reputation building fails in this example because of non-identification of the (pure)
Stackelberg action across states: y(- | C,b) = y(- | D,g). Unlike in the classical reputa-
tion models, the strategic type cannot gain by deviating to C in state b, because by doing
so, he will instead, mistakenly convince the SR player that she is actually facing type w*®
who always plays D in state 0 = g. As a result, the equilibrium renders such deviations

unprofitable. '

3.2 Recovering Reputation Building

How can we recover reputation building in this example? Suppose that it was possible
for the LR player to undertake a costly action to signal the state. Consider the new stage
game and information structure in Figures 4 and 5 below. Notice that both the information
structure and the stage game payoffs are exactly as before when restricting attention to
action profiles in {C,D} x {B,N}. The only change is that the firm can play a third action,
denoted by /, that can “inform” the SR player about the true state.

6=0b| B N 6=g| B N
C L1 | —1,0 cC | 1,—2 ] —-1,3
D [ 2,21 00 D [2-—2] 03
I | —10,0| —10,0 I | —10,0| —10,0

Figure 4: Stage Game

In this new game, if the type space is unaltered from the previous example, then we still
get a failure of reputation building, i.e., for any discount factor, § € (0, 1), there is a PBE
in which @* always plays D and obtains a payoff of 0 in both states.

The latter inequality holds whenever A (C,b) < 2/3.

9Unlike in the literature on bad reputation (e.g., Ely and Vilimiki (2003), Ely et al. (2008)), the failure
of reputation building in this example does not rely on the existence of bad types. Here, strategic types
endogenously play “bad” actions in equilibrium. In the bad reputation setting of Ely et al. (2008), low
payoffs are attainable in equilibrium only if there is sufficiently high probability of bad commitment types.
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6=>b|g| ¥y y | b O6=g¢g|g| ¥ y | b
C 0|3/4]1/4]0 C 0/4/5/1/5]0
D 0|1/4]13/4]0 D 0/3/4|1/4]0
I 11 0 0 |0 I 0| 0 0 |1

Figure 5: Info. Structure

However, suppose now that there exists an additional type of LR that is committed to
playing / in period O followed by C thereafter. The existence of such a type then would
rule out the “bad equilibrium” constructed above. In equilibrium, a sufficiently patient
®*® will no longer find it optimal to play D always in state & = b. Instead, by mimicking
the new commitment type, he can obtain a relatively high payoff by convincing the SR
players of the correct state with certainty and then subsequently building a reputation to
play C. Essentially by signaling the state in the initial period, he eliminates all identification
problems from future periods.

The remainder of the paper will generalize the construction of such a type to general
information structures that satisfies Assumptions 1 and 2. The generalization must deal
with some additional difficulties, since the information structure may have full support, in
which case, learning about the state is not immediate as in our simple example. Moreover,
in such circumstances, it is impossible to convince the SR players with certainty about a
state in finite time. Therefore even after having convinced SR to a high level of certainty
about the correct state, LR cannot be sure that the belief about the correct state will not dip
to a low level thereafter. We provide a detailed discussion of these issues after the statement

of Theorem 1 in Section 4.

4 Main Reputation Theorem

Let € be a collection of commitment types @ that always play an associated strategy Gy,
and let %, be the set of type spaces (Q, 1) such that ¥ C Q and pu(®) > 0 for all w € €.
Most reputation theorems in the existing literature have the following structure. There
exists a collection of commitment types % such that for every (Q, 1) € % and every € > 0,
there exists 6* such that whenever 0 > 6%, the LR player receives payoffs within € of the
Stackelberg payoff in all equilibria. In particular, the fine details of the type space beyond

the mere fact that the appropriate commitment type exists with positive probability in the
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belief space of the SR players do not matter for reputation building.

In our model with uncertain monitoring, we ask the following analogous question: Is
it possible to find a set of commitment types % such that regardless of the type space in
question, as long as all ® € ¢ have positive probability, then high payoffs can be sustained
in all equilibria for sufficiently patient players? We have already seen an example in Sec-
tion 3 that shows that such a result will generally not hold if € contains only “simple”
commitment types that play the same action every period. By introducing dynamic (time-

dependent but not history dependent) commitment types, reputation building is recovered.

4.1 Construction of Commitment Types

We now construct the appropriate commitment types. First by Assumption 2, for each pair
6’ # 6, we can choose some o (6, 0') € o7 suchthat y (- | 01(6,60"),00,0) #y (- | o], 0,0")
for all af € o7 and all ap € /520 To simplify exposition, let us also choose an arbitrary
action 01 (0, 0) € o7 for each 6 € ©.

For ) € %, acommitment type oP1 will be a type associated with the strategy denoted

oP1 defined as follows. First define the following sequence recursively:
ngo=0,n=m+1,ng 1 —np=m+k+ 1.2

Then for every B € %), we define the commitment type, oPt, who plays the (possibly
dynamic) strategy oP ez in every play of the game. We define this strategy obr as

follows, which depends only on calendar time and 0: for all private histories 4] at time 7,

7] if T—max{n; :n, <71} >m,
A 10 i m < 7} >

a1(0,0;) if j=1—max{n:m <7} <m.

In state 0, this commitment type plays a dynamic strategy that consist of blocks that grow
in length over time. This commitment type starts out in a signaling phase that lasts for m
periods, trying to convince the SR players of the state. After these first m periods, then this
commitment type transitions to a collection phase where it plays the action B;(6) for one

period. Then the commitment type transitions again to a signaling phase for m periods,

20There may be many choices of @;(8,8’) that satisfy this condition, in which case, we choose this arbi-
trarily.
2IRecall that m = |@|.
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after which play proceeds to a collection phase again, but this time for two periods. This
commitment type continues along this pattern transitioning between m periods of signaling
followed by a collection phase that increases in length by one period after each repetition
of the signaling and collection phase. As a result, the times between subsequent signaling
phases become longer and longer as ¢ increases. We defer discussion about the important
features of this commitment type until after the statement of our main reputation theorem.

We then introduce the following condition on the type space.

Definition 2. We say that the type space (Q, i) satisfies richness if for every € > 0, there
exists B € .7€ N By such that p(wPr) > 0.

4.2 Reputation Theorem

Our main result shows that our assumptions on the monitoring structure along with richness
of the type space suffice for reputation building: A sufficiently patient strategic LR player
will obtain (at least) payoffs arbitrarily close to the Stackelberg payoff of the complete

information stage game in every equilibrium.

Theorem 1. Suppose that (2, |L) satisfies richness. Then for every p > 0, there exists some
6* € (0,1) such that for all 5 > 6* and all 6,

inf Uj(01,02,0;8) > uj(0) —p.??
GEBNE?®

We present the proof of the theorem in Section 5.2° Before that, we discuss some
important features of our result.

In specific applications, if we fix payoffs and the information structure, the full range
of dynamic commitment types required by the richness assumption will not typically be
needed for a reputation theorem. The full range of dynamic commitment types is needed
to obtain a reputation result that does not depend on the fine details of the prior, .

To see the relationship of our main result with the classical reputation theorems, con-

sider the special case in which e-Stackelberg actions are identified in the following strong

22Because the commitment types, @P1, play time-dependent strategies that do not condition on past public
signals, a similar proof shows that Theorem 1 remains true even if the signals, yo, y1,. . ., are privately observed
only by the SR players.

230ur theorem assumes richness. But, the requirements that both B; € .#¢ and B, € %,; are made for
expositional purposes. A reputation theorem with a weaker lower bound can still be established if either of
these is relaxed.
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sense: Suppose that for each £ > 0 and 0, there exists some o € .§ such that for every
0'#0, 0] €., andall i € 9, W(-| ar,0,0) # w(-| aj,a,0').?* Note that this is a
stronger requirement than Assumption 2, which does not require | to be an €-Stackelberg
action. In this setting, the strategy of the commitment type P! can be taken to be the
stationary strategy that plays B; = (@;(6))gce in every period. Thus, under this stronger
assumption, the above reputation theorem boils down to the classical reputation theorem
with stationary commitment types.?> The reason is that in such settings, &-Stackelberg
actions themselves can be used to signal the state.

The above reputation theorem is a generalization to environments in which such identi-
fication does not hold for the e-Stackelberg actions. In such environments, our example in
Section 3 already suggested that reputation building may fail with only simple commitment
types that are committed to playing the same (possibly mixed) action in every period. The
broad intuition is that, since the uncertainty in monitoring confounds the SR player’s ability
to interpret the outcomes she observes, reputation building is possible only if the LR firm
can both teach the SR player about the monitoring state and also the intention to play the
desirable Stackelberg action. The commitment types that we constructed above do exactly
this: They are committed to playing both “signaling actions” that help the consumer learn
the unknown monitoring state and “collection actions” that are desirable for payoffs of the
LR player. Because of the necessity to play both types of actions, our commitment types
are non-stationary, playing a periodic strategy that alternates between signaling phases and
collection phases.?®

Finally, as we have already emphasized, our reputation result does not depend on spe-
cific distributional assumptions on the type space. In particular, it remains valid even if
we include other possibly “bad” commitment types, as richness of the type space (2, )
only requires the existence of types oP1, while placing no restrictions on the existence or

absence of other commitment types.

24For example, in the special case where A, does not affect the public signal distribution, this would hold
generically if |Y| > |A; x O]+ 1.

23We thank an anonymous referee for making this observation.

26 A similar reputation theorem can be proved also with stationary commitment types that have access to a
public randomization device. In particular, we would need a rich space of stationary commitment types that
each signal the state with different probabilities. We thank Johannes Horner for pointing this out.
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6=>b| y y O0=g| y y
C 3/4 | 1/4 C 7/8 | 1/8
D 1/4 | 3/4 D 1/2|1/2

Figure 6: Info. Structure

4.3 Necessary Characteristics of Commitment Types

The commitment types, P, have two key features: 1) They switch play between signaling
and collection phases and ii) they do so infinitely often. These two features are important
and in some sense also necessary for reputation building, given the possibility of identifi-
cation problems in the monitoring structure.

Consider again the stage game from Figure 2 and suppose that the information structure
is now given by Figure 6. To highlight the importance of i), we provide an example below
in which the strategic LR player regardless of his discount factor obtains a low equilibrium
payoff in state 8 = b if all commitment types play stationary strategies. To highlight the
importance of ii), we consider type spaces in which all commitment types play strategies
that front-load the signaling phases, and again construct equilibria in which LR gets a

payoff much below the Stackelberg payoff in state b.

4.3.1 Stationary Commitment Types

Consider any arbitrary countable set Q* of commitment types, each of which is associated
with the play of a state-contingent action § € % at all periods. For each @ € Q*, let B¢
be the associated state contingent mixed action plan of type w. Notice that this type space
contains only stationary commitment types. We now show that the existence of such types
is generally not sufficient for reputation building.

Formally, given any countable set of stationary commitment types, Q*, we can construct
a set of commitment types Q°" O Q* and a probability measure y € AT (Q"U{w@*}) such
that there exists an equilibrium in which the strategic LR player obtains payoff significantly
below the Stackelberg payoff in state b.

To simplify notation let <7, := {a;(C) > 2/3}. Notice that B is a best response to ; in
state b if and only if o € @7,. Let Q) :={w € Q* : B?(D) € %,}.

Given the information structure, Y, for every | € .97, there exists a corresponding
“bad” action, @1, in state g such that y(- | o,b) = y(- | a1,g). For every o € Q;, let ®
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denote a type who plays B@(b) in state g and D in state b. Let the type space consist of:
Q=Q"U{0:0cQp}U{w’}.

Claim 1. Suppose that y(w,b) < %Yo(ﬁ,g) forall ® € Q. Then for every & € (0,1), it is
a PBE for LR to always play D and SR to always play N. In particular, this PBE yields a
payoff of 0 < ui(b) =4/3 to LR in state 6 = b.

Proof. Let ¢ denote the above strategy profile and consider the belief, A° ((C,b) | h'), that
SR assigns to the event (C,b) at a history 4. By construction, for any @ € Q, ¥° ((®,b) |

h) = ggg%z ; ¥° ((®,g) | h') for any h'. Therefore,

A(CD) [H) =), ¥ ((0,0) [H)BU(Cb)+ ) ¥ ((@,0) [ H)B(C]b)

we, OFQy
2 _ 2 2
<Y g%d((a’,g) )+ Y g%a((a)vb) | 1) < 3
weQ, 0¢Qy,

Recall that it is a best response to play N at a history if A°((C,b) | h') < 2/3. Hence, itis a
best response for SR to play N at all histories. Then it is immediate that it is a best response
for LR to play D at all histories. ]

If vo(b) = 1, as long as the closure of <7, N{B?®(b) : @ € Q} contains 2/3, the mixed
Stackelberg action, then a sufficiently patient player obtains payoffs close to 4/3 in any
equilibrium, since a deviation to mimicking one of the “good” commitment types in €2
guarantees such a high payoff. Now consider the case when vy(b) = 1/2. Consider again
a deviation to mimicking a good type in €. Such a deviation no longer guarantees a high
payoff, since there are now also “bad” commitment types in {® : @ € Q,} in state g, that
replicate exactly the same distribution over public signals as the good commitment types.
As aresult, SR players are never able to differentiate between these types and if the prior
places relatively higher weight on such types in state g, then the SR players will never

become optimistic about the event Q;, x {b}.

4.3.2 Type Spaces with Front-Loaded Signaling

Next, we present an example where each commitment type switches between signaling

and collection, but not infinitely often: i.e., they can play signaling actions for at most
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N periods, and then switch to collection forever. In such type spaces, we show that a
reputation theorem again does not hold generally.

Again consider the same stage game (Figure 2) and information structure (Figure 6)
from the previous subsection. Let @ be a “bad” commitment type that always plays of =
2C® 1D in state g and always plays D in state b. Note that y(- | af,g) = y(- | C,b). Let
' denote a commitment type that plays D until period ¢ (signaling phase) and thereafter
switches to the action C forever after (collection phase).?” For any N € N, U {eo}, consider
the following set of types: QY := {@' :t € N, ,t < N}U{o*,0"}.2

We now show in the following claim that without further distributional assumptions on

the type space, reputation building cannot be guaranteed.

Claim 2. Let N € N U {eo} and that vo(g) = Vo(b) = 1/2. Then there exists some L €
AT (QN) such that for any & € (0,1), it is a PBE for LR to always play D and SR to always
play N. Moreover, this PBE yields a payoff of 0 < 4/3 = u}(b) to @’ for all discount factors

in state b.

Proof. Consider the probability distribution over types given by:

N

to(0') = K'e, p(0”) = &, po(@0*) = 1= Y x
=0

Te.

We assume that k¥ € (0,1/4] and € € (0,1/2), in which case, Uy is a valid probability
measure since Y¥_, k7¢ < 1.

Let o denote the above strategy profile. Consider the probability, A,°((C,b) | h"). Since
only types {®',..., @'} play C in state b at such a history,

A2((C.h) [ 1) =y ({o!,...,0 "} x {b} | ).
But for each 7, the likelihood ratio between (®%,b) and (@, g) is given by:

T T
W(o"b|h')  po(of) H YO | D,b) _ po(0) (§> _ <§K>
W(wl,g|h) po(@) 72 wiye | ou,8) — wo(@b) \2 2

?TFor expositional simplicity, we focus only on those commitment types that play the pure Stackelberg
action in the collection phase. The example can be easily extended to settings where such types play mixed

actions in the collection phase.
BWhen N = o0, Q¥ = {0 :t e N, }U{0*, 0’}
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Therefore,

e () rwan<£ () <3

Again recall that whenever A° ((C,g) | i) < %, SR has a strict incentive to play N. There-
fore, this shows that it is indeed optimal for SR to play N at all histories. Given this, it is
immediate that it is a best response for ®* to always play D. [

Reputation building fails in this example because all signaling is front-loaded by all
commitment types. To see the basic idea, consider again the deviation to a strategy of
mimicking @’. The hope under such a deviation for LR is that the initial ¢ periods of
“signaling” would be sufficient to convince the SR players that the state is b to a sufficient
degree of confidence that it eliminates identification problems across states. However, the
claim above shows that this is infeasible for LR. The problem is that under the constructed
belief, ty € A (Q), the likelihood of (@', ) is much smaller than the likelihood of (@?, g),
so that even after ¢ periods of signaling, SR still maintains high probability on (@?, g).

Remark. 1f instead (@', b) were sufficiently large relative to 7 for every ¢, then a reputation
result would hold in the example. However, as previously emphasized, this illustrates the
dependence of reputation building on the fine details of the prior distribution over types

(beyond just the support of the prior distribution) when signaling is front-loaded.

Both of these issues highlighted in the above examples are no longer problematic given
the commitment types constructed in the main theorem. First, because the commitment
types enter signaling phases many times, there are no “bad” types in other states that can
replicate similar distributions over public signals during these signaling phases for long
periods of time. Secondly, the commitment types signal the state indefinitely so that a LR
player who mimics such a commitment type can ensure eventual correct learning of the
state even if the probability of such a commitment type is initially very small.

Finally, while the above analysis demonstrates the necessity of dynamic commitment
types in particular examples, there are many specific settings where either stationary com-
mitment types or commitment types with front-loaded signaling suffice.?’ An exact char-
acterization in general games of when such simpler types suffice is beyond the scope of

the paper.®? Despite this, we emphasize again that Theorem 1 holds as long as richness is

2See discussion after Theorem 1 and the remark above.
30The main obstacle is the difficulty of explicit construction of equilibria in general reputation games.

22



satisfied without any restrictions on what other types are or are not present.

5 Proof of Theorem 1

We now return to prove Theorem 1. The overall structure of the proof follows the standard
approach in the reputation literature. We show that for f8; € .7%, a sufficiently patient LR
player, by playing the strategy, P!, associated with type ®P!, can obtain payoffs at least
ui(0) — p in any equilibrium.

To show this, we prove two key properties that hold uniformly across all equilibria:
For every € > 0, there exists some J (that can be chosen independent of the choice of

equilibrium) such that by deviating to play 6#' in any equilibrium,

1. SR players’ predictions of the current period’s public signal distribution are approx-
imately correct in all but J periods with probability at least 1 — € (see Lemma 3 for
details);31

2. and SR players’ beliefs assign probability at least 1 — € on the correct state 6 in all
but J periods with probability at least 1 — € (see Lemma 4 for details).

The first property holds in previous papers studying reputation building under imperfect
monitoring such as Fudenberg and Levine (1986) and Gossner (2011) and its proof follows
these standard arguments. In those environments, with appropriate identification assump-
tions, this property implies that with high probability, the SR players’ best responses will
be approximately correct in all but J; periods. However, this property alone is inadequate
for a reputation theorem in our environment. Even if the SR players’ predictions of today’s
public signal distribution is exactly the same in all periods as that of o1 in state 6, because
of identification problems across states, this does not necessarily imply that the SR players’
beliefs are concentrated on the correct state 6.

The second property addresses this issue. To prove it, we prove a theorem on robust
learning, Theorem 2, which establishes a simple to check sufficient condition to ensure that
an observer learns the relevant state at a rate that is uniform across a rich class of general
learning environments. We then apply this theorem to the reputation setting to show that

SR players learn the state 0 at a rate that is uniform across all equilibria.

3By approximately correct, we mean that the SR players’ predictions will be close to the actual public
signal distribution under o1 and state 6.
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5.1 Formal Details of the Proof of Theorem 1

To prove Theorem 1, we first extend the notion of €-entropy confirming best response of
Gossner (2011) to our framework.3? To state this, first recall the definition of the Kullback-
Leibler divergence of two probability measures: Given two probability measures P,Q €
A(Y),

PIFIO) = Tt (5

yeY

Recall the basic properties of relative entropy that D(P||Q) > 0 for all P,Q € A(Y) and
D(P||Q) =0 if and only if P = Q.

Definition 3. Let (k,¢) € [0,1]2. Then ap € 9 is a (k,€)-confirming best-response at
(a1, 0) if there exists some A € A(A] X @) such that

1. o € By(A),
2. D(w(- | o, 00,0)[w(- |2, ) <&
3. and marggA(0) > 1—«k
We let CBRy ¢(01, 0) to be the set of all (k, €)-confirming best responses at (,0).

The following lemma motivates the definition of (k, €)-confirming best responses and
shows that for € small, if short run players play an (€, €)-confirming best response, then
the LR player obtains payoffs close to those as if the SR player were best responding with
perfect knowledge of both the LR player’s action and state.

Lemma 1. For every o € o),

liminf inf u(og,00,0) > inf  wu(og,0,0).
€0 0ECBRe ¢ (01,0) 0B (01,0)
Proof. By Assumption 1 and the property that D(P | Q) = 0 if and only if P = Q, we have
that CBRy o(0i1,0) = Ba(0, 6). Moreover, CBR¢ ¢(¢1,0) is upper hemi-continuous with
respect to €, and so the inequality follows. [

32 Fudenberg and Levine (1992) provide a similar definition that uses the notion of total variational distance
between probability measures instead of Kullback-Leibler divergence.
B We define (- | A,00) := Y4, 0.0 V(- | a1,a2,0)A(a1,0) 2 (az).
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Notice that a (1, €)-confirming best response is essentially the extension of the idea of
g-entropy confirming best response in Gossner (2011) to the current setting. Under a (1, €)-
confirming best response, condition 3 is trivially satisfied and so the definition only requires
that the public signal distribution associated with the belief A required to sustain o as a best
response be €-close in Kullback-Leibler divergence to the true distribution of public signals
under the action profile (a;, @) and state 6. When x is small, condition 3 additionally
requires that A indeed places large probability on the state 8. This additional requirement
is important in Lemma 1 since generally, liminfe_,oinfe, ccpr, ,(ay,0) U1 (aj, ap, 0) may be
strictly less than info,cp) (4, 9y 41 (01, 02, 0).

The following lemma constitutes the key step in the proof of the main theorem, which
shows that if LR deviates to play oPin any equilibrium, then SR plays strategies consistent
with (g, €)-confirming best responses in all but a finite number of periods with very large
probability. Formally, define the following set of histories given an equilibrium ¢ and a
type @ € Q that plays strategies that only depend on H x ©:3*

MO0 (1 k€)= {h” € H*: |{t: 02(l) ¢ CBRi (01 (0, H,0),0)}| < J}.

These are the set of public histories, 4, where type @ and the SR players together play
action profiles that are (k, €)-confirming best responses at state 0 in all but J periods. The
following lemma provides a lower bound on the probability of such histories that applies

uniformly across all equilibria.

Lemma 2. Suppose that /.L(a)Bl) > 0. Then for every € > 0, there exists some J such that

inf 7o(@".8) (///"’(“’ﬁl*e)(J,e,e)> >1—2¢3
GEBNE?

There are two aspects of the lemma above that are worth emphasis. First is that the
set of histories in .2 (®:9) (J,€,€) ensure that players play action profiles consistent with
(g,€)-confirming best responses in all but J periods. One could weaken this to analyze
the probability of the set of histories in .#%(®9)(J,1,&) which only require players to

play action profiles consistent with (1, €)-confirming best responses in all but J periods as

3*In the analysis, we are concerned with these sets only for types P who play strategies that only depend
on H' x @. Therefore, the restriction to such types is not restrictive.

3 Notice that in this lemma, we do not necessarily require that B; € .7 € for some & > 0 small. Later
in the proof of Theorem 1, when we use this lemma, we will use Lemma 2 for the particular case in which
B € .7¢ for € > 0 small to ensure that by mimicking @', LR can ensure high payoffs.
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in Gossner (2011). Indeed the arguments of Fudenberg and Levine (1986) and Gossner
(2011) imply a uniform lower bound on the probability of such histories across all equilib-
ria. However this is insufficient for our reputation theorems since as previously discussed,
Lemma 1 does not apply to (1, €)-confirming best responses.

Relatedly, the conclusion of the above lemma does not hold for any arbitrary type @ and
holds only for types ®P!. This is again because the definition of .#(®:)(J £, ¢) requires
SR players to hold approximately correct beliefs on the state 8 in all but J periods. In par-
ticular, if @ were a stationary commitment type, then a3 (@0) (/// o.(@8)(J, ¢,¢) | o, 9)
may actually be quite small for some equilibria, .

We prove Lemma 2 in Section 5.2. Before this, we present the proof of Theorem 1,

which is now immediate.

Proof of Theorem 1. Define u := min,c4 mingeg u;(a, 0). and choose any 6. We will show
that there exists some 6* < 1 such that whenever § > 6*, U;(0,0;8) > uj(0) — p for all
o € BNE?. This then proves the theorem, since there are finitely many states 6 € ©.

First choose some €* > 0 such that for all € < €*,

(1-2¢) (i (6) - %) 4 2eu > ul(6) — p.

By assumption, we can choose f8; € ./ such that u(®P!) > 0. By Lemma 1, there exists
some € € (0, €*) such that

oo}

1 (Bi(6),02,0) > min ui(Bi(6),02,0) - > uj(0) - &

®EB(B1(0),0

for all (B1(0), ) that is a (g, €)-confirming best-response at 6, where the last inequality
follows from construction that B € .P/8.

By Lemma 2, there exists some J such that for every equilibrium, o,
78(@".6) (///"’(“’BI’O)(J,E,.S)) > 1 —2e.

As aresult, in any equilibrium, o, by mimicking the strategy of the commitment type wbPr,

the LR player 1 obtains at least the following payoff:

(1-2¢) ((1-8")u+ 8" (ui(6) %)) +2eu.
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Then we can choose some 0* < 1 such that for all 6 > 0%,

(1-2¢) ((1-8")u+8" (wi(6) - %)) +2eu > ul(6) — p.

5.2 Proof of Lemma 2

We now prove our key lemma, which follows in a straightforward manner from the follow-
ing two lemmas. The complete proof of Lemma 2 is in Appendix D. To simplify notation,
given C C Q x O, define:

.C
¢za(' | ht) = margYntG(' | hl)v(])to (| ht) = margYntG(' ‘ hl7c)‘

In words, ¢° (- | h') is the distribution over y; € Y in period ¢ in the equilibrium &, condi-
tional on the public history A’.3° ¢t"’c is this distribution when conditioned on the event
(w,0) €C.

Lemma 3 (Merging). Suppose that y(®,0) > 0. Then for every € > 0, there exists some

J1 such that in every equilibrium, o,
2 (@0 ({w= e m=:|{e:0 (07O 1m)llof (- 11)) > e} <n}) = 1-e.

Lemma 4 (Uniform Learning). Suppose /.Lo(a)ﬁl) > 0. Then for every € > 0, there exists
some Jr such that for all ¢ € BNE5,

220 ({p= e H=: |{r:vZ(0 | W) < 1—g}| <)) >1—¢.

As in Fudenberg and Levine (1986) and Gossner (2011), Lemma 3 strengthens the
classical merging results, e.g. Blackwell and Dubins (1962) and Kalai and Lehrer (1993),
by establishing a uniform upper bound across all equilibria on the probability of histories
in which SR player’s prediction of today’s public signal distribution, ¢° (- | #"), diverges
substantially from the “true” public signal distribution, ¢;”(“”9)(- | i), in more than J;
time periods, when LR plays o(®) in state 6. The proof follows using standard merging

arguments of Gossner (2011), which we include for completeness in Appendix C.

3In fact, . (- | i) is the SR players’ subjective belief of the period ¢ public signal after observing /'
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To prove Lemma 4, we show that in any state 8, by playing ob (), the LR player can
ensure that the SR players learn the state 0 at a rate that is uniform across all equilibria.
Indeed standard arguments immediately imply that in any equilibrium, SR players learn
the true state O whenever the LR player plays ob (0). However, the additional uniformity

requirement requires further analysis, which we now address in Section 5.3.

5.3 A Robust Learning Theorem

Consider the following general model of learning. There is a finite signal space Y and a
countable state space E. A learning environment is some 7 € S(Y,Z) for which 7z :=
margz 7 has full support on Z. Recall that for any B C E, 7 € S(Y, Z) denotes the stochas-
tic process conditional on & € B: nf = (m(- | B)),. Note that this allows the stochastic
process, s, for any & € E, to be very general, which may potentially contain arbitrary
forms of serial correlations.

To interpret, in a learning environment, at the beginning of each period t = 1,2,...,
an observer updates her beliefs about the true state & € E according to Bayes’ rule upon
the realization of a history of signals &’ = (yo,...,y,—1). Let p/f(- | i") € A(E) denote the
observer’s beliefs after observing #'. We now describe formally our definition of robust

learning.

Definition 4. Let £* € B C E and $* C S(Y,E). Then we say that an observer S*-robustly
learns B at &* if for every k € (0, 1), there exists some K such that

;géf*nm (ﬂ {h=:pF(B|H)>1-xK}| é*) >1—k.
1=K

Intuitively, S*-robust learning requires an observer’s beliefs to concentrate on B forever
after period K with high probability for all learning environments in S*.

Our main theorem in this section establishes a simple sufficient condition on S* that
guarantees S*-robust learning of B at £*. To state it, we first need a few definitions that
are well-known from the theory of statistical experiments. First fix a learning environment
reS(Y,E),some &* € E, and B C E. We now define the function, 74 (- ;B,£*) : [0,1] —
R, which is also known as the Hellinger transform. Formally this function is defined as

follows:
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* -z Bt <

= 7 ()
This is the moment generating function of the (random) log-likelihood ratio at time ¢,
Bt *
log %’ when /' is distributed according to m°> . Toward our robust learning result,
s

let us also define the following:

A" (B,&") = inf A"(:B,87) €[0,1].
z€[0,1]

Roughly speaking, .#;"(B,£*) measures the informativeness of the learning environ-
ment at time ¢ with respect to learning the relative likelihoods of B vs £*. Notice that by
Jensen’s inequality, 7" (B,£*) < 1. Intuitively, a completely uninformative learning envi-
ronment attains this maximal value of J#”(B,&*) = 1. On the other hand, if the supports
of 8 and ﬂf* are disjoint so that the learning environment distinguishes B from &* per-
fectly, then J#7™(B,&*) = 0. In Appendix A, we list some additional useful properties of
the Hellinger transform.3’

In the following theorem, we show that when the Hellinger transforms converge to zero
(information converges to perfect information) at a fast enough rate uniformly across all

learning environments, 7 € S*, then the observer S*-robustly learns B at £*.

Theorem 2. Let S* C S(Y,E) and E* € B C E. Suppose that infreg« m=(E*) > 0 and

lim sup Y 47 (B°,£*)=0.

K—oopess Zx
Then an observer S*-robustly learns B at £* .38

Proof. See Appendix A.2. [

The following corollary will be useful: It shows that if we can guarantee S*-robust
learning of a finite collection of sets at &*, then we can also guarantee S*-robust learning

of the intersection of these sets at &*.

37See also Torgersen (1991) and Moscarini and Smith (2002) for more details on the Hellinger transform.
38We leave open the question of whether this condition is also necessary for S*-robust learning for future
research.
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Corollary 1. Let E* € By,...,B, C E and S* C S(Y,E). Suppose that infpcs- m=(E*) >0
and that forall ¢ = 1,2,....n,

lim sup Y 47 (Bj,&%)=0.

K—eo neES* 1=K
Then the observer S*-robustly learns By By N---N B, at E*.

Proof. See Appendix A.3. [

5.3.1 Uniform Signaling of the State in Reputation Building

Given any equilibrium, &, the SR players face a learning environment about the state space
& = Q x O along the same lines as in Section 5.3. Of course, when we view an equilibrium,
o, as a learning environment, we can also define the appropriate Hellinger transforms.
Thus, for any equilibrium, o, and any event A C Q x O, we define the Hellinger transform

as follows:

HO (2B, (0,0)) = Z <7TIG’B(ht)>Z (ﬂtc,((o,@)(ht)) lfz.

heH!
We also define accordingly the following:

(B, (0,0)) = Zei[f(l)fl]%’?"(z;B, (@,0)).

Through a straightforward computation in Lemma 8 in Appendix B, we show that for
any 0’ #£ 0,

lim sup Y J°(Qx{6'},(wP,0))=0.
K—eo 8=
0eBNE° 1=K

By Corollary 1, the SR players BNE?-robustly learn Norzo 2 x (O\{0'}) =Q x {6} at
(®P1,0), which proves Lemma 4.

6 Upper Bound on Payoffs

Thus far, we have focused our analysis on a lower bound of equilibrium payoffs. This
section studies the tightness of the established lower bound. We make the following as-

sumption that the public signal distribution only depends on the action of the LR player for
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this section only.*

Assumption 3. Forall 6, o1, 00,05, y(- | ot1,00,0) = w(- | a;, b, 0). With a slight abuse
of notation, we write (- | ot 0).

Because of possible non-identification of actions across different states, there may be
equilibria in which the LR player obtains payoffs strictly above the Stackelberg payoff.
In reputation games where |®| = 1 (and with suitable action identification assumptions),
the upper bound on payoffs is independent of initial conditions such as the probability
distribution over types, as long as the LR player is sufficiently patient.*’ In contrast, we
show in Appendix F that the upper bound (even for very patient players) typically depends
on these initial conditions of the game if |®| > 2. As a result, providing a general sharp
upper bound is difficult.

Instead, we first provide a general upper bound theorem when the probability of com-
mitment types is small. We also show in Corollary 2 that this derived upper bound is indeed
tight in a class of games where state revelation is desirable. The ideas presented here follow
closely those of Mertens et al. (2014) Chapter V.3.

Definition 5. Let p € A(®). A state-contingent strategy 3 € % is called non-revealing at
p if for all 6,0’ in the support of p, w(- | B(6),0) = w(- | B(6’),0). Let NR(p) be the set
of all B € ) that are non-revealing at p.

In words, this means that if player 1 plays according to a non-revealing strategy at p,
then with probability 1, player 2’s beliefs about ® will not change regardless of the public
signal she sees.

We can now define the value function as follows if NR(p) # 0:

V(p):= sup  sup Y p(0)ui(B(6),0,6)*
BENR(p) ;€B>(B,p) 66

If NR(p) =0, let us define V(p) = u. Define cavV to be the smallest concave function that

is weakly greater than V pointwise.

¥We do not know whether the same results can be extended to environments in which the SR players’
actions also affect the public signal distribution.

40See Fudenberg and Levine (1992) and Gossner (2011) for these results.

41Because we are interested in an upper bound, unlike in the definition of Stackelberg payoffs, we take the
supremum rather than the infimum over o € B,(f3, p). There are settings in which this value coincides with
an analogous value defined by taking the infimum over o, € B»(f3, p). See Theorem 3.3 in Fudenberg and
Levine (1992) for a discussion of this issue.
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Theorem 3 (Upper Bound Theorem). Let € > 0. Then there exists some K* > 0 and 0* < 1
such that whenever u(Q°) < x* and § > 6%,

sup U;(0;0) < cavV(vy)+€.
GEBNE?

See Appendix E for the proof. Note first that unlike in Theorem 1, richness of the type
space is not necessary for the theorem. Second, the theorem imposes a condition on the
probability of commitment types. In Section F of the Appendix, we present an example in
which the bound provided here does not apply when commitment types occur with large
probability. The reason for the discrepancy is that when commitment type probabilities
are large, the SR player’s beliefs about ® in an equilibrium, conditional on the strategic
type, is no longer a martingale. In contrast, when the commitment type probabilities are
small, these beliefs conditional on the strategic type’s strategy follow a stochastic process
that “almost” resembles a martingale, in which case cavV provides an approximate upper

bound.

6.1 Statewise Payoff Bounds and Payoff Uniqueness

Finally, we apply Theorem 3 to a setting in which the type space satisfies richness. In
the following corollary, we show that in games where cavV (Vo) = Y90 Vo(0)uj(0), a
sufficiently patient LR receives payoffs close to «}(6) in all states 8 € © and all equilibria

when commitment types are small in probability.

Corollary 2. Suppose that cavV (Vo) =Y gco Vo(0)u;(0) and that (Q, ) satisfies richness.
Let € > 0. Then there exists some K* > 0 and 6* < 1 such that whenever 1(Q°) < x* and
8 > 8%, then in any state 0 € © and any equilibrium 6 € BNE?,

WH(0) — e < U (0,0:8) < ul(0)+e.

The proof is in Appendix G. A key distinction between Theorem 3 and the above
corollary is that we provide an upper bound on payoffs in each state. A key step in the proof
of this state-wise upper bound in the corollary relies on the richness of the type space. This
assumption is important for the argument as it first allows us to provide a lower bound on
payoffs in each state using Theorem 1, which then together with the ex-ante payoff upper

bound of Theorem 3 allows us to prove the upper bound in each state.
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7 Conclusion

We study reputation building by a long-run agent in environments in which there is uncer-
tainty about how the agent’s actions relate to observed outcomes. In contrast to the previ-
ous literature, reputation building generally requires the inclusion of dynamic commitment
types: types that switch infinitely often between ‘“‘signaling” actions and “collection” ac-
tions. Our main theorem shows that when such commitment types occur with positive
probability, a sufficiently patient LR player obtains at least their Stackelberg payoffs (or
payoffs arbitrarily close) in each state.

We conclude with some future directions for research. First, we conjecture that a sim-
ilar reputation result follows even if the state is initially unknown to the LR player. The
intuition is that because the LR player observes his own actions, with mild identification
assumptions, he should be able to learn the state over time. However, as the LR player’s be-
liefs evolve, he may want to to play different strategies contingent on what he has learned.
As a result, the construction of commitment types would need substantial modification
since the strategies must depend on the realized signals in the long run. Secondly, Cripps
et al. (2004) show that in reputation models with imperfect public monitoring, the scope
for reputation building disappears in the long run since in any equilibrium, the SR players
eventually learn the LR strategic player’s type. Whether or not a similar result holds in a
setting with monitoring uncertainty remains unclear due to identification problems across

s‘ta‘tes.42

42We thank an anonymous referee for suggesting these questions.
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Appendix

A Proofs of Robust Learning

A.1 Properties of the Hellinger Transform

Below, we list some important properties of the Hellinger transform, that we will use later.

Lemma 5. Ler m € S(Y,E), §* ¢ B, BC E. Then " (z;B,&*) satisfies the following

properties:
1. Foralltandall z€[0,1],0 < ™(z;B,§*) < 1.

2. Foralltandall 7 € (0,1), 5£7(z;B,E*) = 1 if and only if B (h') = Jt,g*(h’)for all
h' such that 71?;* (h') > 0.

3. H(z;B,E) is weakly decreasing in t for every z € [0, 1].

Proof. See Torgersen (1991) p. 40 for the first two properties. Property 3 follows from the
fact that the Hellinger transform is monotone in the Blackwell order. See Torgersen (1991)
p. 358. [

A.2 Proof of Theorem 2

We use (B, &) to provide a lower bound on the probability of learning after some time
K.43

Lemma 6. Let m € S(Y,E), &* € B C E. Suppose that Y;> 7" (B,&*) < +o0 and that
m=(E*) > 0. Then for all K and any k > 0,

7 (ﬁ {n=:p[(B|H)= 1—'<}) > 1—max{1,(1 - x)/(k7=(¢"))} i HT(AS,ET).

=K =K

43 Moscarini and Smith (2002) and Mu et al. (2021) respectively use the Hellinger transform and the Renyi
divergence (a monotone transformation of the Hellinger transform) to compare the informational value of
experiments when the experiments are repeated sufficiently many times in an i.i.d. manner. In contrast, our
learning environments allow for arbitrary serial correlation in public signals.
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Proof. If mz(B¢) =0, then the lemma holds trivially so let us assume that 7z (B“) > 0. First
note that for any z € (0, 1],

" 7'EBC t "
o (p,( 7)) _x )gnf

pF(BIH) ~ T-« (pf &) 1=
- ((=8) (52 - (%))
gﬁ*( |
K

<max{1,(1—x)/(km=(§"))} 247 (2:B,5"),

where the second to last inequality follows from Markov’s inequality. Since the above

holds for every z € (0, 1], we have:

B (L) o ) < (1,01 w0 (xns () 78,57

Then we have:

ﬂ‘i* (ﬁ {hwipzﬂ(B’ht) > 1—K}> :71:5* (ﬁ {hm: f:)t;((BBC”ZI)) < 11_(1(})

=K t=K

) T(BC|H) K
—1-75 {h‘”:pr( > }
(,UK PEBIN) T Tx
pF(B|H) | x
> 11—
1 Z”f (p, BIW) ~T-x

=K

[}

> 1—max{1,(1—x)/(km=( }Z%’?ﬂ (B, &%)

1=K
[

Note that in Lemma 6, the lower bound of the probability of learning established in the
above lemma depend only on four parameters: &, K, mz(§*), and Y72 p " (B, ). In
particular other aspects of the learning environment do not influence this lower bound. As

a result, this lemma implies Theorem 2.
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Proof of Theorem 2. By assumption there exists € > 0 such that 7wz (E*) > € for all T € S*.
By Lemma 6, for every @ € S* and every K,

t=K TES* =K

7175,* (ﬂ {h°° :pf(B|IH)>1— K‘}) >1—max{1l,(1—x)/(ke)} sup Z HF(BCEY).
By assumption there exists some K sufficiently large such that

1 —max{1,(1 —x)/(x€)} sup i HA(BET) > 1—x.

TeS* 1=K

Therefore, inf;cg- s (MNrex {r=:pFB|H)>1—xk})>1—x. O

A.3 Proof of Corollary 1

Proof. Let k¥ > 0. By Theorem 2, there exists some K such that for all £ =1,2,... n,

inf 75’ ( {h”:p,”(Bﬂh’) > 1_5}) >1- %
nes* p n

n

DL

Therefore,

DL
1D

TeS*

1—-x< infnf(
n

{hm pf(Be ) > 1~ E})

14

I
—_

t

DX

T omes*

t=K

< inf ni( {h“:pt”(Blm...mBn’ht>21—1<}>.

B Uniform Learning across All Equilibria

Lemma 7. Fix any 0. Let 6; # 0. Then there exists some € > 0 such that for any k € N,

sup 5<%”jﬂ’rnk+1(ﬂ x {6}, (0P1,0)) < (1—g)k.
oc<eBNE

Proof. Letz € (0,1). By construction, y(- | a,02,0;) # y(-| 01(6,6;),000) forall o €
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/1 and all @ € 7. Then by Lemma 5, there exists some € > 0 such that

sup Y w(y| o, 00,0,)m(y |, i(6,6)),00,0) F<1—¢.
o €, 00 €L ycY
Note that this chosen € only depends on the information structure 7 and is independent of
the chosen equilibrium, commitment types, etc.
Now consider any equilibrium o. The claim holds trivially for £k = 0. By induction,
suppose that the claim holds for ' = ny_; + j+ 1 and consider the claim for t = ny + j+ 1.
Then by the law of iterated expectations, note that

no,gx{ej}(h,) z
% (2,Q % {91'}7((0131,9)) =K (W) | (wﬁlae)]

Y (h')
Gv‘QX{Q/} t—1 N
<(1-¢)E (7[[ B . )> ‘(wﬁlae)]
ntG,(w ’6)(ht_l)

= (1-e)4°, (2 x {6}, (o] ,0)).
Again by Lemma 5, since .77 is a non-increasing sequence, we have:
H° (2% {0}, (0P,0)) < (1-€) 7 (Qx {6}, (0P,0)) < (1-¢)~.

Since the above holds for fixed z > 0, the claim also holds for the infimum over z € [0, 1].
Hence, for every o € BNE5,

e (Qx (8}, (0P,0)) < (1-e)"

Lemma 8. Forall 0’ # 6,

lim sup Y °(Qx{6'},(0P,0))=0.
K—eo 5=
0€BNE° 1=K
Proof. Let 6; = 6'. Then by the previous lemma, there exists some £ > 0 such that for any
k€N,

sup Sfsznkﬂ(g x {6}, (0P1,0)) < (1—¢)k.
occBNE
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Let K > j+ng+ 1 and let k(K) be the maximal value of k for which j+n; + 1 < K. For
any 6 € BNE?, since 72°(Q x {6;}, (0P, 0)) is weakly decreasing in t,

oo oo It
Y o @x{6} (0P o)< Y Y Ao@x{;}, (0P 0))
t=K k:k( yi=j+np+1

< Z (m+k-+1) 1—8)12.
fe=k(K)

Therefore,

lim sup Z%’ja Q x{06;}, (0P, 0)) < lim Z (m—f—l%—kl)(l—e)i‘:O.
K—o Ky K—oo .
GEBNE? 1= f=k(K)

C Merging and the Proof of Lemma 3

The arguments in this section are results proved by Gossner (2011). We modify the argu-

ments and notation slightly. We begin with the following key lemma of Gossner (2011).

Lemma 9. Let € € (0,1) and P,P' € A(X) for some finite set X. Suppose that Q = €P +
(1—¢€)P'. Then
D(P || Q) < —loge.

Proof. See Lemma 3 of Gossner (2011) for the proof. L]

Lemma 10. Suppose that Yo(®,0) > 0. Then for every ¢ € BNE?,

w00 (o < {0 (o7 LN 1) ) 2)) < B0

Proof. For every T, by the chain rule for Kullback-Leibler divergence,

T

D (margHrn‘Tj’(w’e)||margHr7t}’) =E o0 Y D <¢ Qralrears >
T =0 i

. -

=E oo | LD (0701107 11))

=0 1
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(@,6)

Moreover, D <marg T Ty |marg,r 71',") < —log(w, 0) by the previous lemma. There-

fore, by the monotone convergence theorem,

Gwe

ZD(@ O o |hf)]§—1ogw<w,e>.

Then by Markov’s inequality,

ﬁg’(“”e)<{h°°eH°°:Ht:D< CLIOleeC11)) > e}| > 7})
we)<tiop(¢ (-1 1|9 |hf)>Js>

_logp(w,0)
- Je '

The proof of Lemma 3 is now immediate.

M < €. Then Lemma 3

is immediate from Lemma 10. ]

Proof of Lemma 3. Choose J; sufficiently large such that —

D Proof of Lemma 2

Proof of Lemma 2. By Lemmas 3 and 4, there exist J such that for all o € BNE?,

1—e<a2@ 0 (L= LoD (97O 1)lloc 1)) > e} <}).

1 —¢ < g2 (@7.0) ({h=:|{t:v7(O|H)<1-¢€}| <J}).
Therefore, for all o € BNE5,

£0(@P1.6) (.//"’(“’ﬁl 9) (27, ¢ 8))

an’(wﬁ1’9)<{h Hz D<¢ @O ) lec( \hf))>s}( {r:ve 9|h’)<1—e}\<]}>
>1-2¢.
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E Proof of Theorem 3

The proof of Theorem 3 uses ideas from Mertens et al. (2014) with some modifications.

Let us begin with some notation. Given any probability vector, x € A(®) let ||x|| denote the

lell> =} x(

0cO

Euclidean norm:

Note that if player 1 plays a strategy that induces A € A(A| x ©) as the joint distribution
over A x ® and player 2 plays a», then player i obtains the expected utility:

Mj(dz,l) ]El [ul 611,612, Z uj 611,612, alve)‘

a17

We now extend the definition of a best response to €-best response:

BRZ()L) {az € Ay : max uz(az,l)—uz(az,l) SS}

a26A2

Define for any € > 0,

WEA) = A
(A) azg}ga%ul(az, ).

Finally, given A € A(A; x ©), let ¢(- | y,A) be the induced posterior belief about 6 after

observation of the signal y:

ZQ]EA] )’(ahe) (y | ar, )
ZG’G@ZaIGAl A‘<al’ ) (y | 611,9/)

q(0 | y,A) =
Proposition 1. For every € > 0, there exists some p > 0 such that
E[llg(- | y,A) —marg®l||2} <p=W'AL) < cavV(marggl) +¢

Proof. See Appendix H for the proof. [

The following lemma provides a uniform bound (across all equilibria) on the number of
times where the expected movement (in terms of || - || distance) in the SR players’ beliefs

is greater than €.
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Lemma 11. Forany ¢ € BNE? and any € > 0,
{1 Eng [V () Ve GO7] = €} < L.
Proof. Consider any time ¢ + 1:
Erg [[1ve 1 () = voll?] = Eag [V (H DI = llvoll* < 1.

By the martingale property of beliefs, 73-almost surely, Ezg [vZ, | (h"™) | hT] = vZ (7).
Therefore, it is straightforward to show that

t
1> Egg [V (KD = IVollP] = Y Bag [[IvE (RFH) — v (hF)]P] -
7=0

Since the above holds for every ¢, it implies that
Y Eng (Ve () v (0O 7] <1,
7=0

which implies the claim. [
We can now prove Theorem 3.

Proof of Theorem 3. We first provide an upper bound on
Ezs [ (1—0) Z 8'uy(dy,ds, 0)
=0

that holds across all 6 € BNE?. Notice that the above payoff is not equal to Uy (c,6;8)
since the expectation does not condition on ®°*. However, one can interpret the payoff
above as follows. For any equilibrium ¢ € BNE?, let 6; denote the strategy, where the
LR player fictitiously draws some @’ € Q according to (o and plays the strategy in the
equilibrium, o, associated with that type for the entirety of the repeated game.** Indeed
U,(61,02;0) corresponds to the payoff above.

#For example, if the LR player draws a commitment type ®, then the LR player plays ¢®. If instead the
LR player indeed draws @* then LR player simply plays oj.
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By Proposition 1, there exists some p > 0 such that
Ep [llg(-13.2) = plI’] < p = W°(X) < cavV (margoh) +&/8.
Choose n € N such that & (7 —u) < €/8 and §* such that for all § > &%,
nmY\ nm E E
(1—5P )u—|—5P caVV(v)—i—Z <cavV(v)+§. (2)
For any ¢ € BNE?, let
o._J,. o 1+1 c 021 < P
7= {1 Eag IV ( 1B = Ve 1)) = £
For all t ¢ 7 °, by Markov’s inequality, we have

7 (V5 (TR =ve ([P > p) <

S | =

Thus, atallt ¢ 7°,

Ene [WO(VE(- | H))] < (@ — ) + Exe [cavV (vO (- | )] +/8 < eavV/(vo) + /4.

S

Therefore,

U1(61,02;6) < (1—9) iStEng [Wo(v,"(- | )]

=0

= (1—6)( Y 8u+ ), 8'Eng (WO(ve( ]h’))})
teJ° t¢T°

g(l—é)( Yy &u+ Y 6f(cavV(vO)+8/4)>

teJ° t¢T°

By Lemma 11, for every ¢ € BNE?, |79 < nm/p. Therefore, for all 6 > 6* and any
o € BNE?,

U1 (61,09;8) < (1 —8"/PYii+ 8"/PcavV (vo) + € /4 < cavV (vo) + €/2.
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Finally, note that
U1(61,02;6) > (1 — po(Q))U1 (01,025 6) + to(Q°)u.

Let x* > 0 be such that for all y < x*,

1

£
(cavV(vo) - 5~ xg) < cavV(vy)+e&.
Thus, for all § > 6* and pp(Q°) < x*,

1
Ui(01,02;0) <

< T@C) (cavV(vo) + g — uo(Qc)g> < cavV(vp)+e.

F Example

The following example shows that the probability of commitment types matters for the
upper bound even when 0 is close to 1. Consider the quality choice game with the following

stage game payoffs: In the repeated game this stage game is repeatedly played and all

B N
H[ 1,1 [-1,0
L2, =21 00

Figure 7: Quality Choice

payoffs are common knowledge. Note that the Stackelberg payoff of the above game is
3/2. Furthermore, note that B is a best-response for the SR player in the stage game if and
only if a; (C) > 1/2.

There are two states ® = {1, —1} which only affect the signal distribution of the public
signal. There are two types in the game, Q = {®°, ®°}. The commitment type, ®°, in this

game is a type that always plays the mixed action, 2H @ %L, regardless of the state.*> In

“Note that this is in reality not the mixed Stackelberg action. However, by appropriately modifying the
information structure, the same conclusions hold even if the commitment type plays some other mixed action
in every period.
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particular, we assume that the probability of each state is identical and the probability of
the commitment type is 1 € (0,1).
The signal space is binary, ¥ = {y,y}, and the information structure is given by the

following figure:

0=—-1| y 6=1]| ¥ y
H |1/6]5/6 H [5/61/6
L | 4/62/6 L | 2/6]|4/6

Figure 8: Information Structure

Note that according to this information structure, (%H @ %L,G) is statistically indistin-
guishable from (L,—0): y (- | 2H®1L,0) = y(- | L,—0). In this example, we have the

following observation.

Claim 3. There exists U* such that for all @ > pu* and any 6 € (0,1), there exists an
equilibrium in which the strategic player obtains a payoff of 2 in both states.

Proof. Consider the candidate equilibrium strategy profile in which the strategic LR player
always plays L. Choose u* = %. Then we will show that when p > p*, this strategy profile
is indeed an equilibrium for any & € (0, 1).

Consider the incentives of the SR player. To study this, we want to compute the proba-
bility that the SR player assigns to action 7' given the candidate equilibrium strategy of the
LR player:

AS(H | 1) = %Nf’(wc 1) =5 (W (@ 11 H) + 97 (0, =1 | 1))

W

Consider the following likelihood ratio:

W' 0h)  y(e,0]h)  u

W((D‘Y,—e | ht) B YIG(O)S?_G | hO) 1_“

This then implies that for all 4/, u(®° | ') = u,u(@* | i) =1 — u. Thus, for all A" and all
>,

2 1
)VIG(H ’ ht) = glu > 5
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This then implies that for all 4’, the SR player’s best-response is to play L. Furthermore,
because the SR player is playing the same action at all histories, the strategic LR player’s
best-response is to play B at all histories. Thus the proposed strategy profile is indeed
an equilibrium. Furthermore, according to this strategy profile, the strategic LR player’s

payoff is 2 in both states, concluding the proof. [

The above shows that when the commitment type occurs with large probability, even
an arbitrarily patient strategic LR player obtains a payoff strictly greater than the Stackel-
berg payoff in equilibrium. We now examine an upper bound when the commitment type

probability is small.

Claim 4. Let € > 0. Then there exists some W* > 0 and 6* < 1 such that for all © < u*
and 8 > 8*, U(0,8) < 3/2+¢€ for all € BNE?.

Proof. Consider V(p) for any p € A(®). Because the stage game utilities are state-independent,

it is straightforward to show that

V(p) < sup max uj(oy,az)=3/2,
oy €y @2EB2 ()

where the equality follows from a straightforward calculation. The claim then follows from
Theorem 3. L

G Proof of Corollary 2

Proof. The lower bound is a consequence of Theorem 1. Let us now show the upper bound.
Choose some v € (0,minge@ Vo(0)).

Suppose by way of contradiction that there exists some state 6* € ® and some sequence
8, — 1 and 6" € BNE® such that for all n, Ui(c",0%;0,) > u;(0*)+ €. By Theorem 3,

Vo(6%)(ui(07)+€)+1limsup Y vo(0)U1(6",0:8,) < Y. vo(0)ui(6)+ ve.
n—r0 gL g+ 0O

Together with Theorem 1, we have:

Y. vo(0)ui(6) <limsup Y vo(6)U1(6",6:8,) < Y vo(8)ui(6)—(vo(6")—v)e.
0+£6* n—o gL+ 0+£6*

But this is a contradiction. ]
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H Proof of Proposition 1

Let us first define the following set:

NR(p):={A € A(A; x®) : (A(- | 0))gee € NR(p), marggA = p} .
NR:= [ NR(p).
PEA(O)

Notice that V(p) = sup; cyg(,) WO(1). Analogously, we can define for any & > 0,

VE(p)= sup WE(Q).
AENR(p)

Finally, define also for every € > 0,
Af(ay) :={A ENR:a, € B5(A)}.

We begin with some lemmas.

Lemma 12. Let € > 0. Then there exists some p > 0 such that for all A € A(A; x ©),
E[[lg(- | »,A) —margA[’] <p = inf |2 -] <e.
AENR
Proof. See Lemma V.3.6 in Mertens et al. (2014). ]
Lemma 13. Let € > 0. Then there exists some p > 0 such that for all = A(A] X ©),
A=A <p=W'A) <WEA)+e.
Proof. Let € > 0. First choose p’ > 0 sufficiently small such that

IA=A|| < p' = max |us(az,A) —ua(az,A)| < €.
ar€EA,

Then there exists some p € (0,p’) such that [A —A|| < p = BY(4) C Bg(i) Therefore,
whenever |[A — | < p,

WOA)= max u(az,A) < max u(az,A) < max uj(azd)+e=WEA)+e.

A N

aQGBg(l) azEBg(ﬁ,) azGBg(ﬂ,)
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Lemma 14. For every € > 0, there exists some p > 0 such that for all a; € Aj,

leAp(az)jllnf A —A|| <e.
'eA

Proof. Suppose otherwise. Then for some a; € A, and € > 0, there exists some sequence
pn — 0 and A, € AP (ay) such that

inf ||?L =X 3)

A eV (a
By Bolzano-Weierstrass, without loss of generality, by replacement of the original sequence
by an appropriate subsequence, we can assume this sequence to be convergent to some limit
A. But note that since A, — A and A, € AP(ay) for all n, A € A%(a,). But this contradicts
3). [

Lemma 15. For every € > 0, there exists some p* > 0 such that for all A € NR and all
p<p
WP (L) < cavV (marggl) + €

Proof. First, because cavV and u(-,a;) are Lipschitz continuous for all a, € Aj, there
exists some &' > 0 such that whenever |1 — A|| < €’ then
‘cavV(margQ?L) —cavV(marg@l')‘ , maj( luy(az,A) —uy(az, )| < €/2.
arcAy

By the previous lemma, let p > 0 be such that for all a; € A,,

AeA(ap)= inf [A-A||<E.
/'VGAO(ag)
Recall that
WP(A)= max u(ay,A).
aeBf (1)

Let ab (1) € BY(A) be the solution to the above maximization problem. Thus for every
A ENR, A €AP(a ‘2)( )) Therefore for all A € NR, there exists some 1'(1) € A%(a) (1))
with |4~ A/(A)] < e
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Then for any A € NR,

WP(A) =u(a(A),A) < max  u(azA)
a€BY(A'(A))
<WoA'(X)) +e/2

< cavV (marggd’'(1))) +¢€/2 < cavV (marggl) + €.

We can now prove Proposition 1.

Proof of Proposition 1. By Lemma 15, there exists some p* € (0,€/3) such that for all
A € NR,

WP (L) < cavV (margg) + /3.

By Lemma 13 and Lipschitz continuity of cavV, there exists some p’ > 0 such that

A=A <p’ = WOL) <WP (L) +p*, |cavV (marggA ) — cavV (marggd’)| < £/3.

By Lemma 12, there exists p > 0 such that for all A for whichE [||q(- | y,A) — marggA ||?] <
p. there exists A(A) € NR such that [A(A) —A| < p.

Thus for any A in which E [||¢(- | y,A) —marggA ||?] < p, we have

WOA) < WP (A(L))+p* < cavV (margg (A (1)) +2¢/3 < cavV (margg (L) + €.
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