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7 Further Discussion

7.1 Genericity

This subsection studies assumptions with which strong and weak detectability are generic
in the one-shot problem. Given (X, y,S), whether strong and weak detectability are
satisfied is determined by 7 € (A(S))X1¥19°l. Define

SD(X,0',x,S) = {w € (A(S))XXIO'T . @ is strongly detectable with (X, ©7, y, S, w)} ,

WD(X,0", x,S) = {7T € (A(S))XIXI9' . @ is weakly detectable with (X, 67, y, S, 71')} .

Note that SD(X, 0%, x,S) C WD(X, ©', x, S) because strong detectability implies weak
detectability. Let L be the Lebesgue measure on (A(S))XX1®'l where we normalize
L((A(S))XIXI1®'1) = 1. Strong (weak) detectability is generically satisfied with (X, €, x, S)
if L(SD(X,04x,5)) =1 (LOWD(X,0,x,S5)) =1).

Theorem 5.

1. Strong detectability is generically satisfied with (X, 0", x,S) if and only if

O < [9].

2. Weak detectability is generically satisfied with (X, 0% x,S) if and only if

min [{§' € ©": x(0") # 2} +1 < |S)].

zeX

Note that the following holds:

min [{§' € ©": x(0") # x}| +1 < |©7, (32)

rzeX

which implies that weak detectability is generically satisfied whenever strong detectability
is. Furthermore, whenever there exist two or more distinct types that lead to the same

allocation (i.e., there exists 67 # 6% such that y (') = x(6')), (32) is satisfied with strict



inequality. Accordingly, Theorem 5 indicates that weak detectability is generic under a

weaker condition than strong detectability is.

7.2 Numerical Simulations
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Figure 2: The empirical probability that strong and weak detectability are satisfied when
(i) [S| = 3, and (ii) 7 € (A(S))X*I®l and x € X9 are drawn uniformly at random.

The Lebesgue measure of WD(X, ©7, y, S) is substantially larger than SD(X, ©¢, x, S).
In order to illustrate this fact, we compute the Lebesgue measure of WD(X, ©7, y, S) and
SD(X, 07, x, S) numerically. We fix |S| = 3, change the variety of agent i’s types (|©])
and the variety of possible allocations (| X|), and draw (7, y) uniformly at random. The
result is shown as Figure 2. Each point in the figure represents the empirical probability
that strong and weak detectability are satisfied when 7 € (A(S))X*1® and y e X1€'l
are drawn uniformly at random. |X| ~ oo indicates that | X| is so large that a different
x is always assigned for a different 0°, i.e., x(0) # X(él) for 6 # 0" with probability one.

We have the following observations:



1. The larger the number of agent i’s types (|©']), the less likely that strong and
weak detectability are satisfied. Note that when |©¢| is small and the corresponding
dimensionality conditions of Theorem 5 are satisfied, strong and weak detectability

are satisfied with probability one, consistent with their genericity.

2. The larger the number of allocations (|X|), the less likely weak detectability is sat-
isfied. In contrast, the larger | X| is, the more likely strong detectability is satisfied.

3. As |©%| becomes larger, the chance of having strong detectability decreases much
faster than for weak detectability. For example, in the case of |X| ~ oo, (i) the
difference in empirical probabilities that strong and weak detectability are satisfied
is minimized and (ii) neither detectability is generic if and only if |©?| > 3. Even in
this case, when |©f| = 10, strong detectability is satisfied with a probability of only
0.26 percent, while the probability for weak detectability is 96.07 percent.

Of course, in applications, we rarely presume that (x,7) is determined uniformly at
random. However, this numerical simulation helps understand to what extent weak de-

tectability is more likely to be satisfied than strong detectability.

7.3 Connection to the Conventional Notion of Full Surplus Ex-

traction

One might think that the necessity discussed here is different from the conventional notion.
Crémer and McLean (1988) fix a type space and a type distribution (which correspond to
(O4, )23 in our setting) and provide a tight necessary and sufficient condition for full
surplus extraction for arbitrary valuation functions. However, in this paper, we also fix an
allocation rule and discuss the possibility of extraction (and implementation) for arbitrary
sequences of flow valuation functions. These two notions for full surplus extraction seem
different because we can ignore valuations that make the targeted allocation rule inefficient
if our aim is full surplus extraction (or efficiency). However, these two necessity notions
are equivalent—even when we fix an information structure and one agent’s valuation

function, still every allocation rule can be efficient.



Lemma 3. For all (0, 1), (v, and (x)E}, there exists ((v]);2)E, such that

(xt)Ey is a unique efficient rule with respect to (Oy, 1)1t and to ((v])jez)Ep.

Since we allow interdependent values, we can offset one agent’s payoff by another
agents’. For example, when Z = {i,—¢}, in period 7T, in order to make yr uniquely

efficient, we can set

» —vip(zp, 0p) + 1 if xp = x2(07);
vp' (2, 0r) =
— vz, Or) otherwise.

Similarly, we can choose a sequence of the other agents’ valuation functions, ((v]);.)7,
which are not relevant to agent i’s problem, to justify the efficiency of the targeted allo-
cation rule, for all t. Therefore, given (0, y;)1", if there exist (y)/_y and (vi)~, such
that we must leave information rent for ¢, then we cannot extract the full surplus with
((v]) ;) that makes (x;)7_, an efficient allocation rule. Likewise, if there exist (y;) %'
and (v))I_, such that we cannot satisfy wp-EPIC for 7, then we cannot achieve efficiency

with such ((v]);.4)1,.

7.4 Markovization

Markovity of the environment largely simplifies our analysis because the true realization of
the past types 6p.;—1 becomes independent of the period ¢ problem (while the past reports
matter because we use non-Markov payments). As Athey and Segal (2013) show, we
can always “Markovize” the environment by rewriting the problem as one with a larger
state space. However, strong and weak detectability are not independent of the state
specification. The larger the state space becomes, the less likely to be satisfied these
conditions are. Therefore, in order to apply our results to a non-Markov problem, we
need to enlarge the state space until we obtain the Markovity of the environment (i.e.,
until the flow valuation function and the transition probability function become Markov),

but no further.



7.5 Non-Markov Allocation Rule

In the manuscript, we assumed that the allocation rule ( Xt)tT:Jf)l is Markov. While Markovity
of valuations and state transitions imply that there exists an efficient Markov allocation
rule, if an inefficient allocation rule is targeted, this assumption is restrictive. This sub-
section discusses how our results can be generalized to the case of non-Markov allocation
rules (x; depends not only on 6;, but also on fy.¢_1).

For equilibrium payoff control by strong detectability, we need only a slight change.
Since the targeted one-shot allocation rule changes according to the history of reports,
we need to make the signal structure history-dependent; thus, we also need to modify the
definition of backup sets so that they are also history-dependent. However, after these
modifications, Theorem 1 provides a sufficient condition for satisfying the no-information-
rent property.

Weak detectability should be modified more largely. For example, consider a two-stage
problem, in which Z = {i}, ©} = {Lo, Ro}, |0} = 1, | Xo| = 1, and X; = {ly,r1}. While
no ex post signal is available, weak detectability is satisfied and any Markov allocation rule
is implementable: (i) the mechanism does not have to distinguish 6} = Ly or Ry because
| Xo| = 1 implies that they lead to the same allocation, and (ii) |©¢| = 1 implies that there
is no private information in period 1. However, in this environment, the signal structure
does not guarantee implementability of a non-Markov allocation rule x;(Ly) = l; and
X1(Ro) = r1 because no signal is available.

To modify weak detectability to guarantee implementation of non-Markov allocation
rules, we should distinguish type reports that may lead to different allocations not only
in the current period, but also in the future. We incorporate a quotient set P generated
by an equivalent relation ~ on © into the definition of weak detectability: ©° is weakly
detectable with (X, 0, x, S, , P) if, for all © C ©°, there exists ' € ©7 such that
(33)

w008 ¢ o ({au@, 80}, Y

where [#"]p denotes the equivalence class of #° with respect to ~. If the quotient set P is

R

generated by the equivalence relation implied by “6' ~ @' if and only if x(0") = X(éi),

then this modified version of weak detectability coincides with the previous one.



We also replace the signal structure in the original problem. We define Q;(6o.,_1,6; ")

be the quotient set of ©! generated by the following equivalence relation:

0 ~ éz if and only if

XT(QO:t—l’ 0;) et_l; 0t+1:r) = X’T(QOCt—l) éi) 01‘,_17 Ht—‘rl:T) for all 7 = t, L+ ]-7 T 7T + 1.

We do not distinguish 6! and 8! if and only if they lead to the same allocation not only
in period ¢, but also in all future periods. Using Q4 (fo.—1,60; ") as the quotient set for
the modified version of weak detectability (and using modified backup sets discussed
above), we obtain a new version of Theorem 2, which provides a sufficient condition for

implementation of non-Markov allocation rules.

7.6 Full Surplus Extraction in Every Period

We have focused on period-0 full surplus extraction. Alternatively, we can consider mech-
anisms that extract full expected future surplus at the beginning of each period, i.e., a

mechanism (¢, ¥;)" that satisfies
Vi(0:) + Ti(6o4) = 0 (34)

for all © € Z and 0y, € Og..
However, in many cases, there are no such mechanisms because we cannot exploit the
intertemporal correlation any more. Recall that wp-EPIC of 7 at 6., is satisfied if and

only if

Vi (6) + Wi (0o.0)
>0} (xe(0},0,7), 61) + ¥} (Bos—1, 04 (35)
F 0B Vi (01) + Wy (G0, 0,077, 00| xa (62, 6,7), 6,

for all §1 € ©F. Substituting (34) to (35), wp-EPIC of i at ., is reduced to

0 Z Uz(Xt(é; et_l)v 915) + 77b§<00:t—17 ézv et_z)



for all i € ©i. Hence, (s, 1) 4! leaves no information rent for i in all periods if and
only if (i) for all ¢, the period-t static mechanism (x,1}) is ex post incentive compatible,
and (ii) agent i’s on-path ez post payoffs from (x;, i) are zero for every 6, € ©;. We

cannot expect the existence of such static mechanisms in general.

7.7 Dropping the Full-Support Assumption

We have assumed that all of (j;)1 has full support. Lemmas 1 and 2 indicate that
under this assumption, the intraperiod correlation is “useless” for a construction of a wp-
EPIC mechanism because the intraperiod correlation does not appear in the necessary
and sufficient condition.

On the other hand, if (y;)2%" does not satisfy the full-support assumption, the in-
traperiod correlation is sometimes helpful to sustain wp-EPIC. This is essentially because
harsh punishments for the reports of zero-probability types are useful to achieve (static)

ex post incentive compatibility. Let
Oi(w4-1,0,") = {0: € O} : 30,1 € O,_18.t. (0,0, 53,-1,0,1) > 0}

Given (z,_1,0;%), 0! ¢ ©i(x,_1,0;") does not happen with positive probability. Therefore,
when such 6! is reported, the central planner can punish agent 7 without changing on-path
payoffs. In this case, it suffices to consider incentives for truthtelling against misreports
within ©i(z,_y,0;%), rather than O, for satisfying wp-EPIC. Accordingly, an intraperiod
correlation with shifting support (which is excluded from our main analysis by assuming
full support) is helpful for both within-period ex post implementation and full surplus

extraction, as the realization of 6, restricts the set of potentially profitable deviations.

7.8 Combining our conditions with Liu (2015)’s

We have proposed different conditions from Liu (2017)’s. One may think that we can
obtain a further weaker sufficient condition by combining our conditions with Liu’s, and
it may lead us to a necessary and sufficient condition. Examples 3 and 5 indicate that the

former half is true: our theorems guarantee full surplus extraction in an environment in



which Liu’s theorem cannot (Example 3), and vice versa (Example 5). There also exists
an environment in which full surplus extraction is possible, but neither our theorem nor

Liu’s condition is satisfied.

Example 6. This environment is a hybrid of Example 3 and 5. Consider a three-stage
problem, where |0;°| = |07 = [0} = 1, ©) = {Lo, Ro}, O} = {A1, B1,C1, Dy, My},
0," = {F,, F5,Gy}, and | X;| = 1 for t = 0,1, 2. The state transition uy, st is summarized
in Table 3. This environment is a modified version of Example 3—we added a new state

M to ©%, which has the role of B; of Example 5.

E2 F2 GZ
(5 A1) 106102102
Al Bl Ol Dl Ml
(s By) [ 0410501
(L) | 0.1]0.31]03]0.1]0.2
(s Ro) [ 0.310.1]0.1]0.3]0.2
(D) | 02104 |04

Table 3: The state transition p; : ©f — ©¢ and puy : ©F — 65"

Same as Examples 3 and 5, since the allocation space is a singleton, implementability
of the targeted allocation rule is trivial. We consider whether or not we can detect 6
without leaving information rent.

In this example, the assumption of Theorem 1 is not met. Since no ex post signal is

available in period 2, the backup set in period 1 is empty. Since

% [12(A1) + p2(D1)] = % [2(B1) + p2(C1)] = pe(My) = (0.4,0.3,0.3), (36)

O} is not strongly detectable with I} (). Hence, the assumption of Theorem 1 reduces to
strong detectability with Tj(6;",0). However, (i) |©}| = 2 implies that the agent’s type
space is not degenerate, but (i) |©7‘| = 1 implies that the signal space of T}(6,",0) is
degenerate. Accordingly, ©} is not strongly detectable with T ().

Furthermore, Liu’s way to use distant intertemporal correlations (described in Sub-

section 6.3) is not applicable either. We can derive that agent i’s belief on 6, conditional

10



on 0} = Lo is

0.1« [p2(A1) + p2(D1)] + 0.3 - [p2(B1) + p2(C1)] + 0.2 - po (M), (37)
and agent i’s belief on ;" conditional on 0} = Ry is

0.3 - [p2(A1) + p2(D1)] + 0.1 [p2(B1) + p2(C1)] + 0.2 - po(Mn). (38)

However, (36) indicates that (37) and (38) take the same value, (0.4,0.3,0.3). Since Lg
and Ry generate the same beliefs about the distribution of 6,*, we cannot construct a
Crémer-McLean lottery from the correlation between 6 and 6", directly.

However, full surplus extraction is possible. For ¢ € {A;, By, Cy, D1} (= 01\ {M}),

o) ¢ oo ({ur @}, .

Accordingly, for each 61 € {A;, B;,Cy, D1}, there exists a lottery over 6;,° € ©," such
that (i) if agent 4 truthfully reports €%, his expected payoff is zero, and (ii) if agent
i misreports some 01 € Oi \ {01}, he receives a negative expected payoff. Using this
lottery, we can prevent Ai, By,C4, D; from misreporting. Hence, we can provide an
arbitrary continuation payoff vector, (Uj(A),Uj(B1),Ui(C1),Ui(D1)) to agent i, while
preventing him from misreporting his type when his true type is 6% € {A;, By, Cy, Dy }.
Furthermore, we can provide some constant subsidies (which is independent of 65") when
0i = M, is reported, to prevent type M; agent from misreporting his type. Here, every
(Ui (A1), Ui(By),Ui(Ch),Ui(Dy)) is achievable with some Uj(M).

Now we consider agent i’s reporting problem in period 0. Since
p(My; Lo) = pa(My; Ro) = 0.2,

continuation payoffs at (Lo, M;) and (Rg, M;) do not affect the incentive for reporting
0i € ©) = {Ly, Ry}. Using continuation payoffs at 0 € {A;, B;,C}, D} as a Crémer-
McLean lottery (specifically, providing a larger continuation payoff at (i) B; and C} when
Ly is reported, and (ii) A; and D; when Ry is reported), we can detect the state of period

11



0, without leaving information rent.

7.9 The Necessary and Sufficient Condition

As discussed in Subsection 6.1, our main theorems do not provide the necessary and
sufficient condition for full surplus extraction and the implementability of a targeted
allocation rule because we have decreased the dimension of signal spaces to make the set
of available continuation payoffs a linear space. On the other hand, once we specify the set

of achievable continuation payoffs, we can derive the necessary and sufficient conditions.
Theorem 6. Given (v})13 and (x,)=', define (U})Z, such that:

1. Ul C R® for all t.

2. Fort=T+1,
Upiy ={Upy, € RIOT+1 Upi1 (0741, 0741) = Upi( T+179T11) V071, '+1}- (39)

3. Fort=0,---,T, ifU,, =0, then Uj,, = 0. Otherwise, U} € U} if and only if

there exists U}, : ©, — U}, such that

U (6:) = vy (xe(61), 61) + OB [Uf 1 (01, 0r1) | xe(61), 6] ; (40)
UH00) = vi(x0},0,7), 00) + OF | UL (01,07, 0000) | (01, 07),0) (41)

for all 6 € O1.

It then follows that:
1. There exists (xi, )1t that satisfies wp-EPIC for i if and only if Ul # 0.
2. There exists (x;,i)1t" that satisfies wp-EPIC and leaves no information rent for i
if and only if (0,---,0) € U.

Here, U] is the set of (|©;|-length vectors of) continuation payoffs that the central plan-
ner can provide, preserving wp-EPIC satisfied (using some monetary transfers). However,
it is difficult to obtain a necessary and sufficient condition on primitives because it is dif-

ficult to specify (1)L

12



8 Infinite Horizon

8.1 Overview

In the main body of this paper, we have concentrated on a finite horizon. However, the
techniques developed in our paper are also applicable to an infinite horizon. In this online
appendix, we provide a sufficient condition for full surplus extraction with an infinite
horizon.

When we consider an infinite horizon, in order to make the mechanism individually
rational (i.e., make each agent’s on-path continuation payoff non-negative after every
history), it is important to prevent explosion of the payment. When the worst-case
payment of agents goes to infinity as ¢ — oo, (i) the one-shot deviation principle is
not applicable because agents’ flow payoffs may grow to infinity, potentially at a super-
exponential speed, and (ii) we cannot always use the “deposit scheme” to prevent the
agents from leaving at ¢ > 1 because we may need an infinite amount of “deposits”
to keep the agents participating. In this section, we consider only uniformly bounded
payment rules to guarantee that the one-shot deviation principle and the deposit scheme
are applicable. To achieve this, we need a stronger condition to provide a uniform bound.

First, we assume the existence of a uniformly bounded payment rule (gi)2, that
implements a targeted allocation rule and consider the revelation of agent i’s initial type
6i. Even when the time horizon is infinite, we can initiate backward induction from a
certain period, say T < oo, to construct a sequence of backup sets (B;*)[f;! and obtain
B, just as in finite-horizon settings. If strong detectability with T (6", B;") is satisfied
with obtained B;*, we can detect 6% without leaving information rent. In this manner,
we can obtain a counterpart of Theorem 1 for the infinite-horizon settings (Theorem 7).

To implement an efficient allocation rule in an infinite horizon, we need some additional
assumptions. It is well-known that when the correlation becomes weaker, we need to scale
up the Crémer-McLean lottery to provide a sufficiently strong incentive for truthtelling.
Therefore, when the correlation between agents’ types converges to zero as t — 00, it
is inevitable that the worst-case payment of the agents goes to infinity. In this case,

we cannot induce truthtelling with a uniformly bounded payment rule. The following

13



example illustrates this fact.

Example 7. Consider the following infinite-horizon environment: 6 € (0,1), Z = {i, —i}
and for all t, ©! = X, = {I,r} and ©;; = {L, R}. x; is independent of §;*, and it matches
the allocation with agent i’s type, i.e., x;(I) = [ and x;(r) = r. For all ¢, 6} is drawn i.i.d.
with equal probability, i.e., ui(l) = pi(r) = 0.5 after every (z;_1,6;_1). On the other hand,
the distribution of Htjfl depends on #¢; thus, we can use it as a signal for 0. Specifically,
we assume iy (Rr) = piiy (Lil) = g € (1/2,1) and iy (Lir) = piiy (Rsl) = 1— g,
Note that ¢, # 1/2 implies that, for all ¢, © is strongly detectable with T'(6,*, (). Finally,
we assume that vi(l,7) = vi(r,l) = 1 and vi(l,1) = vi(r,r) =0 for all t = {0,--- , T}, i.e.,
agent ¢ dislikes the targeted allocation rule. With this environment, we consider agent ¢’s

incentive for truthtelling, assuming that agent —i reports 6, truthfully.

L R

w0 e [1—q

() | 1—a | @

Table 4: p;}; : ©F — A(O;},) discussed in Example 7.

Since (i) 6%, is independent of 6%, and (ii) 6o is independent of 6i, 6,7, is the only
available signal for inducing truthtelling of #. Hence, to consider wp-EPIC for i, without
loss of generality, we can focus on payment rules that only depend on (6, 9;1), which can
be written as ¢!, : O x O;/; — R (we set ¢) = 0). Furthermore, taking advantage of

the symmetry of [ and r, we focus our attention on (¢!):2, that satisfies

¢y(r, R) = ¢,(I, L) = ¢y,
Qbi(n L) = gb;(l?R) = .@t'

For a while, we assume that the one-shot deviation principle is applicable. Then, (x;, !)2,

is wp-EPIC for ¢ if and only if

0 (qtﬂgt + (1 - %)QJ >1+9 (thét + (1 — Qt)&t) for all ¢,

14



or, equivalently,

- 1
— ¢, > ————— forallt.
¢t gét_é-(th—l) or a

Now, assume ¢; = (1 + 6%%)/2 so that

1

E—— e G BN P e
g - (2% - 1)

5t
If the time horizon were finite, we could make the payment rule uniformly bounded,
because ¢, — ¢, could be bounded by 6~7. As T increases, 67 also increases. However, as
long as T' < 00, 7 < co. Hence, the worst-case EPV, M* = min g, [V (6;) + ¥i(0o.)],
were also bounded, and we could apply the one-shot deviation principle and the deposit
scheme.

However, now, the time horizon is infinite; thus, §*- (¢; — ¢,) is unbounded. Then, even
when flow valuation functions, v, are uniformly bounded, each agent’s discounted flow
payoff, 8" - (vi(z¢,6;) + y;) is unbounded, because of the unboundedness of the payments,
yi. Now we have two problems: First, we cannot apply the one-shot deviation principle
for the case of bounded payoffs. Second, even with (a version of) the one-shot deviation
principle, participation constraints in later periods cannot be satisfied by the deposit
scheme. In the above mechanism, the present value of the worst-case future payment
grows to infinity as t — oo. The deposit scheme is not applicable because agents can only

make a finite payment in each period, while an infinite amount of deposit is necessary.

In Example 7, 8¢ - (¢; — ¢,) goes to infinity as ¢ — oo because the correlation between
0i and 9;1 vanishes asymptotically; i.e., ¢ — 1/2 as t — oo. To avoid this, we first show
that, for each lower bound of correlation intensity, we can construct an upper bound of the
incentive payment for the one-shot problem (Lemmas 5 and 6). In Example 7, the lower
bound of correlation intensity corresponds to the value of € > 0 such that ¢; > 1/2 + €,
and we can obtain the upper bound on the incentive payments that depend on €. Using
this result for the one-shot problem, we show that if the correlation intensity is uniformly
bounded, then we can provide a sufficiently strong incentive for truthtelling by a uniformly
bound payment rule (Theorem 8).

The results for the infinite-horizon setting shown in this online appendix are looser than

15



our results for a finite horizon. For example, in Example 7, ¢, may converge to 1/2 much
slower than the speed that §' goes to 0. In this case, while the worst-case payment may
be unbounded, its present value is bounded; thus, both the one-shot deviation principle
and the deposit scheme are applicable, and we may be able to implement the targeted
allocation rule. However, the current statement is already very complex and we would not
obtain additional qualitative results by dropping these assumptions. Hence, we focus on
the case of the uniformly bounded correlation intensity, and construct uniformly bounded

payment rules.

8.2 Environment

We follow the notation of the manuscript; thus, we only mention the additional assump-
tions made for infinite-horizon settings. Since now we have an infinite horizon, agent ¢

wants to maximize

Z 8" [vj(ze, 0:) + 1] -

t=0
We additionally assume that § < 1 and v! is uniformly bounded, i.e., there exists v € R
such that |vj(z,0;)| < © for all 4, t, ¢, 0y, so that |> .2 8 (2, 6:)] < oo is always
satisfied. Still the present value of the payment may be infinity, i.e.,|> ~, d'yi| = oo, if
we consider general payment rules (¢):2,. However, we only consider uniformly bounded
(¥})s2, which ensures that the agents’ discounted payoffs are finite. We also assume that
| X¢| and |©;| are uniformly bounded.

Parallel to the manuscript, given a mechanism (x¢, ¥1)52,, a sequence of past reports

QAOZt_l and a (true) type profile of today 6;, EPV terms are defined by

[ oo

E|> 07 (xs(6,),6,)

L s=t

Vi (8 (xe)ro)

(Xk)ZO:O? Ht] )

oo

E Z 55_%2(90:1:—1, O, Or11:)

L s=t

U, (001, 06 (Xk)720)

(Xk)zozo’ et] .

Since we assume that v} is uniformly bounded and focus on uniformly bounded v{’s, V!

and Wi are also uniformly bounded. Finiteness of V,’ and W! also guarantee that the one-
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shot deviation principle used in Definition 1 (wp-EPIC) is also directly applicable to an

infinite horizon. An efficient allocation rule (x;);2, maximizes E [>, 7 Vi (fo; (x¢)52)]-

8.3 Deposit Scheme

First, we state the participation constraint we consider.

Definition 7 (wp-EPIR). (x:,¥!)2, is within-period ex post individually rational (wp-
EPIR) for i at 0y, € O, if

V(O (x)i0) + (0045 (Xk)7eg) > 0.

(xt, V1) is wp-EPIR for i if it is wp-EPIR for i for every ¢ and 6y, € Og,.

As we discussed in Section 3, when we have a finite horizon, whenever wp-EPIR is
satisfied in period 0, we can keep wp-EPIR for every period without increasing information
rent. To achieve this, the planner should collect a deposit in the initial period and return
it in the last period. As long as T' < oo, this scheme does not need any additional
assumptions.

We need to modify the scheme because the original one returns the deposit in the
last period. However, given that ()2, is uniformly bounded, we can develop a similar

scheme, which ensures that we can satisfy wp-EPIR without increasing information rents.

Lemma 4. Suppose that (xi,¥})2, is wp-EPIC for i and (1), is uniformly bounded.
Then, there exists a uniformly bounded ()22, such that (xq,!) is wp-EPIC for i, wp-
EPIR fori and

Ui(6y) = Wi (0y) for all Oy € Oy.

In brief, since (¢}):°, is uniformly bounded, M* = inf, ., [V;'(0o.) + ¥i(6o.)] > —o0.
The central planner collects —M? as the deposit in the initial period and pays —(1—¢)-M*
as interest in every period, as long as agent i stays in. Agent i does not leave the
mechanism because EPV from the interest is —M?, which is his worst-case EPV from the
original mechanism, (xy,1!)%,. Note that, unless we assume that (¢{)$, is uniformly
bounded, M*® may be —oo, which means that it is impossible to make the agent deposit

—M?" in the initial period.
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8.4 Extraction

With an infinite horizon, we cannot initiate the backward induction from the “last” period.
However, we can always initiate backward induction at some time point (say 7' < +00) to
construct a sequence of backup sets (B;*)L"'. If we can obtain strong detectability with
T8(0,", By") for every 0, € ©,", 0 is detected without leaving information rent. Because
the part of the payment rule, which we use for extraction, becomes zero after T' + 1, the
uniform boundedness remains to be satisfied. Therefore, if, in addition, the existence of a

uniformly bounded payment rule (g;)s°, is ensured by some exogenous schemes, then full

surplus extraction is possible. More formally, we have the following theorem.

Theorem 7. Given (x;)2,, suppose that there exist T < +oo and (B;")I! such that
1. Fort=T+1, Byl =0.
2. Fort=1,2,--- T, 0;" € B;" if ©! is strongly detectable with T%(0;", B,;",).

Suppose also that there exists uniformly bounded (gi)2, that makes (xy, g)2, wp-EPIC
fori, and ©! is strongly detectable with T4(0y", By") for all 05" € ©5". Then, there exists
uniformly bounded ()2, such that the associated mechanism (x¢, Vi), is wp-EPIC and

leaves no information rent for 1.

The proof is parallel to Theorem 1 in the manuscript, so it is omitted. Recall that
Theorem 7 ensures the existence of the uniformly bounded payment rule (¢{)2,. Ac-
cordingly, we can apply Lemma 4 to make the mechanism satisfy wp-EPIR for ¢ without
increasing information rents, just as in a finite horizon.

The flow payment of the team mechanism of Athey and Segal (2013), gi(6o.:) =
> i vi(x+(6;),67) is uniformly bounded by (I — 1) - @. Therefore, just as in a finite
horizon, if we have private values, then the existence of “the uniformly bounded payment

rule (g!)°, that makes (xy, gi)5°, wp-EPIC for i” is guaranteed.

8.5 Strong Detectability and Correlation Intensity

Now, we study the one-shot problem to show that the lower bound of the correlation

intensity guarantees the boundedness of the incentive payment. Let p be the Euclidean
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distance. © is d-strongly detectable if the Euclidean distance of the point and the convex

hull in the definition of strong detectability is larger than some fixed d > 0.

Definition 8 (d-strong detectability). Given d > 0, © is d-strongly detectable with
(X,0 x, S, m) if for all 6" € ©F,

p (rc@). 00,00 ({280}, ) > (12)

Note that strong detectability with (X, ©% x, S, ) is not satisfied if and only if the
distance appearing in the left hand side of (42) is equal to zero. In other words, strong
detectability (of Definition 4) corresponds to 0-strong detectability of Definition 8. The
value of d specifies a lower bound of the strength of intertemporal correlations between
agents’ types. If we have stronger correlation, the scale of the Crémer-McLean lottery can
be small. In the following lemma, we show that the payment rule of the one-shot mech-
anism has a uniform bound M S(U, ,d), which only depends on the bound of expected

payoffs U, the bound of valuations %, and the lower bound of correlation intensity d.

Lemma 5. There exists M.S : RS, — Ry that satisfies the following: Suppose that ©" is
d-strongly detectable with (X, 0%, x, S, 7). Then, for allu’ : X x©' - R and U' : ©° — R
such that |u'(z,0%)| < @ for all (x,0") € X x ©% and |UY0")| < U for all 6° € ©°, there
exists p' : ©° x S — R that satisfies

U'(0") = u'(x(6"),0") + 0 - E [p'(6", 5)| x(¢"), 0] (43)

for all 6" € ©F,
U0) 2 ' ((0),0) + 6 - E [ (6, 5)

=
S
D>
=N
N~—
Y
=
—_

(44)

for all (07,0") € ©' x O, and

for all (0°,s) € ©" x S.
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8.6 Weak Detectability and Correlation Intensity

Parallel to d-strong detectability, we define the d-weak detectability as follows:

Definition 9 (d-weak detectability). Given d > 0, ©' is d-weakly detectable with (X, ©%, x, S, )
if for all ©° C ©F, there exists ' € ©" such that

o (ﬂx(éi), ), co ({ﬂx@i), My X(%(m)» - d (45)

Again, d represents the correlation intensity, and we can also develop an upper bound
of payments MW (u,d) and an upper bound of expected payoffs MU (u,d) that only

depend on the bound of valuations % and the lower bound of correlation intensity d.

Lemma 6. There exist MU : R3, — Ry and MW : R%, — Ry, that satisfy the
following: Suppose that ©' is d-weakly detectable with with (X, 0%, x, S, 7). Then, for all
u': X x O = R such that [u'(z,0")| < u for all (z,0") € X x O, there exist U' : ' — R
and p' : ©' x S — R that satisfy

U'(0") = ' (x(0"),60") + 6 - E [p'(0", 5)| x(6"),6] (43, revisited)
for all 6" € ©F,

UN(0) = (x(87),0) + 6 - B [ p'(0, 5

x(69), 91} (44, revisited)
for all (6°,0") € © x O,
U (6")| < MU(a,d)

for all 0' € ©, and
P, )| < MW (a,d)

for all (0',s) € ©" x S.

8.7 Implementation

We will develop a counterpart of Theorem 2 for an infinite horizon. To construct it, just as

in the manuscript, we first construct a dynamic mechanism for a finite horizon. However,
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different from the finite-horizon problems, we require that there exists an upper bound of
the payment, which only depends on the intensity of the detectability (d) and length of
the time horizon (7).

Definition 10 ((d-block)). An interval {t,t+ 1,--- ,t+ T} is a d-block along (Xt)ig if

there exists (B, ’)ig:ll such that
1. Bj"c O, foreveryt € {t+1,--- ,t+T+1}.

2. Bt;iT+1 =0,

3. for t = t+1,---,t+ T, for all §;" € B;*, ©! is d-strongly detectable with
F?ﬁ<9t717 Btjril)u

4. for t =t, for all 6" € ©,7, ©; is d-strongly detectable with I'; (6, ", B,,),

5. fort =t+1,---,t+T for all ;" € ©,"\ B;", ©! is d-weakly detectable with

Definition 10 requires that the assumptions of Theorems 1 and 2. However, in addition
to Theorems 1 and 2, we explicitly state the lower bound of the correlation intensity, d.
We regard each block as a problem with a finite horizon and construct a finite-horizon
mechanism. Since assumptions of Theorems 1 and 2 are satisfied, we can satisfy wp-EPIC
without leaving information rent; in other words, an agent’s EPV in the initial period of
each block can be set to zero. Hence, the beginning of a new block is equivalent to the
termination of the world (as in a finite horizon) in the sense that agents” EPV is set to
zero regardless of the history. Accordingly, solving a finite-horizon problem for each block,
we can implement a targeted allocation rule for an infinite-horizon problem.

We use Lemmas 5 and 6 instead of Lemmas 1 and 2; thus, we have a guarantee for
the scale of payment rules—the incentive payments for {t,t+1,--- ,t+ T} is bounded by
a constant, say, M B(T,d), that only depends on the lower bound of correlation intensity
d and the length of d-block T. M B(T,d) may goes to infinity as the length of d-block
grows to infinity (i.e., T — 00). To guarantee (1)!)%°, to be uniformly bounded, we also

need to assume the existence of the upper bound of the length of each d-block.
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Theorem 8. Consider an allocation rule (x:);2,. Suppose that there exists d > 0, L €
Zyy, and a partition P of the time horizon Z. such that (i) each cell P € P comprises a
d-block, and (ii) the length of each d-block is shorter than L, i.e., for all P € P, |P| < L.
Then, there exists a payment rule (V{):2, that makes (¢, %12, wp-EPIC for i and leaves

no information rent.
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A  Proofs

A.6 Proof of Theorem 5

Part 1 (genericity of strong detectability): Suppose that |0 < |S|. Then, it

follows from

dim co ({W(X(ﬁi),éi)}éieei\{m}) < |0 -2<|S|—1=dimA(S),

that the measure of 7 that fails to satisfy (2) is zero, i.e., L(SD(X, 0% x,S)) = 1.

AS)

n(x*,8%) for ' = 6" are
set to these |S|-points.

Figure 3: 7(x*,-) constructed in the proof of Part 1 of Theorem 5. Choosing ' for ¢ of
(2), (2) is not satisfied for a e-neighborhood of 7 for € > 0 small enough.

To show that L(SD(X,0" x,S)) < 1 for |©'] > |S]|, construct 7 as follows (it is
depicted as Figure 3). Choose ' € ©' arbitrarily, and let z* = x(0"). Let o =
(1,1,---,1)/|S| be the center of gravity of A(S). Define n(z*,6") = o. Take r > 0
such that r-open ball on A(S) of radius r centered at o, which is denoted by R, satisfies
R C A(©,},). Choose |S| points on the boundary of R whose convex hull forms a (|5|—1)-
dimensional simplex, and set m(z*,0) for #° € ©"\ {#'} to these points so that all of |S]
points are assigned at least one #° (such an assignment is feasible because |07\ {#}| > |S]).

n(x,-) for x # x* is defined arbitrarily. Then, for € > 0 sufficiently small, (2) for #° is not
satisfied for a e-neighborhood of 7 . Accordingly, L(SD(X,0",x,S)) <1. &

Part 2 (genericity of weak detectability):  Suppose that min,cx |[{0° € ©% : x(0") #
r} + 1 < |S]. Choose and fix 2* € argmingex [{#" € O : x(6) # x}|. Then, it follows
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from

argmin [{¢ € ©": x(6") # }| = argmax [{¢" € ©": x(¢") = z}|

that ©' = {#" € O : (") = 2*} # 0. Furthermore, |07\ ©'| = min,cx |{#" € O : x (") #
<181
If © is not weakly detectable with (X, 0%y, S, 7), there exists ©° C O such that for
all 0 € ©, (33) is not satisfied. Let C(©?) be the set of 7 such that for all #* € 7, (33)
is not satisfied. Clearly, Ugi-g:C(0") = [A(S)]lx\xl@il \ WD(X, 0, x, S) holds.
For ©' such that ©'NO" #£ 0, for 7 to be in C(67), it is necessary that for all f € ©/NO",
w(2*,0%) € co ({W(as*, 0} (46)

Gicdi s.t. X(éz)yéx*) .

However, by assumption on z*,

dim co ({W(x*,éz)} - N ) < dimco <{7T(a:*,é’)} , N )
0tcOt s.t. x(0%)Fx* 0'cO? s.t. x(0%)Fx*

<o\ 6| —1
<(|s[-1) -1
<dim A(S),

indicating that the right hand side of (46) degenerates. Accordingly, L(C(©%)) = 0.
For ©' such that ©'NO! = , it follows from O C O\ ' that |©7] < |01\ O] < [S]|—1
holds. Take an arbitrary #” € ©. Then, for 7 to be in C(©?), it is necessary that (33) is

not satisfied with 6*. However,

A~

dim co ({“X(@ ),0 )}éie@i s.t. X(éw‘)#x(éﬁ)) =012
<(IS]-1) -2

indicating that the right hand side of (33) degenerates. Accordingly, L(C(©%)) = 0
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Finally,

0 < L(A(S) MO\ WD(X, 67, x. 5)) = L(Ugice:C(O'

@\
IA
=
Q
@

I
(@n)

implies that LOWD(X, 0, x,9)) = 1.

A(S)

For all 8¢ € ©' such that

x(6Y) =x,
(x, 0') is set to the o
center. For @' € ' such that

x(0%) = x, m(x, 8%) are set
to these |S|-points.

Figure 4: 7 constructed in the proof of Part 2 of Theorem 5. If we define 7(z,-) in this
manner for all x € X, for ©' = ©7, for all §" € O, (5) is not satisfied for a e-neighborhood
of 7 for € > 0 small enough.

To show that L(IWD(X, 0% x,S)) < 1 for mingex [{6" € ©° : x(0°) # x} +1 > |9|,
construct 7 as follows (it is depicted as Figure 4). Again, let o = (1,1,---,1)/|S| be
the center of gravity of A(S), and take r > 0 such that r-open ball on A(S) of radius r
centered at o, which is denoted by R, satisfies R C A(S). For each x € X, for §' € ©'
such that x(0%) = x, define 7(x,0") = 0. Choose |S| points on the boundary of R whose
convex hull forms a (|S| — 1)-dimensional simplex, and set 7(x,6") for §° € ©" such that
x(0°) # z to these points so that all of |S| points are assigned at least one 6* (such an
assignment is feasible because |[{#° € ©" : x(0") # x}| > |S| for all z, by assumption).
Then, for for € > 0 sufficiently small, taking ©" = ©, (33) is not satisfied for all #° € ©°
for a e-neighborhood of 7 . Accordingly, LOWD(X,0" x,5)) <1. &

A.7 Proof of Lemma 3

Choose some k € Z \ {i} arbitrarily. Define v} (zy,6;) = 0 for all j € T\ {i,k}, t, x¢, ;.

Denoting the continuation value of the social welfare from period ¢ + 1 by

Wt+1 et—i—l Z 58 (t+1) {U Xs s (Xs(es)aes)}

s=t+1

Or1; (XS)Zt-H] ’
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(xt)i, is a unique efficient allocation rule if and only if

{xr(6r)} = arg max {UT Tr, Or) + vh(zp, QT)} (47)

zreEXT

holds for all 87 € ©7, and

{x:(0,)} = arg max {v;(x, 0;) + vf (21, 6;) + OE [Wis1(0p41)] 20, 0,] } (48)

Tt€Xt

holds for all t € {0,1,--- ;T — 1} and ; € ©,.
We construct (vF)L, backward. For period T', define v% : X7 x ©7 — R by

i —vp(er,0r) + 1 if 27 = xr(0r)
vr (a7, Or) = :
—vb (a7, O7) otherwise

Then, vi(zr,07) + v5(xp,0r) = 1 if 2p = xp(07) and vi(xp,0r) + vE(zr,07) = 0
otherwise. Therefore, (47) is satisfied for all fr.

After constructing (vF)T_, ., to satisfy (47) for T and (48) for ¢ +1,--- , T — 1, we can
specify the value of Wy, . For period ¢, define v¥ : X; x ©; — R by

—vi(@y, 0p) — OB [Wip1 (Op1)| @, 0] + 1 if @z = xu(6y);

vf(xt, 0;) = |
—vp (x4, 0;) — OE [Wis1(0441)| 24, 0] otherwise.

Then,

; & 1 ifx = Xt(et)§
vy (4, 0p) + v (w4, 0¢) + OB [Wig1 (0p41)] 24, 04) =

0 otherwise.

Therefore, (48) is satisfied for all ©.
Tterating this procedure, finally we obtain ((v);i)7_, such that (47) holds for 67 € O
and (48) holds for all t € {0,1,--- , T — 1} and 6, € ©,. With such ((v]);)7q, (x1)Ep is

a unique efficient allocation rule. B

26



A.8 Proof of Theorem 6

If part: Suppose that U} # 0. Then, U} # (0 for all t € {0,1,--- ,T + 1}. Take some
Ut € U} arbitrarily. Then, there exists Ul : ©y — U such that (40) and (41) hold with
t = 0. Similarly, for each 8, € Oy, there exists Ui(-;6p) : ©7 — U such that (40) and
(41) hold with ¢ = 1. Iterating this process, finally we obtain U%.,(-;0o.r) € U, such
that Ug,, (0,1, 075 )) = Ubyy (051,070, for all @i, 05, € ©%,,. Define ¢! = 0 for
t=0,1,---,T and %, (Op.r+1) = Uk y 1 (Or41; 0.1).

(xt, 1) 2! satisfies wp-EPIC in period T + 1 because agent i’s period-T + 1 payment
does not depend on agent ¢’s report. Furthermore, (40) and (41) in ¢ ensures wp-EPIC in

t because by construction of 4.,
Uf(@; Oo:—1) = Vti(et) + ‘Iji(GO:tfly 6;)

holds for all (6y.;—1,6;).
To prove part 2, we should take U¢ = (0,--- ,0) at the beginning and then, finally we
obtain V{(6y) + ¥§(6) = Ui(6) = 0 for all §,. B

Only if part: Suppose that there exists (xy,!)t' that is wp-EPIC for i. Then,
consider (x;, )" such that ¢ =0 for t =0,1,--- ,7 and

) T+1

Va1 (Borin) = Y 67T (0).

t=0

By definition of wp-EPIC, (¢, ¢?)1; is also wp-EPIC for 1.
In period T+ 1, |Xry1| = 1 and vf, (2741, 0741) = 0 for all 41 by assumption.

Hence, wp-EPIC for ¢ at (6o.7, 0741) and (6o.7, é%ﬂ, 07%,) implies

oy (Oor, Or41) = Wy (Oour, Oy, 0741

for all Q%H,@AiTH € O ;. Together with the fact that V., = 0, we obtain V},(-) +

o1 (Bo.r, +) € Uiy, where Ui, is as defined in (39).
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Suppose that V() + Wi, (fos,-) € U! for all by, € Ogy. Then, by definition of
wp-EPIC, Vi(-) + Ui(fo._1,+) € U holds for all Oy, 1 € Op,_1, where U} is as defined in
(40) and (41).

Iterating this process, we can verify that U # 0 for all t € {0,1,--- , T+ 1}. In

particular, if (¢, %)/ leaves no information rent,

V5 (0) + W5(00) = Vi (60) + T(6) = 0
for all 6y and V() + Wi(-) € U} implies that (0,---,0) € U;. W

A.9 Proof of Lemma 4

Suppose that (¢, 1), is wp-EPIC and leaves no information rent for ¢, and (¢})%2, is

uniformly bounded. Define

M= inf [‘/Z(Qt) + \I’i(eo:t)} ;

t,00:t€O0.¢
bo(00) =wg(00) + M — (1 —8) M,

Vi (Bo:) =01 (002) — (1 — O)M".

Note that M* < oo because the uniform boundedness of (¢})°, implies |W4(6y.;)| < oo for

all t and 6y € Og;. Hence, clearly, (1), is uniformly bounded. Then, for ¢ = 0,

U(00) = Uh(o) + M' — (1—6) Y 6'M'
t=0

= W{(0y) + M — M*

= W{(6y).
Furthermore, for t > 1,

Uj(60.) = Vi(00.) — (1 —38) Y _6° M’
s=0

= Wi (fy,) — M".
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Hence,

W5 (00) = Ty (6o)

for all 8y € ©y. Moreover,
Vi () + Wy(00.4) = V' (0:) + Uy (0o) — M' >0

for all + > 1 and 6., € O by construction of M?. Finally, since (xy, i), is identical to
(xt, V)2, up to constants, wp-EPIC of (x4, %), guarantees wp-EPIC of (¢, 1i)2,. B

A.10 Proof of Lemma 5

The construction of U? and p® is the same as the one shown in the sufficiency part of
Lemma 1. We will develop the bound of them.

Fix an arbitrary 6" € ©". Since co ({ﬂ(x(ei), é’)}
m(0") € A(S) that satisfies

X ) is compact, there exists
ficoi\ {61}

m(60') e a1g min p(&,m(x(0"),6",))

s.t. f € co <{7T(X(91); éi)}éie@i\{gi})

Define b : © — A(S) by o .
m(x(0'),6') —m(0")
p(m(x(07),6"), m(6"))

Then, clearly ||b(6")| = \/b(67) - b(#?) = 1. Furthermore,

b(0") =

b(0") - [m(x(6"),0") —m(0")]
= p (7(x(0"),0"), m(6")) (49)

=p (m(ei), co ({W(X(ei)’ éi)}me@i\{ei}»

>d

by d-strong detectability. Furthermore, since m(6") is closest to m(x(6?),6"), w(x(6"), %) —
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m(0") and 7 (x(0),0") — m(#") cannot make an acute angle. Therefore, for all §% € ©F,
(") - [w(x(6").0) = m(8")] < 0. (50)
Combining (49) and (50), we have
bo") - [(x(6), 6') = 7(x(6).0)] > d.
Define \(6%,-) : S — R by
A0, 5) = b(0",5) — b(6") - w(x(67),6")

Then, clearly E[A(#, s)| x(67),67)] = 0 and E [)\(9", s)| x(6%),07| < —d holds for all 6" €
O'\ {#'}. In addition, since ||b(6")|| = 1, |\(67, s)| < 2 for any s.

Following the sufficiency part of Lemma 1, let
PO, s) =671 [U(O") — u'(x(6"),6")] + a- A0, s)

Then, (43) is always satisfied.
Finally, we determine the level of a. If agent i makes a truthful report, his expected

payoff is U*(6%,07"). If he reports 0', it would be

~ . . A A

UG + o (x(0),6) — ' (x(8), 8)
5o E [A(éi,s) X(éi),ei] .

Hence, setting -
2U + 2u
od

Q
Il

clearly (44) is maintained.
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Now, we have

2U + 21
5d

p'(0",5)| < 61U +v) +2

= MS(U,u,d)
for all (6°,s) € ©' x S, as desired. W

A.11 Proof of Lemma 6

By a similar argument to the proof of Lemmas 2 and 5, we can construct a ordered
partition {H (k)}X | of © and corresponding payment rules {\(k,-) : S — R}X | that
satisfy for each k = 1,--- | K, for all " € H(k),

E [A(k,s)|x(0"),é2} >0 for 0 € H(k),

E [A(k,s)|x(8i),é1 < —d for 6 e UK, H(),

and |\(k,s)] <2 forall k and s € S.
We specify U? and p’ in the same manner as the proof of Lemma 2. For k = K, we

set

U'0") = u'(x(0"),0") forall ¢ € H(K)
p (0", 2) =0 forall (§",s) € H(K) x S

Defining p(K) = 1, [p'(¢7, s)| < p(K) holds for all (0',s) € H(K) x S. We also define
Ui (6%) for 6" € H(K) by (43). Then, it follows from

UH(#") = u' (x(0),0)

that |U%(0")| < @ = U(K) holds for any 0 € H(K).
Suppose that p" : U, H(l) x S — R and U’ : UL, H(l) — R are constructed to
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satisty (43) for 0" € U, ,  H(I) and (44) for (6},0}) € UK, [ H(l) x UK, H(l), and

p'(0°,s)| < p(k+1) forall (6, s) € (U, H(1) x S

U@ < U'(k+1) forall 0 € U, H(])
For 0" € H(k), let

P8, 5)
= max {5-1’ [ui(x(éi), G — i (x(6), éi)} +E [pi(éi, 3)

0icH (k),0'euf, H()

V(0,0 b+ Ak, 5)

We should choose o € R, sufficiently large to prevent upward misreports, i.e., any
0" € U, . H(l) has no incentive to misreport 0 € H(k). If agent i sincerely reports
0" € UK, . H(l), his expected payoff is U'(6%) > —U(k + 1). If he reports §' € H(k), his
expected payoff would be

W (x(@).6)
+6- max o {5*1 [ul(x(é”), 0"y — u'(x(6"), él)} +E [p(éi, s)

OicH (k),0teUk

+6-a-E [Ai(k;,s)} X(éi),ei] .

Therefore, if we set

v

U(k+1)+3u+dplk+1)
od ’

«

such misreports are prevented, and then, (44) is satisfied for (6%,0") e (UK, H(I)) x
(UK, H(l)). Furthermore,

\UH(6")] < 3u+6p(k+1) = U(k) for all 6" € U, H(l)

Y

Uk+1)+3u+opk+1)
dd

=p(k)  forall (#,s) € (UK, H(I)) xS,

1p'(0",s)| <p(k+1)+26 " u+2-
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The sequence of (U(k),p(k));_g is determined by these first-order recurrence equa-
tions. Furthermore, it is clear that U and P, are decreasing sequences. Let MO! be the
largest number of the states, i.e., the uniform upper bound of (|©%])s2,. Then, it is also

an upper bound of K, i.e., K < M©" always holds. Defining

MW (U,d) =U(K — M®),
MU(U,d) =p(K — M©),

we have

Ip'(0",5)| < p(1) < MW (U,d) for all (¢",s) € ©° x S
U@ < U(1) < MU(U,d) for all ' € ©'

as desired. B

A.12 Proof of Theorem 8

First, we show that for each d-block, we can construct a “finite-horizon mechanism”

that implements the targeted allocation rule without leaving information rent and whose

payment rule is bounded by M B(T, d).

Lemma 7. Suppose that {t,t+1,--- ,t+T} is a d-block along (Xt)?:f and there exists a
mechanism (X, 91);2 4141, such that (i) (Xe, 91)52sri i wp-EPIC for i fort =t+T +

Lo, (ii) (9))2psr4 %8 independent of Ou.er, and (i) (X, 91)5 i1 Salisfies
Vi Ouria) + Goip i (Bpyrn) =0 for all 6471 € Oprya.

Then, there exists (¢})it] T such that

1. ()it is independent of Oo.4—1,
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2. there exist an upper bound of (gbi)iigﬂ that only depends on T" and d, i.e,

07 (0ee)| < MB(T,d) forallt € {t,--- ,t+ T+ 1} and Oy € Oy,

8. the combined mechanism (x,¥;)2, such that ¥} = ¢} fort € {t,t+1,--- ,t+T},
¢2+T+1 = ¢£+T+1—|—gz+T+1, and i = gt fort € {t+T+1,---} is wp-EPIC fori for
t:Lt_‘_la'”} and

4. the combined mechanism (x,V})s2, satisfies

Vi (0) + Ty(6,) =0 for all 6, € O

Proof of Lemma 7 The construction of the mechanism is the same as the one of
Theorems 1 and 2. We will show the existence of the upper bound of the payments. For
notational convenience, we only prove the case of ¢ = 0. (For the case of t # 0, we can

replace period t with period t + ¢.)

Period T: First, consider the period-1T" problem. Suppose that to resolve the period-
T — 1 problem, we need to achieve some EPV that is no larger than Uy when 6’ € B

In this case, as in the proof of Theorem 1, we take

u?l“(xT7 0%7 90:T—17 QTZ) = U%ﬂ(l’T, QT)

and

‘Uéw(fl?T, QT)‘ < 0.

Therefore, by Lemma 5, the constructed incentive payment satisfies
| @41 (Boir, 071)| < MS(U,v;d) = MSo(U; d).

When 9? € @}i \ B;i realizes, as in the proof of Theorem 2, we apply Lemma 6

34



(instead of Lemma 2). Again,
ul (o, 0% o1, Q;i) = vl (o, 7).
Therefore, the constructed incentive payment satisfies
|61 (Bor, 071)| < MW (5;d) = MW,(d).
Furthermore, agent i’s EPV from 6" € ©7'\ B}' satisfies

|7 (x7(0r), 0r) + OE [¢741 (001, 07%1) | X (0r), br] |
=|V7(0r) + 6E [ % (Bo.r41) | x(0r), Or] |
<MU(v;d) = MUy(d).

Period T'— k (where k > 1): Suppose that
1. If we specify the EPV that is no larger than U_; in period T — (k — 1) when

0" ‘ ) € B! (k 0 realizes,

|¢t (Oo:—1,0; )} < MSy—1(Uy-1;d)

for t > T — (k — 1) whenever 0, : Sy € B_Z T (k1)

|0} (Bo:-1,6; )| < MWj_1(d)

for t > T — (k — 1), whenever 6’ T €0, (k1) \ B;" (k1)

Vi ey (or—k—1)) + OB [ D72y (Bo—(-2))| X7 (5-1) (Or—(k-1)), 07— (1) |
<MU,_4 (d)

whenever 6", ) € S (h—1) \ B (h_1)-
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Suppose also that when H;i p € B,Ei . Tealizes, we specify some EPV that is not larger than

Uy. Then, for each QEik € B;Zk, we apply Lemma 8 to obtain ¢r_j,1 with specifying

i i —i
uT—k(xT_k7 0T—k’ 00:T—k—17 0T7k>

=0 (271, O 1)

+J0E

Hence,

Accordingly, the obtained one-shot payment rule p%._, ., satisfies

1,,-: i .
{eTZ—(k—l)gBTf(kfl)}

Vié—(k—l) (QO:T—(k—l))

+0E [‘I)iT,(k,g) (Oo:7—(k—2)) ‘ X7—(k-1) (07— (k-1)), 9T7(k71)]

|u§1k(x;p_k, 9517]6; ‘90:T—k—17 sz_k)‘ < v+ 5MUk_1(d)

(51)

XT—k(O17—k), Ok

D1 (O, 0713 Oor—1—1, 0721, | < MS (U, + 0MUy_1(d); d),

and therefore,

|¢7t;<60:t717 6;2) ‘

< max {MS(Uk,@ + (SMUk_l(d), d),MSk_l(MS(Uk,T) + 5MUk_1(d)7d),d),MWk_l(d)}

for t > T — k, whenever ink S B:Fik.

When 07", € ©7', \ B;', realizes, we also specify u},_, by (51) to apply Lemma 6.

Hence, the obtained p%._, ., and Uj._, satisfy

|piT_k+1(9iT_k, Or—t+1; o711, QEik)‘ < MW (04 dMUy_1(d); d),
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Hence, we have

|0} (0o:6—1,0;,)|
< max {MW (5 + 6MUy_1(d): d), MSy_ (MW (& + MUy_1(d); d): d), MW,_1(d)}

for t > T — k, whenever 0", € ©;", \ B:',
and

Vi (Bor—k) + OB [ 1) (Oo.r—k) | Xr—k(Or—1), Or—1] |
<MU(5 + §MUy_1(d); d).

whenever 6;°, € ©7", \ B;,.

Period 0 : The argument is similar to the analysis for period T'— k, but we specify the

EPV to be zero (i.e., Uy = 0) for all 6,* € ©,". Hence,

|0} (Bo-1,6; )|
<max {MS(0,5 + MUr_1(d);d), MSp_y(MS(0,5 + SMUp_y(d); d); d), MWp_1(d)}
=MB(T,d).

for all t and (01,0, ") € Qg1 X O; 7,

as desired. W

Proof of Theorem 8 For each d-block, we apply Lemma 7 to construct a finite-horizon
mechanism that leaves no information rent. Then, the EPV starting from ¢, which is the

initial period of the next d-block, is fixed to zero for all fy.; € Oy, i.e.,

Vi (0o:7) + OE [ @}, (Bo:241)| x#(67), 0] =0 for all Oz € O
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Accordingly, wp-EPIC of the finite-horizon mechanisms guarantees wp-EPIC of the com-
bined infinite-horizon mechanism. Furthermore, by Theorem 7, the constructed infinite-

horizon payment rule is uniformly bounded by M B(L,d), as desired. B
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