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A theory of fair random allocation under priorities

XIANG HAN
School of Economics, Shanghai University of Finance and Economics

In the allocation of indivisible objects under weak priorities, a common practice
is to break the ties using a lottery and to randomize over deterministic mecha-
nisms. Such randomizations usually lead to unfairness and inefficiency ex ante.
We propose and study the concept of ex ante fairness for random allocations, ex-
tending some key results in the one-sided and two-sided matching markets. It is
shown that the set of ex ante fair random allocations forms a complete and dis-
tributive lattice under first-order stochastic-dominance relations, and the agent-
optimal ex ante fair mechanism includes both the deferred acceptance algorithm
and the probabilistic serial mechanism as special cases. Instead of randomizing
over deterministic mechanisms, our mechanism is constructed using the division
method, a new general way to construct random mechanisms from determinis-
tic mechanisms. As additional applications, we demonstrate that several previous
extensions of the probabilistic serial mechanism have their foundations in exist-
ing deterministic mechanisms.

Keyworps. Indivisible object, weak priority, random allocation, fairness, de-
ferred acceptance algorithm, probabilistic serial mechanism.

JEL crAassiFicAaTION. C78, D47, D71, D78.

1. INTRODUCTION

We study “priority-augmented” allocation of indivisible objects without monetary trans-
fers: while agents have ordinal preferences over heterogeneous objects, each object also
has its own priority ranking over the agents. School choice (Abdulkadiroglu and S6nmez
(2003)) is one of the most popular applications in practice. The nature of such allocation
is closely related to classical two-sided matching (Gale and Shapley (1962)), and in our
context, stability is regarded as a key fairness consideration, which requires that the dif-
ferences in priorities be respected. In the case of strict preferences and strict priorities,
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the deferred acceptance algorithm (DA) from Gale and Shapley (1962) is often consid-
ered to be the best mechanism, since it is agent-optimal stable and strategy-proof. In
this study, we consider the more general case with weak priorities, where the appropri-
ate axioms to be imposed and the optimal choice of mechanism are much less obvi-
ous. Ties in priorities are commonly observed in practice.! Moreover, this framework
includes the classical house allocation problem (Hylland and Zeckhauser (1979)) as a
special case, by treating all the agents as equally ranked by every object.

In the presence of ties in priorities, the additional fairness consideration regarding
agents with equal priority requires the use of random allocations. The most common
way to construct a random mechanism, both in theory and in practice, is to random-
ize over deterministic mechanisms. In particular, we can first break the ties in pri-
orities using a randomly selected ordering of agents and then apply a deterministic
mechanism. Some familiar examples include random serial dictatorship in house al-
location (Abdulkadiroglu and S6nmez (1998)), the top trading cycles mechanism with
random ordering in house allocation with existing tenants (Abdulkadiroglu and Son-
mez (1999), Sénmez and Unver (2005)), and DA with random tie-breaking in school
choice (Abdulkadiroglu and Sénmez (2003)). It is well known that random mechanisms
constructed in this way can preserve the strategy-proofness of the deterministic mech-
anisms, but the outcomes usually suffer from inefficiency and unfairness from the ex
ante perspective.

In light of this issue, two notable studies design new random mechanisms that as-
sign probability shares of objects to agents directly. In house allocation, Bogomolnaia
and Moulin (2001) introduce the probabilistic serial mechanism (PS) that achieves (first-
order) stochastic-dominance efficiency and stochastic-dominance envy-freeness. PS
determines a random allocation through an “eating” or consumption process, where the
agents simultaneously consume their best available objects at the unit rate during the
unit time interval. In the general case with weak priorities, Kesten and Unver (2015) pro-
pose a fairness concept from the ex ante perspective, strong ex ante stability, and con-
struct the fractional deferred acceptance mechanism, which is agent-optimal strongly
ex ante stable.

We take an approach similar to Kesten and Unver (2015), and first propose a new
and normatively appealing fairness concept, ex ante fairness, that is generally not satis-
fied by existing mechanisms (Section 3). It is defined as the combination of two separate
axioms: ex ante stability and ordinal fairness. Ex ante stability is studied in Roth, Roth-
blum, and Vande Vate (1993) in the context of two-sided matching, and is introduced
to priority-augmented allocation by Kesten and Unver (2015). It requires that if agent i
is ranked higher than agent j by object a, then j cannot receive a with a positive prob-
ability unless i receives an object weakly better than a with probability 1. On the other
hand, ordinal fairness requires that if i and j are ranked equally by a, and i has a positive
probability of receiving it, then her probability of receiving an object weakly better than
a cannot be larger than j’s probability of receiving an object weakly better than a. This

IFor instance, in a school choice program, students are often prioritized based on only a few criteria (e.g.,
the walk zone and sibling criteria) and, hence, many students may have the same priority at a school.
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is an adaption of the original ordinal fairness concept defined by Hashimoto, Hirata,
Kesten, Kurino, and Unver (2014) in house allocation, where they use it as a key axiom
to characterize PS, and it conforms to the idea of compensation, a general principle of
fairness and social justice (Moulin (2004)).

We then introduce the deferred consumption mechanism (DC) to show that an ex
ante fair random allocation always exists (Section 4). DC naturally combines features of
DA and PS. In each step, agents propose to consume objects during certain time inter-
vals, and objects tentatively accept some (portions of) proposals based on differences
in priorities, as well as the principle of first-come-first-served for equally ranked agents.
If an agent’s proposal to consume some object during a time interval [x, y] is rejected,
then she proposes to consume her next best option during [x, y] in the next step. This
propose-and-reject procedure may not be finite, but we show that the sequence of ten-
tative assignments converges to the agent-optimal ex ante fair random allocation, i.e.,
the unique ex ante fair random allocation that stochastically dominates every other ex
ante fair random allocation for all agents. DC is reduced to DA in the special case of
strict priorities and is reduced to PS in the special case of house allocation.

We explore the structural properties of ex ante fair random allocations further (Sec-
tion 5). Most notably, the set of ex ante fair random allocations is a complete and dis-
tributive lattice under the stochastic-dominance relations of the agents, which extends
Conway’s lattice theorem of stable matchings (Knuth (1976)). We also establish a gen-
eralized and probabilistic version of the rural hospital theorem (McVitie and Wilson
(1970), Roth (1984, 1986)). In some cases, objects are not entirely passive and they have
intrinsic preferences that are aligned with their priorities. In this context, agents and ob-
jects have opposite interests over ex ante fair random allocations, and each ex ante fair
random allocation is stochastic-dominance-efficient for the two sides of the market.

To better understand our results, we next introduce a new general method of
constructing random mechanisms from deterministic mechanisms (Section 6). This
method is referred to as division, and the basic idea is as follows. Given a positive in-
teger g, we divide (the claim of) each agent into ¢ parts, and divide each object into ¢
parts as well. Then the (finitely) divided problem consists of these agent parts and object
parts, where preferences and priorities are extended from the original problem. A deter-
ministic allocation for the divided problem generates a random allocation for the origi-
nal problem: an agent’s probability of being assigned an object is the proportion of her
parts that are assigned the object’s parts. In general, random allocations generated in
this way can have better efficiency and fairness properties from the ex ante perspective,
compared to the usual randomization method. Although the interpretation is different,
the idea of the division method in the special case of house allocation first appears in
Kesten (2009). We discuss his results in detail in Section 7.1.

The finite division framework will be formally used in later applications. To give an
alternative perspective on ex ante fairness, we need to envision a continuum divided
problem, where each agent and object is divided into a continuum of parts with mea-
sure 1. Then every ex ante fair random allocation is generated by a stable deterministic
allocation in the continuum divided problem. This connection with stability helps ex-
plain some of the key structural results on ex ante fairness. Moreover, DC is essentially
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generated by applying DA to continuum divided problems. While DA is strategy-proof,
DC is not, and, in general, ex ante fairness is not compatible with strategy-proofness.
Compared to the randomization method, one drawback of the division method is that it
does not preserve the incentive compatibility of a deterministic mechanism.

In the end, we present additional applications of division (Section 7). In particular,
several previous generalizations of PS can be obtained by applying well known deter-
ministic mechanisms to finitely divided problems. In house allocation under weak pref-
erences, the extended PS solution by Katta and Sethuraman (2006) can be obtained from
the serial dictatorships defined for weak preferences by Svensson (1994). In allocation
with private endowments, the generalized PS by Yilmaz (2010) can be obtained from
a variation of serial dictatorships that preserves stability,”> and the generalized PS by
Zhang (2017) can be obtained from the top trading cycles mechanism (Abdulkadiroglu
and Sonmez (2003)). Then, for house allocation with multi-unit demands, the two gen-
eralizations of PS by Kojima (2009) and Heo (2014) can be obtained from two different
classes of serial dictatorships under multi-unit demands (Pdpai (2000), Bogolmonaia,
Deb, and Ehlers (2014)). Finally, in the general case with weak priorities, motivated by
Harless (2018), we construct a new probabilistic version of the Boston mechanism us-
ing the division method, which restores some key desirable features of the deterministic
Boston mechanism under strict priorities.

We discuss closely related studies in detail in Section 8 and conclude in Section 9. All
the proofs are given in the Appendix.

2. PRELIMINARIES

Let N be a nonempty and finite set of agents, and let A be a nonempty and finite set of
objects. Each agent i € N has a complete and transitive preference relation R; on 4 U {i},
with P; and /; denoting its asymmetric and symmetric components, respectively. We
mainly focus on strict preferences, and assume that R; is antisymmetric except in the
discussions of the division method introduced in Section 6 and an application in Sec-
tion 7.1. A preference profile R = (R;);cy is a list of individual preferences. On the other
hand, each object a € A has a complete and transitive priority ordering >, on N, with
>, and ~, denoting its asymmetric and symmetric components, respectively. A prior-
ity structure >= (>,)qc 4 is a profile of priority orderings. Then a priority-augmented
allocation problem, or simply a problem, is summarized as p = (N, A4, R, >).3

For a given problem p = (N, A4, R, =), a random allocation, or simply an allocation,
is denoted by an |N| x | 4| matrix M such that M;, >0, ) ,_ 4, M, <1, and ZjeNMja <1

2Yilmaz (2009) considers allocation problems with private endowments and weak preferences, and pro-
poses a new solution that extends the mechanisms in Yilmaz (2010) and Katta and Sethuraman (2006).
This solution is further extended by Athanassoglou and Sethuraman (2011) to allocation problems with
fractional endowments.

3We have made two simplifying assumptions in the model. First, there is only one copy of each object,
i.e., we focus on the one-to-one setting. Second, an object does not have an outside option. The main
results in the paper can be easily extended to the general many-to-one setting where there are multiple
copies of each object, and each object a € A4 has its priority ordering defined over N U {a} such that i =, a
forallie N.
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for all i e N and a € A, where M;, represents the probability that agent i is assigned
object a. For each i € N, let M; = (M;4)q4c4usiy denote the lottery obtained by i under
the allocation M, where M;; =1 -3, , M;, is the probability that i receives her outside
option. Similarly, for each a € 4,let M, = (M;4)ieNuta), Where My, =1 -3,y M, is the
probability that a is unassigned. Allocation M is a deterministic allocation if M;, € {0, 1}
for alli e N and a € A. For ease of exposition, we also use a one-to-one function u :
N — AUN,where u(i) € AU {i} foralli € N, to denote a deterministic allocation. By an
extension of the Birkhoff-von Neumann theorem (Birkhoff (1946), von Neumann (1953),
Kojima and Manea (2010)), every random allocation can be represented as a lottery over
deterministic allocations.

Forie N and a € AU {i}, let F(R;, a, M) =} _,c quii1:pr,a Mib denote the probabil-
ity that agent i is assigned an option weakly better than @ under the allocation M.
Thenlet F(P;, a, M) =3 ) 4uiiy:pp,a Min- Similarly, fora e Aandie N, let F(>4, i, M) =
> jeN:jrai Mja and F(=q, i, M) = 3 i ;. i Mja. An allocation M is individually rational
if F(R;,i, M) =1 for all i € N. It is nonwasteful if M,, > 0 implies F(R;, a, M) =1 for
alli e N and a € A. Given any two allocations M and M’, each agent i can compare the
lotteries M; and M using the first-order stochastic-dominance relation R$%: M;R$4M if
F(R;,a,M)>F(R;,a, M) foralla € AU{i}. Let MRSIM' if M;R$M/ for alli e N. Alloca-
tion M Pareto dominates M’ if M RR?M "and we do not have M /Ri‘,jM . Then an allocation
is stochastic-dominance efficient, or sd-efficient, if it cannot be Pareto dominated by any
allocation. We also define stochastic-dominance relations for objects. For each a € A4,
let My =54 M, if F (>4, 1, M) > F(>4,i, M) foralli e N. Thenlet M =% M’ if M, =34 M|,
foralla € A.

A deterministic allocation w is efficient if it cannot be Pareto dominated by any other
deterministic allocation. It is stable if it is individually rational, nonwasteful, and there
is no justified-envy, i.e., there do not exist i, j € N such that w(j)P;u(i) and i >, j.
A stronger fairness notion ensures that it respects not only the differences but also the
indifferences in priorities: u is strongly stable if it is individually rational, nonwasteful,
and there do not exist i, j € N such that w(j)P;u(i) and i >,;) j. Applying the deferred
acceptance algorithm (DA) from Gale and Shapley (1962) after ties in priorities are bro-
ken in any way yields a stable deterministic allocation. However, a strongly stable de-
terministic allocation may not exist. This fact also suggests that, in general, random
allocations are needed to restore fairness regarding equal priority.

A random mechanism, or simply a mechanism, is a function f that assigns an al-
location f(p) to each problem p. If f(p) is deterministic for each p, then f is also
called a deterministic mechanism. The mechanism f is said to satisfy a certain prop-
erty if f(p) satisfies this property for all p. Finally, f is strategy-proof if, for each
agent, truth-telling yields a lottery that first-order stochastically dominates the lottery
obtained from reporting any other preferences: for any p = (N, 4, R, >), i € N, and
p'=(N, 4, (R, R_;), »), we have f,-(p)R?df,-(p/).

3. EX ANTE FAIRNESS

We propose an axiom of fairness for random allocations from the ex ante perspective.
Consider a problem p = (N, A4, R, =). First, we want a random allocation to respect
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the differences in priorities, such that the assignment of the probability shares of each
object always satisfies the demands of higher ranked agents first.

DerINITION 1. A random allocation M is ex ante stable if it is individually rational,
nonwasteful, and there do not exist i, j € N and a € 4 such that i >, j, M, > 0, and
F(R;, a, M) < 1.

This notion is discussed in Roth, Rothblum, and Vande Vate (1993) in the context
of two-sided matching with strict preferences on both sides of the market, and is intro-
duced to priority-augmented allocation with weak priorities by Kesten and Unver (2015).
It is a direct generalization of the stability concept to random allocations, from the ex
ante perspective. In particular, the last requirement in the definition is a probabilistic
version of the no justified-envy condition: if agent i has a higher priority than agent j at
object a, then j cannot receive a positive probability share of a unless i can receive an
outcome weakly better than a for sure.

Second, we also want a random allocation to respect the indifferences in priorities.
One fairness notion in this regard is equal treatment of equals, which requires that ev-
ery two agents with the same preferences and the same priorities at all objects should
be assigned the same lottery. While it is a more appropriate restriction in the special
case of house allocation, where all the agents are ranked equally by each object, it is a
weak requirement in general priority-augmented allocation, as two agents can differ not
only in their preferences, but also in their priorities. For instance, if any two agents have
the same priority at every object except one, then, regardless of the preferences, equal
treatment of equals is satisfied by every deterministic allocation, and fairness considera-
tions regarding equal priorities are clearly ignored. Therefore, in light of the rich priority
domain, we define fairness “locally,” and impose restrictions on the allocation of each
single object among the agents equally ranked by this object.

DErINITION 2. Arandom allocation M is ordinally fair if for any i, j € N and a € 4 with
i~q ], Mis > 0implies F(Rj, a, M) > F(R;, a, M).

This concept is first introduced by Hashimoto et al. (2014) for house allocation. They
show that, together with individual rationality and nonwastefulness, it characterizes the
probabilistic serial mechanism (PS) from Bogomolnaia and Moulin (2001). We extend
it to the setting with priorities. If i ~, j, M;, > 0, and F(Rj, a, M) < F(R;, a, M), some
probability shares of a can be transferred from i to j to reduce the differences in their
probabilities of receiving an object weakly better than a. Therefore, ordinal fairness es-
sentially requires that the allocation of an object among agents in the same priority class
should try to equalize their probabilities of receiving a weakly better object (or, equiva-
lently, their chances of receiving a strictly worse outcome). Consequently, an agent with
a smaller probability of receiving a strictly better object would generally be assigned a
larger share of this object.
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Ordinal fairness follows an important general principle of fairness and social justice,
compensation, which says the allocation of resources should compensate for the differ-
ences in those primary individual characteristics and equalize the shares of the higher-
order characteristic or the more essential commodity (Moulin (2004)).4 In applying this
principle to our context, we consider the distribution of the probability shares of an
object a among equally ranked agents as an independent resource allocation problem,
and choose each agent’s probability of receiving an object weakly better than a as the
higher-order characteristic, which is a natural choice in our simplistic model of priority-
augmented allocation. To achieve equality of the shares of such a more essential com-
modity, we compensate for the agents’ primary differences in preferences and priorities
for other objects, as well as different supply and demand levels at those objects, which
contribute to their different chances of receiving a weakly better object.

The two axioms defined above constitute the central concept in this paper.

DerinITION 3. A random allocation M is ex ante fair if it is ex ante stable and ordinally
fair.

Existing mechanisms generally fail to be ex ante fair. For example, a widely used
mechanism in school choice is DA with single tie-breaking (Abdulkadiroglu, Pathak, and
Roth (2009)): an ordering of the agents is picked from the uniform distribution to break
the ties in priorities before DA is applied. Kesten and Unver (2015) show that it does
not satisfy the probabilistic version of the no justified-envy condition and is, thus, not
ex ante stable. Below, we give a simple example in which it is not ordinally fair. We also
present all the ex ante fair allocations in this example.

ExaMPLE 1. Supposethat N = {1, 2,3} and 4 = {q, b, c}. The preferences, priorities, and
the allocation M selected by DA with single tie-breaking are given as

R1 Rz Rs >a b e a b c
1 1

b a C 1 1, 2 1 5§ 2 3

c c b 3 3 % 0 é

The allocation M is ex ante stable but not ordinally fair: we have 2 ~, 3, M3, > 0, and
F(R3,a, M) =% < 2 = F(Rs, a, M). In this case, all the probability shares of « are allo-
cated between these two agents, but agent 2 receives too few of a.

There exists a continuum of ex ante fair allocations for this problem. For every x €
(4, 2], the allocation

a b c

1 0 2x—-1 2-2x
2 1-x 2x-1 1-x
3 X 3—-4x 3x-2

M(x)=

4See Moulin (2004) for detailed and formal discussions regarding four principles of fairness: exogenous
rights, compensation, reward, and fitness.
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is ex ante fair. Note that M (x)R%lM (y) if % <y<x< %. The ex ante fair allocation M (x)
becomes better for all agents as x increases; the best one is M (%) and the worst one is
M(3). 0

4. DEFERRED CONSUMPTION

We construct a mechanism to establish the existence of an ex ante fair allocation. In fact,
the mechanism always selects the best ex ante fair allocation. Formally, given a problem
p= (N, A4, R, =), we say an allocation M is agent-optimal ex ante fair if it is ex ante fair,
and M Rﬁ\‘,iM " for every ex ante fair allocation M’.

In the special case of strict priorities, ex ante fairness is reduced to ex ante stability,
which is further equivalent to stability for deterministic allocations. Since every ex ante
stable allocation can be represented as a lottery over some stable deterministic alloca-
tions, the outcome of DA Pareto dominates every other ex ante stable allocation, i.e., it
is agent-optimal ex ante fair. On the other hand, in house allocation ex ante fairness
is reduced to the combination of individual rationality, nonwastefulness, and ordinal
fairness. Then, by Hashimoto et al. (2014), PS gives the unique ex ante fair allocation.
Therefore, the agent-optimal ex ante fair mechanism must be reduced to DA and PS in
these two special cases, respectively.

In each step of DA, agents propose to objects, and every object tentatively accepts
a proposer based on priorities. The actual acceptance is deferred to the last step. In
PS, agents consume (or eat) objects simultaneously at the unit rate during the unit time
interval. Our mechanism is defined by a procedure of deferred consumption that com-
bines the above features of DA and PS. In each step, agents propose to consume objects
during certain time intervals, and every object tentatively accepts some (portions of)
proposals based on priorities as well as the first-come-first-served principle. We first
use the problem in Example 1 to illustrate this procedure.

ExampLE 1 (Continued). In the first step, every agent proposes to consume her favorite
object (at the unit rate) during the whole time interval [0, 1]. Agent 2’s proposal is tenta-
tively accepted by object b. Given that both agent 1 and agent 3 want to consume object
a and 3 >, 1, similar to DA, object a tentatively accepts 3’s proposal and rejects 1’s pro-
posal.

In the second step, 1 proposes to consume her second choice, b, during [0, 1]. As
b tentatively accepted 2’s proposal to consume during [0, 1] in the previous step and
1~} 2, similar to PS, its decision is based on the first-come-first-served principle. Ac-
cording to their proposals, the two agents come at the same time ¢ = 0. If they consume
from ¢ = 0, the object is exhausted at t = % Therefore, b tentatively accepts both agents’
proposals to consume during [0, %], and rejects their proposals to consume during [%, 1].

Since they each have a proposal rejected, in the third step, 1 proposes to consume
her next choice, object ¢, during the time interval [%, 1], and 2 proposes to consume
her next choice a during [%, 1]. Then 1’s proposal is tentatively accepted. On the other
hand, object a is now overdemanded: recall that it tentatively accepted 3’s proposal to
consume during [0, 1] in the first step. Since 2 ~, 3, this is resolved by the first-come-
first-served principle as follows. If 2 and 3 consume a according to their proposals, then
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2 starts to consume from ¢ = %, while 3 starts to consume from ¢ = 0. Object a is ex-
hausted at t = %, and, hence, it tentatively accepts 2’s proposal to consume during [%, %]
and 3’s proposal to consume during [0, %]. In addition, it rejects their proposals to con-
sume during [%, 1].

Finally, in the fourth step, both 2 and 3 propose to consume ¢ during [%, 1], which
tentatively accepted 1’s proposal to consume during [%, 1] in the last step. Since the
measures of these proposals from the three agents sum to 1, i.e., ¢ can satisfy all the
demands, these proposals are accepted and the deferred consumption procedure ter-
minates. We interpret the final consumption schedule of each agent as a lottery, which

gives the agent-optimal ex ante fair allocation

a b c

M(§>_10%%

—5 1 1 1

Vi
3 7 0 3 O

As can be seen in this example, the outcome allocation is ex ante stable since an
object accepts proposals in favor of agents with higher priorities. On the other hand,
ordinal fairness is guaranteed by the first-come-first-served principle.

We next give the formal definition of the mechanism. Consider any problem p =
(N, A, R, ). For an object a € A4, a proposal from an agent i € N is represented by an
interval [x, y], where 0 < x < y < 1, meaning that agent i proposes to consume object a
during the time interval [x, y]. The object may face proposals from different agents at the
same time, and its acceptance or rejection decision is based on its choice rule defined as
follows.

Let {[x;, yil}ics be a collection of proposals to consume a from some agents S C N,
which is referred to as a choice set. If ) ;_¢(yi — x;) < 1, then a can accommodate all
these proposals and, hence, it chooses all of them. If } ", _¢(y; — x;) > 1, then a is overde-
manded, and it chooses some (portions of) proposals such that their measures sum
to 1, through multiple consumption processes: the agents in the highest priority class
(among S) consume aq first according to their proposals; if a is not exhausted after their
consumption, then the agents in the second highest priority class consume according
to their proposals, and so on; after a is exhausted, for each i € S, her proposal [x;, y/] is
chosen if she has consumed a during [x;, y;] in the previous processes.

Therefore, more formally, object a chooses the proposals {[x;, y;1};cs, where S’ C S,
so that ) ;. (y; — x;) =1, and there exists i* € S’ such that y], is the “cutoff,” i.e., for any
j €S, the following statements hold:

o If j =, i*, then j € §' and y; = y;.
° If] ~a l* and xj < yl{*’ then] S S/ al’ld y]/ = mln{y], yl/*}
o Ifi* >4 j, 0r, j~, i* and x; > y,., then j ¢ S'.

Using these choice rules of objects, we define the deferred consumption procedure:



1194 Xiang Han Theoretical Economics 19 (2024)

Step 1. Each agent proposes to consume her favorite option (which is an object or her
outside option) from ¢ =0 to ¢ = 1, i.e., during the whole time interval [0, 1]. Each ob-
ject chooses from the proposals that it receives, tentatively accepts some proposals by its
choice rule, and rejects the remaining proposals.

Step k > 2. For each agent, if she has a proposal [x, y] rejected by some object a in the last
step, then she proposes to consume her next best option to object a during [x, y]. Each
object considers the proposals received in this step, as well as the proposals tentatively
accepted earlier. Then it tentatively accepts some proposals by its choice rule, and rejects
the remaining proposals.

The procedure terminates in some step k if no object rejects any proposal in this step.

In this procedure, it is possible that an agent first has a proposal [x?, x3] tentatively
accepted by an object a, and then in a later step, due to being rejected by a better object,
she proposes to consume «a again during [x!, x?]. In this case we combine the propos-
als: let [x!, x3] be the only proposal from this agent in the choice set of object a. We
similarly combine proposals to outside options. Then we have the following useful fact
that makes the procedure more transparent. It also indicates that the choice rule of each
object can always be appropriately applied.

OBSERVATION 1. Consider any step k of the deferred consumption procedure. After agents
propose in this step, for each i € N there exist x' < x* < ... < x%, wherex! =0 and x* =1,
such that the following statements hold:

e Foranyl </, <t —1, agenti’s proposal [x*', x''*1] is in the choice set of some a € A
or she has proposed to consume her outside option during [x‘1, x©1*1].

o If1 <ty <l <t—1,then her proposal [x*1, x"'*1] is in the choice set of some a € A,
and either her proposal [x*2, x*2%1] is in the choice set of some b € A with aP;b or she
has proposed to consume her outside option during [x‘2, x*2+1].

This partition result can be easily proved by induction. It is worth emphasizing that
if an agent has a proposal rejected by an object a, then in the next step she proposes
to consume the option next to @ in her preference list. Then, in light of Observation 1,
generally an agent may propose to multiple objects in a step, and she may also propose
to an object that has rejected her before (see Example 2 below).

Given the numbers x!, ..., x in Observation 1, for each a € A, let M¥ = x“1+1 — x4
if there exists 1 < £; < £ — 1 such that agent i’s proposal [x‘!, x*1*1] is in the choice set
of a, and let M l]; = 0 otherwise. We interpret the |N| x | 4| matrix M* as the tentative
assignment after agents propose in step k, which is not necessarily a well defined ran-
dom allocation. Let M¥ =1 -3, Mk for each i € N. In general, as in Example 2,
the deferred consumption procedure may not be finite, leading to an infinite sequence
of tentative assignments {M k}zozl. For simplicity, if the procedure terminates in step k,
then we still construct an infinite sequence {M* Yoo, by setting M k= M* forall k > k.

As an agent always proposes to consume her next best option after she has a pro-
posal rejected, for alli e N and a € A4, {F(R,, a, M")}g‘”=1 is a decreasing (and bounded)
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sequence and, hence, it converges.® It follows that the sequence {M{;}Z"=1 also con-
verges. Therefore, the outcome of the deferred consumption procedure for the current
problem p is represented by an |N| x | 4| matrix fPC( p) such that

fia“(p)= Jim M,
forallie N anda e A.

THEOREM 1. For any problem p, fPC(p) is the agent-optimal ex ante fair random allo-
cation.

We refer to fPC as the deferred consumption mechanism (DC). Due to the specifica-
tion of the objects’ choice rules, the deferred consumption procedure eventually pro-
duces a consumption schedule in which, at any point in time, every agent does not envy
the object being consumed by another agent unless the latter agent has a higher priority
for the object. In the special case of house allocation, such a consumption schedule can
be obtained by simply letting the agents simultaneously consume their best available
objects. This gives an intuitive explanation on why DC is equivalent to PS in this case.
On the other hand, it is obvious from the construction that DC is the same as DA in the
special case of strict priorities.

Below we give another example to illustrate the mechanism, where the deferred con-
sumption procedure is infinite.

ExaMPLE 2. Suppose that N ={1, 2,3} and 4 = {a, b, c}. The preferences and priorities
are given as

Ri1 R2 Rz >a Zp  Zc
a b a 2,3 3 2
b a b 1 1,2 1
c c c 3

In the first two steps, we have M|, = M), = M}, =1and M?, = M2, = M3, =1. Then,

for every odd number k > 3, the tentative assighments M* and M**! are given by the
matrices

a b c b c

1 1 1
MK = I 0 ?xk 1 —5xk ME+L 1 - %xk } — %xk ’
2 sz sz 1-— Xk 5= ZXk zka 5 = ZX](

3 x l-xx O 3 IHive - ik 0

5We abused the notation slightly, since F(R;, a, M) was only defined for an allocation M, but this will not
cause any confusion.
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For any odd k > 3, object a is overassigned in MF* (i.e., YieN M{; > 1) and in step k,
it rejects a proposal with some measure y > 0 from both agent 2 and agent 3. Then
agent 3 proposes to consume object b in step k£ + 1, which leads to both 1 and 2 having
a proposal with measure % y rejected by b. In step k + 2, agent 2 proposes to consume
object a again, which then rejects a proposal with measure % y from both 2 and 3. The
procedure continues in this way infinitely, and the tentative assignments converge to
the agent-optimal ex ante fair allocation

a b c
1 2
I
I
3330 0

The infiniteness of the procedure is due to infinite rejection cycles among agents.
While each rejection cycle, once detected, can be resolved through a system of linear
equations, the procedure is rather complex and a rejection cycle may appear an infi-
nite number of times. The rejection cycles are further attributed to cyclic priority re-
lations that involve ties. Given N and A4, we say > is acyclic if there do not exist n > 2
distinct agents iy, ..., i, and n distinct objects ay, ..., a, such that iy >, ix4 for each
kefl,...,n}, iy >4, ig41 for some ¢, and iy, ~4,, im+1 for some m, where i,,41 = i;. Then
it can be shown that acyclicity of priorities is sufficient for the deferred consumption
procedure to be finite for any preference profile.

Finally, regarding incentive compatibility, DC is not a strategy-proof mechanism.
For instance, comparing the agent-optimal ex ante fair allocations in Examples 1 and 2,
agent 3 can manipulate to receive her first choice with a larger probability.

In general, ex ante fairness is not compatible with strategy-proofness. Recall that a
mechanism is defined for every problem p = (N, 4, R, >). Consider some N, A4, and >
such that [N|=|A4|>3andi~, jforalli, j € N and a € A. Then, for each R, the unique
ex ante fair allocation is given by PS. Bogomolnaia and Moulin (2001) show that in such
house allocation settings, PS is manipulable, i.e., there exist R, i € N and R;. such that we
do not have MiRls.dle, where M and M’ are the PS outcomes for p = (N, 4, R, >=) and
p'=(N, 4, (R}, R_;), »), respectively. Therefore, we obtain the following impossibility.

THEOREM 2. There does not exist a strategy-proof and ex ante fair mechanism.

Positive results may arise if we consider a different setup: fix some N, 4, and >, and
define a mechanism as a function that maps every preference profile to an allocation.
Then a strategy-proof and ex ante fair mechanism exists when > is strict, as DA satisfies
these properties. However, we cannot go much beyond strict priority structures. It can
be shown that if | 4| > 3, and there exists a strategy-proof and ex ante fair mechanism,
then there do not exist distinct i, j, Kk € N and a € 4 such that i ~, j ~, k (there can
only be two-way ties), and either (i) |{a € 4 :>, is not antisymmetric}| < 1 (at most one
object has ties) or (ii) [{i € N : i ~, jforsome j € N \ {i} and some a € A}| < 3 (at most
three agents are involved in ties).
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5. PROPERTIES OF EX ANTE FAIR ALLOCATIONS

We present additional properties of ex ante fair allocations. In particular, it will be shown
that, as suggested by Example 1, the (potentially infinite) set of ex ante fair allocations
is a complete and distributive lattice under the common preferences of the agents. We
will also explicitly construct the least upper bound and the greatest lower bound of any
subset of ex ante fair allocations, which have natural interpretations.

Fix a problem p = (N, A4, R, =) in this section. Denote the set of all ex ante fair al-
locations as &, and consider the partially ordered set (&€, Rf\‘,i). For any nonempty S C €&,
we define two |[N| x | 4| matrices, vS and AS, as follows. Foreveryie N and a € A4,

(V8)ia =sup{F(R;, a, M) : M € S} —sup{F(P;,a, M): M € S}
(AS)ig =inf{F(R;, a, M) : M € S} — inf{F(P;, a, M) : M € S}.

Moreover, let (vVS);;i=1—- ", 4(VS)ipand (AS);;=1—- . 4(AS)ip. When S = {M, M'},
we also write VS as M v M’ and AS as M A M'. The following result indicates that if v§
and AS are ex ante fair allocations, then they are the least upper bound and the greatest
lower bound of S under Rﬁ‘\}i, respectively.

LEMMmA 1. Foranyie N and a € AU {i}, we have F(R;, a, vS) =sup{F(R;, a, M) : M € S}
and F(R;, a, AS) =inf{F(R;,a, M) : M € S}.

The next theorem establishes the lattice structure as well as other key properties of
ex ante fair allocations.

THEOREM 3. If{M, M’} C S C &, then we have the following properties:

(i) Complete lattice. We have vS € £ and NS € £. Moreover, for any i € N, either
M;R$AM; or M{RSAM;; for any a € A, either M, =54 M), or M, =54 M,,.

(ii) Distributivity. fM" € &, then M" v (M AM'Y=(M"~v M)A (M" v M) and M" A
MVM)Y=M"'"AM)V (M AM).

(iii) Rural hospital theorem. For anyie N and ae A, ) e 4Mip =) e 4 M}, and
Y jenMja = ZjeNM}a. Moreover, M; = M if 3 ). 4Mjp <1 and M, = M, if
ZjeNMja < 1.

(iv) Two-sided efficiency. There does not exist a random allocation M # M such that
M"RSIM and M" =54 M.

(v) Conflicting interests. We have M Ri‘,iM "ifand only if M’ 52‘1 M.

The above results generalize the familiar properties of stable matchings in the classi-
cal two-sided matching market, where both sides of the market have strict preferences,
i.e., the marriage problem considered in Gale and Shapley (1962).

The first part of statement (i) and statement (ii) extend Conway’s lattice theorem of
stable matchings (Knuth (1976)). Although zifl is generally not antisymmetric on all the
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random allocations due to the priorities being weak, statement (v) implies that it is a
partial order on &, and (¢, >3y js also a complete and distributive lattice. The second
part of statement (i) indicates that when S is finite, vS (resp. AS) can be constructed by
letting each agent pick the best (resp. the worst) lottery from those under the allocations
in S. However, the least upper bound or the greatest lower bound of S under sz cannot
be easily obtained by letting objects pick lotteries: for an object a € 4, =4 may not be
antisymmetric on the set {M,: M € £ 3.6

Besides the lattice structure, the rural hospital theorem (McVitie and Wilson (1970),
Roth (1984, 1986)) is another fundamental property of stable matchings in the two-sided
matching market. Statement (iii) shows a probabilistic version of this result for ex ante
fair allocations: each object’s probability of being assigned to some agent is constant
among &, and if this probability is less than 1, then the object receives the same lottery
among £. An analogous result also holds for each agent.

The last two statements have better economic interpretations if we envision that
each object has intrinsic preferences that are aligned with its priority ordering. That is,
each object always prefers an agent with a higher priority.” In this context, statement
(iv) says that every ex ante fair allocation is “sd-efficient” for the two sides of the market,
i.e., when the welfare of every agent and object is taken into account, and statement (v)
shows that the agents and the objects have conflicting interests regarding ex ante fair
allocations.

6. DIVISION

We introduce a new method of generating random allocations from deterministic allo-
cations, which we refer to as division. This offers a new perspective on some of the key
results in Theorem 3, as well as the construction of DC.

We start with the simplest example to illustrate the idea. There is only one object, a,
to be allocated to two agents, i and j, who have equal claim to it, i.e., i ~, j. By any
standard the only fair random allocation is M;, = Mj, = 0.5. We take the stance that
deterministic allocations are more fundamental than random allocations, and want to
understand how the random allocation M can be constructed from deterministic allo-
cations. The first interpretation is that M is generated by the method of randomiza-
tion. That is, we randomize over the two deterministic allocations in which one agent
receives a, such that each of the two is picked with probability 0.5.

We next give another possible interpretation. To resolve the conflicting claims of
the two agents, we divide the claim of each k € {i, j} into two parts, k! and k2. The
object is also divided into two parts, a' and 42, so that each k*, where k € {i, j} and x €
{1, 2}, represents a claim to one part of the object. We then prioritize the divided claims:
for both parts of the object, i' and j! have the same priority, i and j> have the same
priority, and each of i! and j! has a higher priority than each of i and j2. This leads to
a divided problem, in which we essentially allocate two objects, {a!, a}, to four agents,

6For instance, see the lotteries received by object a under ex ante fair allocations in Example 1.
“For example, in school choice, a school’s priorities may be determined based on students’ academic
attainments and, hence, largely reflect its preferences over students.
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(i, i?, j1, j?}, where each agent finds the two objects indifferent. This division operation
treats the two original agents in the same way, and a fair deterministic allocation can be
found in the divided problem due to the more refined priority structure: there exists a
(strongly) stable deterministic allocation where i Land j ! each receives one object, which
generates the random allocation M for the original problem.

This idea of division can be easily extended to an arbitrary problem. In general,
we divide (the claim of) each agent, as well as each object, into some finite number of
parts. A part of an agent i has weak preferences over the objects parts, which are simply
extended from the preferences of i. Moreover, we grant different priorities to different
parts of each agent. Given the priorities in the original problem, the parts of a higher
ranked agent are always ranked higher and, for equally ranked agents, their parts are
ranked based on indices.

We provide a formal framework that will also be used throughout Section 7. Consider
a problem p = (N, 4, R, »). For simplicity, assume that |[N| = |A|, aP;i forall a € A
and i € N, and every allocation is a bi-stochastic matrix.® Given an integer ¢ > 0, each
agent i € N is divided into ¢ parts, i!,...,i9. Let N9={i*:ie N,x=1,...,¢q}. Each
object a € A is also divided into ¢ parts, a', ..., a%,andlet A9 ={a*:ac A, x=1,...,q}.
Each i* € N1 has a preference relation R? on A9 such that for all a”, b? € A4, ayR?bZ if
and only if aR;b. Then Pl.q and / iq denote the asymmetric and symmetric components
of R?, respectively. Each a* € 49 has a priority ordering > over N¢ such that for all
¥, j7 e N4,i¥ =1 jZifand onlyif eitheri >, jori ~, jand y < z. Let > and ~{ denote the
asymmetric and symmetric components of >, respectively. Then p? = (N4, A9, R1, =9)
denotes the g-divided problem of p.

We assume the preferences are strict in the original problem p as before, although p4
is a problem with weak preferences. Alternatively, p? can be interpreted as a many-to-
one problem with strict preferences, as each part of an agent finds all parts of an object
indifferent. A deterministic allocation u for p? generates a random allocation M (u, p?)
for p:forallie Nanda € A4,

1 .
Miq(w, p?) = 5|{xe{1, o qbip(it)=a’ forsomeye{l,..., g}}.

Compared with the randomization method, the division method could deliver bet-
ter efficiency and fairness properties from the ex ante perspective. To start with, it is
straightforward to see that if u is efficient for p?, then M (u, p?) is sd-efficient for p.
In contrast, a randomization over efficient deterministic allocations gives a random al-
location that usually only satisfies the weaker notion of ex post efficiency. Formally, a
random allocation is ex post efficient (resp. ex post stable) if it can be represented as
a lottery over efficient (resp. stable) deterministic allocations. Regarding fairness, in
general, we can choose a deterministic allocation p that respects the more refined pri-
ority structure in the divided problem in some way, such that M (u, p?) satisfies some

8Under these assumptions, we no longer need to consider individual rationality or nonwastefulness.
Moreover, for each i € N, we only need to specify her preferences over A, instead of A U {i}.
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desirable fairness properties.? As one example, while a randomization over stable deter-
ministic allocations only leads to an ex post stable random allocation, M (u, p?) satisfies
the stronger notion of ex ante stability if u is stable. More importantly for the current
paper, it can also be easily shown that M (u, p?) is ex ante fair if u is strongly stable.

Therefore, strongly stable deterministic allocations can generate ex ante fair random
allocations through the division method. However, this approach to study ex ante fair-
ness has two limitations. First, it is not clear how to find a proper g such that a strongly
stable deterministic allocation for p? exists. Second, it is impossible to construct the
whole set of ex ante fair allocations by the division method, since there can be a con-
tinuum of ex ante fair allocations. Motivated by these issues, we envision a continuum
divided problem, where each agent and object o € N U A is divided into a continuum of
parts with measure 1, represented by {o* : x € [0, 1]}, and preferences and priorities are
defined in the same way as in a finitely divided problem.

For every ex ante fair allocation M, we can find a bijection w: {i{*:i € N, x € [0, 1]} —
{a*:a€ A,x€[0,1]} such thatforanyie N,a € A, and x € [0, 1], n(i*) € {@’ : y € [0, 1]}
ifF(Pj,a, M) <x<F(Rj,a,M)or F(P;,a, M)=0=x < F(R;, a, M). Then pis astrongly
stable deterministic allocation for the continuum divided problem, which generates M
for the original problem. Note that the priorities in the continuum divided problem
are almost strict and, hence, strong stability is almost equivalent to stability. Therefore,
such a connection between ex ante fairness and (strong) stability helps explain why the
lattice theorem as well as the rural hospital theorem can be extended to ex ante fair
allocations.!®

In addition, DC is essentially generated by applying DA to continuum divided prob-
lems: when agent i’s parts {i* : x € [y, z]} apply to the parts of object a, this is translated to
i’s proposal to consume a during the time interval [y, z]. However, instead of tracking the
atomless parts of agents in a continuum divided problem, in Section 4 we focused on the
original problem directly, and gave a simple and intuitive description of the mechanism.

While applying DA to continuum divided problems does not generate a strategy-
proof mechanism, DA with single tie-breaking—a randomization over DA—is strategy-
proof. In general, there is a clear trade-off between the randomization method and the
division method. Although we can achieve better ex ante properties of fairness and effi-
ciency using the division method, applying a strategy-proof deterministic mechanism to
divided problems usually does not generate a strategy-proof random mechanism, which
can also be seen in other examples in the next section. In contrast, a randomization over
strategy-proof deterministic mechanisms is strategy-proof.

7. ADDITIONAL APPLICATIONS OF DIVISION

In the end, we present some additional applications of the division method, and mostly
focus on allocation problems with simple and special priority structures. For these prob-

9Depending on the application, we do not necessarily respect the priority structure in the sense of sta-
bility. See the random mechanisms discussed in Sections 7.2 and 7.3.

10While we can prove them by extending the proofs of the existing results in the two-sided matching
market to the continuum divided problem, several other results in Theorem 3 cannot be fully explained by
existing results of stable matchings, including the completeness of the lattice, “for any i € N, either M, ,-RfdM ;
or M lleS.dM ;” in statement (i), statements (iv), and (v).
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lems, we show that several previous generalizations of PS can be generated by apply-
ing well known deterministic mechanisms to finitely divided problems. For simplicity,
in this section we assume that for any problem p = (N, A4, R, ») under consideration,
|[N|=|A|, aPjiforalla e Aandie N, and every allocation is a bi-stochastic matrix.

7.1 House allocation under weak preferences

In a house allocation problem under weak preferences, p = (N, 4, R, >), R; is not nec-
essarily antisymmetric for any i € N. Moreover, i ~, jforall i, j € N and a € A. Let Pya
denote the collection of all such problems.

Given any problem p = (N, A4, R, >) under weak preferences, we say two allocations
M and M’ are welfare equivalent if M R?&M "and M /Ri‘,iM . Moreover, foranyie N'C N
and A’ C A, let B;(A’) denote the set of maximal elements in 4’ according to R;, and
BN’(A/) = UjeN/ Bj(A/)-

Katta and Sethuraman (2006) generalize PS to allow for weak preferences by intro-
ducing the sd-efficient extended PS (EPS) solution. The complete definition through
parametric networks is rather involved, and we present a simplified description of the
allocation procedure from Heo and Yilmaz (2015). Consider any p = (N, 4, R, >) € Pya.

Let Ag= A, Eg=0,and dy(i) =0forallie N.Ineachstep k > 1,let Ay = Ax_; \ E;_; and
let Ny be the largest set of agents that solves the problem

BN (AR = Y dr1 (i)

min ieN'
N'CN,N'f |N'|
Define
BN, (AR = Y di1 (D)
/\ _ iENk
- Nkl

and £y = By, (Ax). Then the objects £} are allocated to Ny in step k: each i € Ny is
assigned Ax + dj_;(i) of the objects in B;(Ay). Set di(i)) =0 if i € Ny and set dy (i) =
dy_1(i) + A, otherwise. The procedure terminates in step k if E; = Aj.

In each step k, the “bottleneck set” Ny is identified. There may be multiple ways
to allocate the objects Ej, to the agents N, but all the outcome allocations are welfare
equivalent. Denote the set of these allocations as fFPS(p). Heo and Yilmaz (2015) show
that an allocation M is ordinally fair if and only if M € fEPS(p).

Next, we relate EPS to the classical efficient deterministic mechanisms for Ppa: serial
dictatorships from Svensson (1994). Given any problem p = (N, A4, R, >) under weak
preferences, choose an ordering o of the agents, where o : {1, ..., |N|} — N is a bijection.
Let Dy be the set of all deterministic allocations for p. For k£ > 1, define D;. as the set of
deterministic allocations most preferred by o (k) among those in D _;. That s,

Dk = {[.L S Dk—l . /.L(O'(k))Ro-(k)QD(O'(k)) for all [CRS Dk—l}-

Then fSP(o, p) = Dy is the set of (welfare equivalent) deterministic allocations se-
lected by the serial dictatorship with respect to o.
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Moreover, for any integer g > 0, let O(p, q) be the collection of orderings of N4 such
that for any o € O(p, q) and i*, j¥ € N9 with x < y, 071 (i*) < ¢~1(j”). We are ready to
present the main result in this subsection.

ProposiTioN 1. Consider any p = (N, A, R, =) € Pua. Let g = (n!)", where n=|N| =
|Al. Then for any o € O(p, q) and p € f5P (o, p?), M (p, p?) € fEPS(p).

Thus, applying serial dictatorships to the divided problems generates EPS. The or-
dering o has to be chosen from the set O(p, gq) to respect the differences in the priori-
ties in p9. After dividing each agent and object into the “correct” number of parts, i.e.,
g = (n)", forevery x € {1, ..., g}, the ordering among the agents in {i* : i € N} does not
affect the outcome of the serial dictatorship in terms of welfare, and none of them envies
another’s assignment. Therefore, each u € fSP (o, p?) is strongly stable for p4.

A related result in Kesten (2009) embeds the idea of division. He considers a house
allocation problem p under strict preferences, and replicates each object such that there
are k copies of it. For each possible ordering of the agents, let the agents choose objects
sequentially. They choose one object at a time so that the serial dictatorship is applied &
times. Then a random allocation is computed by taking the average of the k - (n!) pos-
sible serial dictatorship outcomes. He shows that this allocation converges to the PS
outcome as k — oo. Technically, this replication method is essentially equivalent to di-
vision. In our context, (the proof of) his result implies that for any o € O(p, ¢q), as g — oo,
M(fSP (e, p), p?) converges to the PS outcome. While the focus of Kesten (2009) is on
explaining the efficiency loss of random serial dictatorship, we emphasize the idea of
generating random mechanisms through finite division in a more general setting with
weak preferences.

7.2 House allocation with existing tenants

In house allocation with existing tenants (Abdulkadiroglu and S6nmez (1999)), some
objects are private endowments while others are common endowments. This can be
modeled via weak priorities such that for each privately owned object the owner has
a higher priority than all the other agents. Formally, let Puyrr denote the collection of
such problems (under strict preferences). For each p = (N, A4, R, =) € Pugr, there exist
nonempty N (p) € N (the existing tenants), A(p) € A, and a bijectione, : N(p) — A(p)
such that

e foreachae A(p), e;l(a) >4~ jforall i,jeN\{e;l(a)}
e foreachae A\ A(p),i~,jforalli, je N.

In this case, ex ante stability is equivalent to the key requirement that each existing
tenant’s lottery first-order stochastically dominates the degenerate lottery of receiving
her endowment, which ensures voluntary participation. Both Yilmaz (2010) and Zhang
(2017) propose an ex ante stable and sd-efficient mechanism by generalizing PS.

First, we refer to the mechanism of Yilmaz (2010) as ex ante stable PS. Let p =
(N, A, R, =) € Pugr. In this mechanism, agents still consume objects at the unit rate,
but to satisfy the ex ante stability constraints, for any N’ C N(p), the agents N’ are enti-
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tled to the objects Uy’ = (J;cn/{a € A : aR;e (i)} in the following sense: if at some point
in time, the total remaining fractions of these objects are equal to the total remaining
demands of N’, then any agent not in N’ cannot further consume the objects Uy:.

One of the simplest stable and efficient deterministic solutions to the problem
p € Pugr is a stable serial dictatorship.'! 1t is in the same vein as the serial dictator-
ships defined in Section 7.1, the only difference being that the procedure starts with all
stable deterministic allocations for p, i.e., the initial set Dy is the set of deterministic
allocations in which no existing tenant receives an object worse than her endowment.
Then we extend this idea of stable serial dictatorships to a divided problem p? as fol-
lows. Let o € O(p, q). Define the initial set Dg as the set of deterministic allocations (for
p?) in which no existing tenant has a part that is assigned a part of an object worse than
her endowment. Then, for k > 1, let D, be the set of deterministic allocations most pre-
ferred by o (k) among those in Dy_;. If g = (n)", where n = |N| = |A]|, it can be shown
that for any p € Dy,g, M (1, p9) is the outcome of the ex ante stable PS.!2

Second, we consider the eating—trading algorithm (ETA) (Zhang (2017), Yu and
Zhang (2021)). In each step, if some existing tenants demand each other’s endowment
and form a cycle, then they exchange probability shares of their endowments. If there
is no such cycle, then agents consume their best available objects at possibly different
rates: each agent has the same basic consuming rate of 1, and she gets an additional rate
equal to the sum of the rates of those agents who are consuming her endowment.

We relate ETA to the original deterministic mechanisms proposed for Pygr in Ab-
dulkadiroglu and S6nmez (1999)—the top trading cycles (TTC) mechanisms.!3 In fact,
to apply them to divided problems, we need the more general form of the TTC mecha-
nisms in Abdulkadiroglu and S6nmez (2003), defined for any priority-augmented alloca-
tion problem p = (N, A4, R, >). Given an ordering o of the agents in p, the mechanism
is defined via the following procedure.

In each step, consider the remaining agents and the remaining objects. Let each agent
point to her favorite object and let each object point to the agent with the highest priority (if
there is a tie, break it using o). Then there exists at least one cycle. Let each agent in a cycle
be assigned the object that she points to. After removing the agents and objects in cycles,
we continue to the next step. The procedure terminates when all the agents are assigned.

For TTC to generate ETA, we need to make two slight modifications to the divided
problems. Consider p = (N, A4, R, >) € Pyt and an integer g > 0. We first break the ties
in preferences: for each i* € N4, define ﬁ? such that a” ﬁ?bz ifand only if aP;b, or,a = b
and y < z. Then TTC, as defined above, can be applied to (N4, 449, RY, =1). However, this

11See Manjunath and Westkamp (2021) and Biré, Klijn, and P4pai (2022) for discussions of such mecha-
nisms in the context of multi-unit exchange of indivisible objects.

12In this subsection, we omit formal proofs of results that use techniques very similar to the proof of
Proposition 1.

137hang (2017) shows that ETA can be interpreted as a procedure in which agents trade their fractional
endowments, where, in each step, the remaining fractions of an object that is not owned by any remaining
agent are equally distributed as private fractional endowments. Following this study, Yu and Zhang (2021)
define a more general parametric class of trading algorithms that incorporate ETA as a special case. We will
also interpret ETA as a trading procedure, but from a different perspective. Our focus is on establishing an
explicit connection between ETA and the deterministic TTC mechanisms through the method of division.
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may cause an existing tenant to lose her basic consuming rate. We give a more favorable
treatment to the existing tenants by reversing the priority ordering of the parts of each
privately owned object over the parts of its owner: for each a* € 49, define =/ such
that for all %, j* € N9, if a € A(p) and i = j = ¢,,' (a), then ?'=]j* & y > z; otherwise,
"$9j7 « i¥ =1 j7. Denote the modified ¢-divided problem as p? = (N4, 49, R?, =),
Then it can be shown that if we choose ¢ = (n!)"tIN(P)|, where n = |N|, and any ordering
of N4, applying the TTC mechanism to p? generates the ETA outcome for p.

7.3 A probabilistic version of the Boston mechanism

The Boston mechanism (Abdulkadiroglu and Sénmez (2003)) is one of the most popular
school choice mechanisms in practice. Under strict priorities, it selects a determinis-
tic allocation through a procedure similar to DA, the only difference being that in each
step the acceptance is final. This mechanism is neither stable nor strategy-proof, and
its popularity mainly comes from the property of respecting preference ranks (Kojima
and Unver (2014)), which also implies efficiency, in the sense that if one agent prefers
the object received by another agent, then the latter agent must rank the object weakly
higher in her preference list.

However, when priorities are weak and ties are broken randomly, the randomized
Boston mechanism loses its attractive properties ex ante. Harless (2018) defines the
notion of respect for rank for a random allocation M in a problem p = (N, 4, R, »),
which requires that for any i, j € N and a € A4, if F(R;, a, M) <1 and Mj, > 0, then
|{b € A:bRja}| < |{b € A:bR;a}|. Respect for rank implies sd-efficiency, and he shows
that the randomized Boston mechanism is not even sd-efficient. Then, instead of ran-
domization, we can apply the Boston mechanism to continuum divided problems to
generate a random mechanism similar to DC, with the only difference being that in each
step the acceptance of proposals is final. This probabilistic version of the Boston mech-
anism satisfies respect for rank and, thus, sd-efﬁciency.14

7.4 Multi-unit demands

Finally, in house allocation problems with multi-unit demands, there are two classes of
serial dictatorships. In the first class, each agent i with a demand of d; picks the best d;
objects available when it is her turn. Applying such a mechanism to (finitely) divided
problems can lead to the generalization of PS in Heo (2014), in which each agent’s con-
suming rate is equal to her demand. In the second class, each agent picks only one ob-
ject when it is her turn and, hence, there are multiple rounds of sequential assignments.
Applying such a mechanism to divided problems can lead to the generalization of PS by
Kojima (2009), in which each agent i with a demand of d; consumes objects during the
time interval [0, d;], at the unit rate.1®

141n the special case of house allocation, Harless (2018) and Chen, Harless, and Jiao (2023) propose and
characterize another probabilistic version of the Boston mechanism that also satisfies respect for rank, but
their mechanism is different from ours in this domain.

15For studies on the first class of serial dictatorships, see, for example, Padpai (2000, 2001), Klaus and
Miyagawa (2001), and Ehlers and Klaus (2003). Bogolmonaia, Deb, and Ehlers (2014) discuss the second
class.
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8. RELATED STUDIES

We discuss closely related studies in two aspects.

8.1 Random mechanism design

DC closely resembles the fractional deferred acceptance mechanism (FDA) of Kesten
and Unver (2015). In each step of FDA, fractions of agents propose to objects. Each ob-
ject tentatively accepts the fractions of agents with higher priorities first, and for agents
with equal priority, it tries to accept an equal fraction of each one. FDA is designed to
select the best random allocation that satisfies strong ex ante stability, which is the com-
bination of ex ante stability and no ex ante discrimination. The latter axiom differs from
ordinal fairness, and essentially requires that the allocation of an object among equally
ranked agents should try to equalize their probabilities of receiving this object. More-
over, Kesten and Unver (2015) also propose a second random mechanism by adding a
probability trading stage to improve upon FDA. Its outcome is ex ante stable, undomi-
nated within ex ante stable allocations, and satisfies equal treatment of equals.

As far as we know, there are two other studies that also unify PS and DA. Afacan
(2018) introduces a novel model with random priorities, where a probability distribution
over all strict priority structures is given as a component of the allocation problem. He
proposes the constrained probabilistic serial mechanism that satisfies claimwise stabil-
ity and constrained sd-efficiency. This mechanism is reduced to DA when the priorities
are deterministic and to PS when every two strict priority structures are equally likely.

On the other hand, Aziz and Brandl (2022) extend the eating procedure in PS and in-
troduce the vigilant eating rule (VER) that applies to the general many-to-many setting
with weak preferences and almost arbitrary constraints. Whenever the set of feasible
random allocations is nonempty and compact, it chooses a constrained sd-efficient al-
location. In our priority-augmented allocation setting, when constraints are imposed by
some stability concept (such as ex post stability or ex ante stability), VER is reduced to
PS if everyone has the same priority for every object and to DA if priorities are strict.

Furthermore, when constraints are imposed by ex ante fairness, VER and DC give
equivalent outcomes, although they are defined through very different procedures.
While the VER algorithm takes the whole nonempty set of ex ante fair allocations as
inputs, DC shows the existence of an ex ante fair allocation as well as the uniqueness of
constrained sd-efficient allocation in this case.

8.2 Structural results on stable random matchings

Roth, Rothblum, and Vande Vate (1993) establish the lattice structure of stable fractional
matchings in the classical two-sided market. As they assume strict preferences from
both sides and fractional stability is weaker than ex ante stability, our structural results
on ex ante fair allocations are independent of their study.

Alkan and Gale (2003) take a revealed preference approach to study schedule match-
ings between workers and firms. A schedule matching specifies the amount of time each
worker spends with each firm, and can be interpreted as a random allocation when the
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total available amount of time is 1 for each worker and firm. Although their general
model can potentially be used to handle weak orderings, our Theorem 3 is independent
of their similar structural results on stable schedule matchings. There is no systematic
way to construct choice functions based on preferences and priorities so that we can de-
fine an Alkan-Gale problem isomorphic to our problem, and establish the equivalence
of stable schedule matchings and ex ante fair allocations.

Although their main focus is on (median) rationalizability of matchings, Echenique,
Lee, Shum, and Yenmez (2021) show similar structural results in a two-sided aggregate
matching model with finite sets of types of men and women. An aggregate matching is
a matrix giving the mass of each type of men matched with each type of women. There-
fore, when the mass of every type is 1, their model corresponds to ours and an aggregate
matching can be interpreted as a random allocation. As preferences from both sides are
at the type level and strict, their stability notion is equivalent to ex ante stability as well as
ex ante fairness. Then (i), (ii), the first part of (iii), and (v) in Theorem 3 generalize their
lattice result and other structural properties established for stable aggregate matchings.

9. CONCLUSION

We introduced an appealing fairness concept for the allocation of discrete resources un-
der weak priorities. The main focus of our study is on an ex ante fair mechanism and the
properties of ex ante fair allocations. The division method underlies our analysis and
also provides a new perspective on various other random mechanisms. In the end, we
briefly mention two plausible directions for future research. First, it is interesting to ex-
plore the performance of DC in large markets. Given the work of Che and Kojima (2010),
itis reasonable to conjecture that DA with single tie-breaking and DC are asymptotically
equivalent under some regularity conditions. Second, we hope the division method can
be applied to other classes of allocation or matching problems to generate new random
mechanisms with good ex ante properties.

APPENDIX
A.1 Proofof Theorem 1

Consider any problem p = (N, 4, R, =). First, in the proof we will use the following
crucial result regarding the deferred consumption procedure for p and the sequence of
tentative assignments {M*}, which can be easily shown using Observation 1.

CraiM 1. In any step k of the deferred consumption procedure, an agent i € N has a pro-
posal [x, y] rejected by an object a € A ifand only if F(R;, a, M¥) =y, F(R;, a, M¥*1) = x,
and x < y.

Let fPC(p) = M*. By construction, forallie N and a € A4, M} >0and ) , 4 M} <
1. Suppose that some object a € A4 is overassigned, i.e., > ;.y M} > 1. Given that
limg— oo{Y ey ME} = 3;cn M7, > 1, there exist K and € > 0 such that for any k > K,
YienM Ika > 1 + €. This implies that for any k > K, the sum of the measures of the pro-
posals rejected by « is larger than € in step k of the (deferred consumption) procedure.
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Then, by Claim 1, 3",y F(R;, a, M¥) — 3",y F(R;, a, M¥*1) > € for all k > K, which is
clearly impossible. Therefore, M* is a well defined random allocation.

We next show that M* is ex ante fair. It is individually rational as each agent never
proposes to consume an object worse than her outside option. For any objecta € 4 such
that 3, v M}, < 1, since limg_, oo {Y";cy MX} < 1, there exists K such that ;. MK <1
for all £ > K. It follows that object a never rejects a proposal in the procedure. Then,
foranyi € N, given that F(R;, a, M) =1, Claim 1 implies that F(R;, a, M*ky=1forall k.
Hence, F(R;, a, M*) =1 and M* is nonwasteful.

Suppose that M* is not ex ante stable. Then there exist i, j € N and a € 4 such
that i 4 j, F(Ri, a, M*) <1, and M}, > 0. Since F(R;, a, MY =1 and limy_ o F(R;, a,
M¥) < 1, by Claim 1, agent i has a proposal rejected by a in some step K. Then, by the
choice rule of g, it does not tentatively accept any proposal from j in any step k£ > K.
Since M7, > 0, we have limy_,  F(P}, 4, M*) < limy_, o F(Rj, a, M¥) = F(R}, a, M*). Tt
follows that for some step k > K of the procedure, F(P;, a, MKy < F(Rj, a, M*). As the
sequence {F(R;, a, M%)} is decreasing, F(P;, a, MX) < F(R}, a, M*). Therefore, j’s pro-
posal [F(P}, a, MKy, F(Rj, a, M*)] is in the choice set of a in step k, and a rejects this
proposal. Then, by Claim 1, F(R}, a, Mk+1y = F(Pj, a, MKy < F(Rj, a, M*), contradict-
ing the fact that the decreasing sequence {F (R}, a, M )} converges to F(R i»a, M*).

Suppose that M* is not ordinally fair. Then there exist i/, j € N and a € A such
that i ~, j, M}, > 0, and F(R;, a, M*) > F(Rj, a, M*). Since limy_, o F(R;j, a, M*) <
F(R;, a, M*) and F(R;, a, M') = 1, by Claim 1, in some step K, agent j has a proposal
[x, F(R}, a, MX)] rejected by a and F(R;, a, MX*!) = x < F(R;, a, M*). By the choice
rule of a, it does not tentatively accept any proposal [y, z] from i such that z > x in any
step k > K. As in the above proof of ex ante stability, M}, > 0 implies that we can find
some step k > K of the procedure such that F(P;, a, M¥) < F(R;, a, M*) < F(R;, a, M¥).
Hence, i’s proposal [F(P;, a, MKy, F(R;, a, M¥)] is in the choice set of a in step k. Since
F(R;, a, M*) > F(R;, a, M*) > x, i must have a proposal [y, F(R;, a, MKy rejected by a
in this step and y < max{x, F(P;, a, M¥)}. Then, by Claim 1,

F(R;, a, M*™") = y <max|x, F(P;, a, M*)} < F(R;, a, M*).

This leads to a contradiction, as {F(R;, a, M%)} is decreasing and converges to F(R;, a,
M*).

Finally, we show that, for any ex ante fair allocation M for p, M *RR‘}M . Then it is
sufficient to show that M kR%iM for all k and we prove this by induction. It is obvi-
ous that M 1R§\§'M . Suppose that for some k > 1, M kRi‘,iM , but there exists i € N such
that we do not have Ml.k“Rls.dM,-. Then for some a € A, F(R;, a, M¥*1) < F(R;, a, M) <
F(R;, a, M¥). By Claim 1, in step k, agent i’s proposal [F(P;, a, M), F(R;, a, M¥)] is in
the choice set of object a and it rejects her proposal [F(R;, a, M*1YY F(R;, a, M¥)]. Then
we have

F(R;, a, M) > F(R;, a, M**Y) > F(P;, a, M¥) > F(P;, a, M).

It follows that

Miy = F(R;, a, M) — F(P;, a, M) > F(R;, a, M¥*') — F(P;, a, M) > 0.
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Consider the proposals tentatively accepted by a in step k. The sum of the measures
of these proposals is 1, as i has a proposal rejected. If i has a proposal tentatively ac-
cepted by « in this step, then this proposal is [F(P;, a, M¥), F(R;, a, M¥*1)]. The above
inequality implies that the measure of this proposal is less than the probability that i
receives a under M. Therefore, there must exist some j € N such that j has a proposal
(F(Pj,a, M k), x] tentatively accepted by « in step k and

x —F(Pj,a, M*) > M;, = F(R}, a, M) — F(P}, a, M). @

Since i has a proposal rejected by a in this step, by the choice rule of a, j >, i.

If j >4 i, we have F(R;, a, M) = 1, since M is ex ante stable and M;, > 0. Then, given
x <1, (1) implies that F(P;, a, MKy < F(Pj, a, M), contradicting to MkR%iM. Next, con-
sider the case that j ~, i. Since i’s proposal [F(R;, a, MY F(R;, a, M%) is rejected by
a in step k, by the choice rule of a, x < F(R;, q, M*+1). Hence,

x < F(R;, a, M**') < F(R;, a, M) < F(R), a, M), 2)

where the last inequality follows from M;, > 0 and the ordinal fairness of M. Then, (1)
and (2) imply that F (P}, a, MKy < F(Pj, a, M), and a contradiction is reached.

A.2 Proofof Lemma 1

Consider any i € N and a € A U {i}. First, since every M € S is individually ratio-
nal, for each b € 4 such that iP;b, (vS);, = 0. Therefore, if iR;a, then F(R;, a, VvS) =
(V)i + D pea(VS)ip = 1 =sup{F(R;,a, M) : M € S}. Next, consider the case that aP;i.
Let A’ ={be€ A:bR;a} and |A'| = k. If k =1, then F(R;, a, vS) =sup{F(R;,a, M) : M €
S}. Suppose that £k > 1. We list the objects in 4’ in the order of i’s preferences: let
A ={a, ..., a;} suchthat a1 P;ao, ..., a_1P;a;, where a; = a. Then

k
F(Rir aki \/S) = Z(\/S)ia(
=1
k
=Z{sup{F(Ri, ag, M): M €S} —sup{F(P;, ag, M) : M € S}}
=1

sup{F(R;, a1, M) : M € S}

k
+ Y {sup{F(R;, ar, M) : M € S} — sup{F(R;, a1, M) : M € S}}
=2

=sup{F(R;, ax, M) : M € S}.

By similar arguments, it can be shown that F(R;, a, AS) = inf{F(R;, a, M) : M € S}.

A.3 Proof of Theorem 3

We prove the results in Theorem 3 in a particular order. The proof consists of nine parts.
We first show (iv) and (v), in Part 1 and Part 2, by similar techniques. In Part 3, we show



Theoretical Economics 19 (2024) Fair random allocation 1209

M v M’ € £. The first statement in the rural hospital theorem is also proved along the
way. Part 4 deals with the second statement in (i). Building on these results, in Part 5, we
show M A M’ € € and, hence, (&, Ri‘}') is a lattice. Part 6 shows the lattice is distributive,
and Part 7 and Part 8 establish completeness. Finally, we show the second statement in
the rural hospital theorem in Part 9.

Part 1: Two-sided efficiency Assume to the contrary, there exists some allocation M" #
M such that M”R?{,iM and M" iff M. Let N'={ie N:M; #M/}. Clearly N’ # (. For
each i € N, since M ;/Rf.dM i and M is individually rational, {a € A : aP;i, M|, > M;,} # 0.
Define a; as the maximal element in this set under R;. Then M/} = M;, for all a € A such
that aP;a;.

Now consider any i € N'. Since F(R;, a;, M) < F(R;, a;, M") <1 and M is ex ante
stable, we have F (>, i, M) = 1. Then M/, 53‘} M, implies F(>,,,i, M") =1 and F (>,
i, M") > F(>,,, i, M). Hence, ZjeN:jm,iMj/';i < ZjeN:j~al.iMjai- Since M}, > Miq,, there
exists some j € N \ {i} such that j ~,, i and M]/'/a,- < Mj,,. Then j € N and a;Pja;. As M is
ordinally fair and Mj,, > 0, we have

F(R;, aj, M) > F(Rj, aj, M) > F(Rj, aj, M).

In sum, it has been shown that for any i € N/, there exists j € N’ such that F(R;, aj, M) >
F(Rj, aj, M). This leads to a contradiction, as N’ is finite.

Part 2: Conflicting interests Suppose that MRf\‘,jM’, butforsomea e Aandie N, F(>=,,
i, M) > F(>g4, i, M"). Then there exists j € N such that j >, i and M}, > Mj’.a. Since F (>,
jyM') < F(>q4,i,M') <1and M’ is ex ante stable, F(Rj, a, M') = 1. Then

F(P],a,M/)zl—M]/a>I—M]azl— Z MijF(P],a,M).
be AU{j}:aR;b

This contradicts M jR;’.dM ]’

To show the other direction, suppose that M’ zi‘f M, but we do not have M R?&M "
Let N ={ie N:F(Rj,a, M) > F(R;, a, M) for some a € 4 such that aP;i}. Then, given
that M is individually rational, N’ # ¢. For each i € N’, define g; as the maximal object
intheset{a e A:aP;i, F(R;,a, M') > F(R;, a, M)} under R;.

Consider any i € N'. By the definition of a;, we have Mz{a,- > M,,,. Since F(R;, a;, M) <
1 and M is ex ante stable, F (>, i, M) = 1. It follows from M’ sz M that F(>,,,i,M')=1
and } ;. jrai M o < 2jen: jaji Mias- Therefore, M;, > Mj,, implies the existence of
some j € N \ {i} such that j ~,, i and M]’.a’_ < Mj,,. Since M’ is ordinally fair and Mz{af >0,

F(Rj, aj,M') = F(R;, a;, M') > F(R;, a;, M). 3)
Since M is ordinally fair and M;,, > 0,

F(Ri’ ai,M)EF(Rj»ai,M)- (4)
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Hence, (3) and (4) imply F(R}, a;, M') > F(Rj, a;, M). So j e N'. Since M]/'a,- < Mjq;,
aijai. Then, by (4) and Mja,- >0,

F(Ri)ai’M) ZF(Rj,(li,M) >F(Rj) aj»M)-

In sum, we have shown that for any i € N’, there exists j € N’ such that F(R;, a;, M) >
F(Rj, aj, M), which leads to a contradiction since N’ is finite.

Part3: M v M’ € £ and the first part of the rural hospital theorem Denote M =M v M'.
By the construction, M;, > 0 foralli € N and a € A. Then, by Lemma 1, for any i € N,
Y aca M, = F(P;, i, M) = max{F (P;, i, M), F(P;, i, M)} < 1. Therefore, for M to be a well
defined random allocation, it remains to show that the probability shares of any object
are not overassigned.

LEMMA 2. For any M\, M? € £, i e N, and a € A, if F(R;, a, M') > F(R;, a, M?), then
Ml > MV M?),.

ProOOF.
M}, =F(Ri,a,M") — F(P;,a, M")
=max{F(R;, a, M"), F(R;, a, M*)} — F(P;, a, M")
> max{F(R;, a, M), F(R;, a, M*)} — max{F (P;, a, M*), F(P;, a, M?)}
=(M'vM?). . O

la

CramM 2. Foranya € A, either My, < M;, forallie N or M;, < M, forallieN.

ProoEF. Consideranya e A. Let N(a) ={ie N : M, > 0}. f F(R;, a, M) = F(R;,a, M")
for all i € N(a), then Claim 2 follows directly from Lemma 2. Now, suppose that there
exists i € N(a) such that F(R;, a, M) # F(R;, a, M'). Without loss of generality, let
F(R;,a, M) > F(R;, a, M'). Then, by Lemma 2, M;, > M;, > 0. Next, we want to show
that F(R;, a, M) > F(Rj, a, M’) for all j € N(a) \ {i}. Assume to the contrary, for some
jeN(a), F(Rj,a,M) < F(Rj, a, M"). Then, by Lemma 2, Mj’.a > Mj, > 0. Since M is ex
ante stable, M;, > 0 and F(Rj, a, M) < F(Rj, a, M') < 1imply i >, j. Similarly, given that
M’ is ex ante stable, M]’.a >0 and F(R;,a,M') < F(R;,a, M) <1 imply j =, i. Hence,
i ~4 j. Then we have

F(R;, a, M) > F(R}, a, M') > F(R;}, a, M) > F(R;, a, M),

where the first inequality follows from M ]’.a > 0 and the ordinal fairness of M’, and the
last inequality follows from M;, > 0 and the ordinal fairness of M. This contradicts the
assumption that F(R;, a, M) > F(R;, a, M'). Therefore, F(Ry, a, M) > F(Ry, a, M') for
all k € N(a). By Lemma 2, My, < My, forallk e N. O

It follows immediately from Claim 2 that for everya € A, Y";.y Miq < 1. So M is a well
defined random allocation. Next, we show that M is ex ante fair. Lemma 1 implies that
M is individually rational. The nonwastefulness of M can be deduced from the following
critical result by Erdil (2014).
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LEmMA 3 (Reshuffling Lemma). Let M and M? be two random allocations. If M is
individually rational, nonwasteful, and M*RSM?, then Y. , M} =Y, 4 M2 for every
ieNandy j.oyM,, =3y M7, foreveryac A.

If M is wasteful, then there exist i € N and a € A such that F(R;, a, M) < 1 and
Yien Mj, <1. As MR$3M, F(R;, a, M) < 1. Then, since M is nonwasteful, Y jen Mja =
1, contradicting Lemma 3.

We pause the proof of the ex ante fairness of M and present two other important
implications of the reshuffling lemma.

e First, since M R?\?M M R;‘}M ’,and both M and M’ are individually rational and non-
wasteful, Lemma 3 and Claim 2 together imply the following result.

CramMm 3. Foranyae A, either M, = M, or M, =M.

e Second, foranyi € N and a € 4, by Lemma 3 we have

ZMib=ZMib=ZM£b

beA be A beA

y /
> Mia= 3 Mja= 3 M,
JEN JEN JEN

That is, we have shown the first part of the rural hospital theorem.

Now suppose that M is not ex ante stable. Then there exist i,j € N and a € 4
such that i >, j, Mja >0, and F(R;,a, M) < 1. Clearly, M]”a > 0 for some M” e
{M, M'}. But MRR?M” implies F(R;, a, M") < F(R;, a, M) < 1, contradicting the ex
ante stability of M”. Finally, suppose that M is not ordinally fair. Then there ex-
isti,j € N and a € A such that i ~, j, M, > 0, and F(R;, a, M) > F(Rj,a, M). By
Lemma 1, F(R;, a, M) = max{F (R;, a, M), F(R;, a, M")}. Without loss of generality, let
F(R;,a,M) = F(R;,a, M) > F(R;, a, M"). Then, by Lemma 2, M,, > M;, > 0. But we
have

F(Rj,a,M) <F(Rj,a, M) <F(R;,a, M) =F(R;, a, M),
contradicting the ordinal fairness of M. In sum, M is ex ante fair.

Part 4: For any i € N, either MiRlS.dle or M;R?dMi; for any a € A, either M, z;d M) or
M, :Zd M, First, consider any a € A. By Claim 3, M, = M, or M, = M. Since M is ex
ante fair, M RJS\‘}M sand M R?{,iM ’, Part 2 (conflicting interests) implies that M sz M and
M’ =54 M. Therefore, M, =34 M, if M, = M, and M, =54 M}, if M, = M,

Second, assume to the contrary, for somei € N, M; and M l’ are not comparable using
the first-order stochastic-dominance relation. Since M and M’ are individually rational,
there exist a, b € A such that aP;i, bP;i, F(R;,a, M) > F(R;,a, M'), and F(R;, b, M) <
F(R;, b, M’). Without loss of generality, assume aP;b. Let ¢ be the worst object in
{a' e A:d'Pib, F(R;,d’, M) > F(R;, a’, M)} and let d be the object next to ¢ (and worse
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than ¢) on i’s preference list. Then we have aR;cP;dR;b, F(R;, ¢, M) > F(R;, ¢, M'), and
F(R;,d, M) <F(R;,d, M'). Moreover,
ia=F(Ri,d,M") = F(Ri, c, M)
> F(Ri,d, M') — F(R;, ¢, M)
— max{F(R;, d, M'), F(R;, d, M)} — max{F(R;, ¢, M'), F(R;, ¢, M)}

By Claim 3, M|, > M, implies My = M. It follows from Part 2 (conflicting interests) that
M, =34 My = My. Since F(R;,d, M) < F(R;,b,M) < F(R;,b, M) <1 and M is ex ante
stable, F(:d,f, M) = 1. Therefore, F(>,4,i,M’) =1 and ZjeN:deiM]’-d <D jeN:j~yi Mja-
Then M|, > M;; = M;; implies that there exists j € N such that j ~, i and M]’.d < Mjq,
and we have

where the first inequality follows from M/, > 0 and the ordinal fairness of M’, and the
last inequality follows from M;; > 0 and the ordinal fairness of M. Since F(R;, d, M") >
F(Rj,d, M), by Lemma 2, M;; < M]/.d < Mjy. This is a contradiction since My = M.

Part 5: M /\MA’ €€ Denote M=MAM'. Let N ={ie N : M;};\’f?dM,-}. If i e N/, then
]\i[,- =M;and M; = ]\i[,-. By Part 4, if i e N\ N’, then M; = M; and M; = M_. It follows that
M;;>0and ), . 4M;, <1forallie N and a € A. For any a € A, by the first part of the
rural hospital theorem,

ZMia+ Z MiaZZMiaZZMiaZZMl{a'F Z Miu~

ieN’ iEN\N' ieN ieN ieN’ iEN\N'
Then
> M= 3 M
ieN’ ieN’
This implies that
D Mig=)_ Mia+ D, Miy=) Mg+ ), M=) M, =<1l
ieN ieN’ iEN\N' ieN’ iEN\N' ieN

That is, the probability shares of a are not overassigned. So M is a well defined ran-
dom allocation. We show that it is ex ante fair. First, M is individually rational by
Lemma 1. Second, suppose that forsomeae 4, ) .y M ia < 1. It was shown above that
Yien M, = ien M;,. The first part of the rural hospital theorem further implies that
Yien Mia = X jen M}, = ) _ien Mia < 1. Since M and M’ are nonwasteful, for all i € N,
we have F(R;, a, M) = F(R;, a, M) = 1. It follows that F(R;, a, M) =1 for all i € N and,
hence, M is nonwasteful.

Suppose that M is not ex ante stable. Then there exist i, j € N and a € A4 such that
i>q4 ], F(Rj, a, M) <1, and Mja > 0. Without loss of generality, assume M,- = M;. Since
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M is ex ante stable, F (>4, j, M) = 1. In particular, M;, = 0. Then M]’.a = Mja > 0 and
M,~R§dM;.. It follows that M;, = Mj, # Mj,. By Claim 3, M, = M,. Then, as MR¢M’,
Part 2 (conflicting interests) implies M/, =54 M,,. However, this contradicts the facts that
M}, >0and F (=g, j, M) =1.

Finally, suppose that M is not ordinally fair. Then there exist i, j € N and a € 4 such
thati ~, J, M,-a >0, and F(R;, a, M) > F(Rj, a, M). Without loss of generality, let M,- =
M;. Then, by the ordinal fairness of M, M =M ]’ Since M ;Rls.dMi,

F(R;,a,M') = F(R;,a, M) = F(R;,a, M) > F(Rj, a, M) = F(R;j, a, M").

By the ordinal fairness of M’, M; = 0. Given that M;, # M, and Mis=M {,» by Claim 3,
we have M, = M. Then Part 2 (conflicting interests) implies M, =54 M’

Since F(Rj,a,M') < F(R;,a, M) < 1, the ex ante stability of M’ implies F(>,,
JyM')=1. Then F(=q, j, M) =1 and } ycnui~,j Mika < D keniknyj Miq- AS Mia > M},
and i ~, j, there exists k € N such that k ~, j and My, < M, ,. Since M, = M}, we have
My = M}, Hence, M} R$M,.. Then

F(Ri,a,M') > F(Rk, a, M) > F(R;, a, M) > F(Rj,a, M'),

where the second inequality follows from the ordinal fairness of M and M;, > 0. How-
ever, given that M} > 0, this contradicts the ordinal fairness of M'.

Part 6: Distributivity Consider any M” € £ and any i € N. Given Part 4, without loss of
generality, assume MiRlS.dle. Then (M" A (M v M")); = (M" A M);. It also follows from
M;R$4M that (M" A M);RS4(M" A M');. Therefore,

(M"AM)v (M"AM')),=(M"AM),=(M"A(MvM)).
That is, we have M" A (M v M') = (M" A M) v (M" A M'). By similar arguments, it can
be shownthat M"v (M AM'Y=(M"~v M)A (M" v M").

Part7: vS € £ First, given that any agent can compare the lotteries obtained under two
ex ante fair allocations using the first-order stochastic-dominance relation (Part 4), it is
straightforward to see that for any M” € £, and any nonempty and finite set §’ C £ such
that v§’ € £, we have v{§' U {M"}} = v{vS’', M"}. Therefore, by Part 3 and an induction
argument, for any nonempty and finite §” C £, vS§” € €.

Now, consider the set S € &, which can be infinite. As in the case of M, it can be
easily shown thatforallie Nanda € 4, (vS);; >0and ) ,_,(VS);» <1. For vStobe a
well defined random allocation, it remains to show that ) ", 5 (VvS);, < 1 foreverya € A.
Assume to the contrary that ) ;_,(VvS);, > 1 for some a € 4. For each i € N, we can find
M (i) € S such that

F(Riy a, M() > sup{F(Ri, a, M) : M" & S} — ﬁ{Z(vS) i 1}.
JEN
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LetS ={M(i):ie N} CS.ThenforeachieN,
(vS’)ia =max{F(R;,a, M"):M" € §'} —max{F(P;,a,M"): M" € §'}

> F(R;, a, M(i)) —sup{F(P;, a, M") : M" € S}

> sup{F(R;,a, M"): M" € S} — ﬁ{Z(vS)ja - 1} —sup{F(P;,a,M"): M" € S}
JeN

1
=(V8)ia — W{Z(VS)/“ - 1}.

JeN
Summing over N, we have
D (v, > 1.
ieN
A contradiction is reached, since S’ is finite and v§’' € £.

Next, we show that the allocation VS is ex ante fair. First, the individual rationality
of vS follows from Lemma 1. As in the case of M, the nonwastefulness of VS can be
deduced from the reshuffling lemma, since (VS )R;‘,lM , and M is individually rational
and nonwasteful. Second, suppose that VS is not ex ante stable. Then there exist i, j € N
and a € A such that i >, j, (vS)j, > 0 and F(R;, a, vS) < 1. Clearly M]”a > 0 for some
M" € S. But F(R;,a, M") < F(R;, a, vS) < 1, contradicting the ex ante stability of M".
Finally, suppose that VS is not ordinally fair. Then there exist i, j € N and a € 4 such
thati~g j, (vS)i, > 0,and F(R;, a, VS) > F(R}, a, vS). Pick some number x such that

max{F (R}, a,vS), F(P;, a,VvS)} <x < F(R;, a, VS).

Since F(R;, a,VvS) = sup{F(R;,a,M") : M" € S}, there exists M” € § such that
F(R;,a,M") > x. Then F(R;,a,M") > F(R},a,VS) > F(Rj,a, M"). However, M =
F(R;,a,M") — F(P;j,a,M") > x — F(P;, a, vS) > 0, contradicting the ordinal fairness of
M.

Part 8: NS e & First, as in Part 7, it is easy to show that for any nonempty and finite
S C &, NS €&. Ttis also straightforward to see that foralli e N and a € 4, (AS)is =0
and ) ,. 4(AS);, < 1. Below, we show that the probability shares of any object are not
overassigned in AS, using arguments similar to those in Part 7. Assume to the contrary,
forsomea e A4, Y ;. n(AS)is > 1. For each i € N, there exists M1 (i) € S such that

F(Piy a, M) (1)) < inf{F(P,,a, M") : M" € S} + %{Z(m - 1}.
IN] JjeN
Define S' = {M!(i):ie N} C S. Then foreachie N,
(/\Sl)l.a =min{F(R;, a, M"): M" eSl} —min{F(P;,a,M"): M" eSl}

> inf{F(R;,a, M"): M" € S} — F(P;, a, M' (i))
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> inf{F(R;, a, M") : M" € S}

- <inf{F(Pi,a, M"):M" €S} + {Z(/\S)J” })
= (AS); —L{ (AS); —1}
= ia |N| Z ja .

JeN
Summing over N, we have
Z (/\S 1) o> 1.
a
ieN
This contradicts the fact that S! is finite and AS! € £. Hence, AS is a well defined random
allocation. We show that it is ex ante fair. First, the individual rationality follows from

Lemma 1. Second, to see nonwastefulness, consider any a € 4 such that ), 5 (AS)is <
1. For each i € N, there exists M2 (i) € S such that

F(Riy a, M2(0)) < inf{F(Ry, a, M") : M" € S} + W{l - Z(Asm}

Let $2 = {M?(i): i € N} € S. By similar arguments as above, it can be shown that
Y ien (AS?)iq < 1. Since $? is finite, AS? € £. By the first part of the rural hospital the-
orem, for every M” € £, >,y Ml =,y (AS?)ia < 1. Then, for every M” € &, by non-
wastefulness, F(R;,a, M) =1 for all i e N. It follows that F(R;,a, AS) =1forallie N
and, hence, AS is nonwasteful.

Third, suppose that AS is not ex ante stable. Then there exist i, j € N and a € 4 such
thati >, j, (AS)j, > 0, and F(R;, a, AS) < 1. Given that

inf{F(Ri,a,M"):M" €S} <1
inf{F (P}, a, M"): M" € S} <inf{F(R;, a, M") : M" € S},
we can find some M1, M? € S such that
F(Ri,a, M') < 1and F(P;j, a, M*) <inf{F(R;, a, M"): M" € S}.

This implies that F(R;, a, M* A M?) <1 and (M! A M?)j, > 0, contradicting the ex ante
stability of M1 A M?.

Finally, suppose that AS is not ordinally fair. Then there exist i, j € N and a € A such
thati~, j, (AS)is > 0, and F(R;, a, AS) > F(R}, a, AS). Since

inf{ F(P;,a, M") : M" € S} < inf{F(R;, a, M") : M" € S}
inf{F(Rj, a, M"): M" € S} <inf{F(R;,a, M"): M" € S},
we can find M3, M* € S such that
F(P;,a, M®) <inf{F(R;,a, M"): M" € S}
F(Rj, a, M*) <inf{F(R;,a, M") : M" € S}.
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It follows that (M3 AM*);, > 0and F(R}, a, M3 AM*) < F(R;, a, M® AM*), contradicting
the ordinal fairness of M3 A M*4.

Part 9: The second part of the rural hospital theorem We want to show thatforalli e N
andae A, Mi=M;if} ). 4Mip <land My =M, it} ;. y Mj, < 1.

First, consider any a € 4 such that ), .y M, < 1. By Part 7, v€ € £. To prove that
M, = M}, it is sufficient to show that for any M" € £, M) = (v€),. Assume to the
contrary, that M” € £ and M) # (v&),. By the first part of the rural hospital theorem,
Yoien Ml =2 icn(VE)ia < 1. So there exists i € N such that M/ < (vE&);,. Moreover, as
M" and v& are nonwasteful, F(R;, a, M") = F(R;, a, VE) = 1. Therefore, F(P;, a, M) =
1-M] >1—(vE)ia =F(P;, a, vE), contradicting the fact that (vg)iRlSdle’.

Second, consider any i € N such that }",_ 4, M;, < 1. We show that for any M" € £,
M = (AE);, where AE € £ by Part 8. Suppose that M” € £ and M} # (AE);. Let a be
the worst object in the set {b € A : M}, # (AE);p}, according to R;. Clearly, aP;i. By
the first part of the rural hospital theorem, ), M/, =3, 4(AE)ip < 1. It follows
that F(R;, a, M") = F(R;, a, AE), since M, = (AE);p for all b € A such that aP;b. Then
M]R$4(AE); implies that F(P;, a, M") = F(P;, a, AE) and, hence, M, < (AE)q.

Since F(R;,a, M") = F(R;, a, NE) < ) e 4(AE)ip < 1, by ex ante stability we have
F(>4,i, M") = F(>=,4,i, AE) = 1. By Part 2 (conflicting interests), (AE), >sd M. Then
M! < (AE)i, implies that there exists some j € N such that i ~, j and M j”a > (AE)ja-
Since Mj’.’Rjd(/\E)j, F(Pj,a,M") > F(Pj, a, AE). Thus, F(Rj, a, M") > F(Rj, a, N§) and
we have

F(Ri, a, MN) > F(Rj, a, M”) > F(Rj, a, /\5) > F(Ri, a, Ag),

where the first inequality follows from the ordinal fairness of M” and M j”a > 0, and the
last inequality follows from the ordinal fairness of A€ and (A€);, > 0. This is a contra-
diction since it was already shown that F(R;, a, M") = F(R;, a, AE).

A.4 Proof of Proposition 1

Let p= (N, A4, R, >) € Pua with |N| = | 4| = n. Consider the allocation procedure in the
definition of EPS, which terminates in some step k. By construction, we have k < n and
{)\k}’,izl is a sequence of positive numbers with Zi:l Ax=1.Foreachk e{l,..., k} and
i € Ni, define k(i) € {0, ..., k — 1} such thati € Ny ;) and i ¢ N, if k(i) < £ < k, where we
set No=N.Then d;_;(i) = Ak()41+ oo+ Ak ifdr_1(i) > 0.

Let g = (n!)". We first use induction to show that A;q is an integer for every k €
{1,...,k}. Since A1 = |E1|/|N1], A1 - n! is an integer. Assume that A;_; - (n!))¥"! is an
integer where 1 < k < k. Then

|Exl = Y dia(d)

iENk
[N

n! { k-1 . kl}
=—— - 1|Eg|-(n!) - E di—1(i) - (nY) ,
|Nk| ieNk

A - (k= - (nhk
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which is an integer since for each i € Ny with dy_; (i) > 0,
die—1 (0) - () = Megiygr - (DF T Ay - ()

is an integer. Given that k <nand qg= (n)", A\yqis aninteger forall k € {1, ..., k1.
Next we construct a deterministic allocation for p? based on EPS. Consider any k €
{1, ..., k}. Define

EZ:{axeAq:aeEk,xz1,...,q}
and

k(i) k
NZ: :ixENq:iGNk,Z)\gq+1§x§Z/\EQ}’
=0 =0

where A¢g = 0. Note that since every Aq is an integer, for each i € Ny, we have

k
[{i*:i* e Nl}| = Aeq = (di—1(0) + Ak )gq. (5)
e=k(i)+1

We argue that the objects E can be assigned to the agents N,/ such that each i* € N//
receives some a’ € EZ with a € B;(Ay). If this is not true, then by Hall’s theorem, there
exists 1\72 - NZ such that |]\72| > |Bn'(Ag)|g, where N' ={ie Ny :i* € 1\72 for some x}. It
follows that

i€V, e N = (9] > B (A
Then, by (5),

D (dr1 () + Mi)g > [By(Ap)|q

ieN’
|Bn' (Ag)| — Z dr—1(0)
N ieN’ ,
- ]

which contradicts the definition of Aj.

Therefore, we can construct a deterministic allocation ¢ such that for each k ¢
{1,...,k} and i* € N], ¢(i*) = a” € E] for some a € B;(Ay) and y. Then, by (5), under
the allocation M (¢, p?), each i € Ny is assigned the objects in B;( Ay ) with a probability
of di_1 (i) + M. Therefore, M (¢, p?) € fEPS(p).

To finish the proof, it remains to show that for any o € O(p, q) and u € 5P (o, p?),
¢ and u are welfare equivalent.'® Assume to the contrary that ¢ and u are not welfare
equivalent. Let i* be the first agent in N4 who is not indifferent between ¢ and . That
is, we do not have u(i*) I ¢ (i*). Moreover, u(;”) I;.Zgo(jy) for any j¥ € N9 with o~ 1(j¥) <

16gpecifically, it is easy to see that when ¢ and w are welfare equivalent, M (¢, p7) and M (u, p?) are
welfare equivalent. Then it can be shown that the ordinal fairness of M (¢, p?) implies that M (u, p?) is also
ordinally fair and, hence, M (u, p?) € fEPS(p).
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o~ 1(i*). It follows from the definition of serial dictatorships that w(i*) Pf ¢(i*). Suppose
that w(i*) =a” and i* € NZ. Then aP;b for any b € B;(Ay). Note that if k(i) < £ < k, then
i ¢ Ny, and we have B;(Ay) \ E¢ # @, since otherwise

B (A= Y dea() |Ed— Y dea())
JENU{i} _ JEN Ui} <\
[N U il [N U il '

Therefore, B;(A¢+1) € Bi(Ay). It follows that for any ¢ with k(i) < ¢ < k, we have aP;b
forany b € B;(A,) and, hence, a ¢ A,. This implies a € Ey for some k' such that 1 <k’ <
k(i).

By construction, all the objects | J5") Eg are assigned to the agents UK NY un-
der ¢. In addition, x > z for any j* € UKD NY and i* ¢ UKD N{. Then p(i*) = a¥ e
E}, < UtY) Ef implies the existence of some jZ € [ JfY) N such that u(j%) ¢ LY E{. Let
ji e N,f,/ where 1 < k” < k(i), and u(j?) =b™. Then b ¢ E,; forany ¢ € {1, ..., k(i)}. This
first implies b € A;». However, since x > z and o~ (j?) < o~ 1(i*), we have u(j?) I;Igo(jz)
and, hence, b € Bj(Ay) € Ej», which leads to a contradiction.
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