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In Section 1 we discuss the relationship between continuous and discrete type models. Sections
2, 3 and 4 provide the proofs excluded from the appendix in the main paper. Section 5 formally
states and solves the three types two period example introduced in the main text. And, finally
section 6 provides a numerical example of the approximate optimality of monotonic contracts.

Equations from the main text are referenced corresponding to the section they appear in the
paper: for example, equation (3.2) means equation (2) in Section 3 of the paper. Moreover, the
numbering of new Lemmata here starts off from where we left in the appendix in the main paper,
so the first new Lemma here is numbered Lemma A10, and so on.

1 From discrete to continuous types

In this section we formalize the statements made in Section 4.3 of the paper, and show that the
continuous case can be seen as the limit of the discrete case, so all problems of the FO-approach in
the discrete version are inherited by the continuous version and vice-versa. To keep the notation
simple, we assume two periods and u (0,q) = fq. Consider a type set © = [Q, 5] C R, an
associated prior distribution I" (f) at ¢ = 1 and a conditional distribution F'(¢’ |6) at ¢ = 2 defined
on ©. We assume I' () is differentiable in 6 with density p (6) and F(6'|0) is differentiable in
both 6, with derivative Fp(6’|0), and &', with density f(0'|6). By standard methods we can

obtain the following envelope formula (3.4):!
U'(0) = a(0) = Jpa(0"10) - Fy (6'|0) d’
and then derive the FO-optimal contract:

L—T(6) Fy (9')6)
MORSAGD)

In the rest of this section, we refer to this as the continuous model.

q(6'10) = 6"+ (1)

We now explore the connection between the continuous model and the discrete model studied
in the previous sections. The continuous model can be derived as the limit of the discrete model
as follows. Define ON = {fy,...,0n} with 6y = 0, Oy = 0 and 0; = ;11 + Afy; and let
I'N(0;) = T'(0;) and FN(0;10;) = F(6,10;). Given this, the probability of a type j at ¢t = 1
is M;-V = TN (0;) — 'V (0;41) and the probability of a type i at t = 2 after a type j at t = 1 is
N (0;10;) = FN (0,10;) — FN (0;4116;).2  In the rest of the section, we refer to this as the discrete
model.

Consider a sequence of supports OV for N — oo such that Ay — 0 as N — oo and

O~ C ©N*1 5o that along the sequence the finite approximation of © becomes increasingly fine.3

1 See Baron and Besanko [1984], Besanko [1985], Laffont and Tirole [1996], Courty and Li [2000], Eso and
Szentes [2007], and Pavan, Segal and Toikka [2014].

2 In both definitions, we are implicitly assuming a dummy “N + 1”7 type with mass 0.



4t o I
/) - atIs)atlsy)
.-J Fl:ISL F{'|5‘1] I _ﬂ.,,.-'-"""-
! f.n' \ - p
0 8
(6-0)2

Figure 1: F and ¢ for the Markov process f,(0'|0) = a-e 7ot .

Using the formula (3.9) derived in the paper, we can write the FO-optimal contract along the

sequence as:

—1No, N 10 —FN 10—
an (0,16:) = 0, — =0 G QB NG 2)

for any 0; € OV, 0, € ©ON. Note that u¥ can be written as: pl¥ = w - Afy. and

N
IRCADE FN(iji);fNN(ej“‘ei)AON. We can therefore rewrite (2) as:

[FY (0;10:) — F™ (60;10i-1)] /Aby

|:F(9i)_F(9i+1):| [FN(ej\Gi)—FN(QHﬂHi)}
GN 9N

qn (0516;) = 6; + (1 =T (6)))

This condition immediately implies that

| L LTOIR @)
a0 =0 = T —

since pu¥ /A0y — w(0;) and fN (0,10;) /AONn — f(0;]0;) as N — oo. It follows that the limit of
the discrete FO-optimal contracts is equal to the continuous FO-optimal contract.*

This discussion makes it clear that there is a natural connection between discrete and continuos
types dynamic principal-agent models. In the light of this we can present two examples, discretized

versions of which are presented in Battaglini and Lamba [2015].

Examples. Consider a two period model. Assume and that types in the first period are dis-
0’ —0)>
tributed uniformly on [5, 6] and consider the transition probabilities: f,(6'|0) = a-e 6 and

3 For example, consider the sequence (63",...,6%) such that §5* = 6, 07 = 0,0m — 07, = (0—0)/2 and so
N™ = 2™,

4 Since ON C ON+1 if 0; € eN 0, ¢ ©N, then 0; € oM g, ¢ ©M for M > N, so limy_, oo qy (6:10;) is well
defined. To extend the contract for points on the real line that do not appear in the sequence of approximations
we can consider, for example, the sequence of linear interpolations of the discrete contract. It is immediate to
verify that this is a sequence of equicontinuous curves that converges to (1).



Figure 2: F and ¢ for the Markov process f,(6'|0) = W.

fa(0'10) = Trostaye—a With a = Note that oy () is chosen so that the probabilities sum to
one. The larger is «, the higher is the persistence of the types. Figures 1 and 2 show two sample
distributions and the associated quantities in period 2. The contract is non-monotonic in two
ways: first, for a given history, it is non-monotonic in #;. Because of this alone, the FO-optimal
contract is not implementable and violates a global constraint. In addition to this, the FO-optimal
contract is not monotonic with respect to 6;; this can be seen from the fact that the contracts

with the two different histories cross each other.

2 Proof of Lemma Al

In the proof of Lemma 1 we use the following result:

Lemma Al. In a FO-relaved problem: IRy (h'™1) can be assumed to hold as equality for all
ht=t e H'': IC; ;41(h'™1) can be assumed to hold as an equality for all '~ € H'™' and
i=0,1,...,N—1.

Proof. We proceed in two steps:

Step 1. Suppose that U(Oy|h!=1) = € > 0 for some h'~1. If t = 1, then decreasing U (6;|h°) by €
for all i does not violate any constraints and increases the monopolist’s profit. If ¢t > 1, fix hf~!
and decrease U(;|h'~!) by e for all ;. This does not change any of the constraints and keeps
the profit of the monopolist the same.

Step 2. Suppose that IC;;1(h'™!) does not hold as an equality for some h'~! € H'™! and
i=0,1,..,N —1. Then, decrease U(f|h'~1) by € for each k <i. Ift = 1, all the constraints are
still satisfied and the monopolist’s profit is strictly higher, giving a contradiction. If ¢ > 1, this
change does not affect any constraint except 1C;_1,;(h'~2), where 0 is such that h' =1 = (h'=2, ;).
The right hand side of IC;_ ;(h'~?) is reduced by 0%, _; (o j_1)x — k)€ = OAF (0;41]0;) € > 0,
where the last inequality follows from first order stochastic dominance. Now, repeat the same



procedure, decreasing U(6x|h'=2) by 6AF (0;+1]0;) € for each k < j — 1. We can keep reducing
utility vectors backward till the first period, unless h*~! contains 6y, in which case the backward
iteration ends there, to deduce a strictly greater increase in the monopolist’s profit. Thus, the
changes do not violate any of the constraints and keep the profit of the monopolist larger than or
equal to before the change. |

3 Proof of Lemmata A2-A3

We now prove the lemmata used in the proof of Proposition 2. Recall that AU (6 |ht’1, 0;) =
U(Or |h'=1,0;) — U(0x |h'~*,0;41). For simplicity of exposition, we will write the proofs for the
special case where u(6,q) = 0q, and hence uy(6,q) = ¢; the arguments are easily generalizable.
We have:

Lemma A2. If q(0;|h'~1) and AU (0 \htfl) are mon increasing in, respectively, i and k for any
ht=Y, then (8.4) implies that local upward incentive compatibility constraints are satisfied.

Proof. Since ICi7i+1(ht_1) holds as an equality, we have for any ¢ and h*~!:

N
UO;|h'™") = U(fig1|n'™") + Abq(0ia [ ) + 52 (airx — agiprye) UOk|h' ™, 0ig1).
k=0
Thus,
N
U(Oip1|h' 1) = UO:|R' ™) = —A0q(0i41|B' ™) = 6> (cin — agigyn) UOklh ™", 0541))
k=0
N
= —Aeq(é?i\ht_l) + (52 (a(i+1)k — aik) U(9k|ht_l, 01')
k=0
N
+ A0 (q(0:h* 1) — q(Bia B 1)) + 6 ) (air — i) AU (Gk|B ™, 6:)
k=0
N
> —Aé)q(&i\ht_l) + 52 (Oé(i_;'_l)k . aik) U(9k|ht_l, 91-),
k=0
N
where the last inequality follows from the fact that q(6;|h’~!) is non increasing in i and Y (cvix —
k=0

agip1yk) AU (0 |ht*1, 6;) > 0. The second observation follows from the fact that AU (6 |ht*1, 0;)
is non increasing in k, and that «; first-order stochastically dominates a; 1. Thus, I Cl-H,i(ht*l)
holds. |

Lemma A3. If q(0;|ht~1) and AU (0 ’ht_l) are non increasing in, respectively, i and k for any
ht=1 and (3.4) holds, then the local incentive compatibility constraints imply the global incentive
compatibility constraints.



Proof. We show that IC; ;2(h'™1) holds. Since IC; ;41(h'™1) and IC;142(h'™1) hold as
equalities, we have:
U(@:lh*™) = U(@iyalh)
= [U@:lh'™Y) = U(Oia [ D] + [UOia|h'71) = U(Oi2|h* )]

N
= A@q(9i+1|ht_1) + 1) Z (aik - a(i+1)k) U(é)k\ht_l, 0i+1)
k=0
N
+ A0q(0i2h' 1) + 6 (igyr — i) UBklh' ™, 0i40).
k=0
It follows that:
U@i|h'™") = U(@isa| )
N
= 200q(0; 2l ") + 6> (cik — o) UOklB' ™, 0i12)
k=0
N
+A0 (q(0i1 ") — q(Bigal 1)) + 52 (i, — ipryr) AU (O |h' ™, 0;41)
k=0
N
> 200q(0; k') + 6> (i — aaayr) U™ 0ira),
k=0
N
where the last inequality follows from the fact that ¢(6;|h!~') is non increasing in i and 3" (cvx, —

k=0
(i+1)6) AU (0 [h71,6;) > 0. As in the previous lemma, the second observation follows from the

fact that AU(0 |ht_1, ;) is non increasing in k, and that «; first-order stochastically dominates
ait1. Thus, IC; ;42(h'™!) holds. Similarly we can show that IC; ;4 (h*~!) holds for all | < N —i.
Therefore, all global downward incentive constraints are satisfied. In an analogous fashion, we can
show that all upward global incentive constraints are satisfied. |

4 Proof of Lemma A9

Using f7; as a shorthand for the ijth element of f, we can write:

~ 17 () n ~ ~ 77 (A "
s=e S [P T = e (e Powr) e B O @
where 1,—; = 1if ¢ = j. We first show that the second term in (3) is an o(A). Note that

> []3”} Q)" >0 (that is the elements of this matrix are all nonegative) and

n=2 n!
SLE S - I
(
(




It follows that [22022 [Pi;]" %] /A —0as A — 0.
We can therefore write:
Z’J — 6_)\7- (li:j + ,PU)\T) + O()\)
That is:
o= e M I+ A=X)7)+0(N) (4)
27]» = 67)\7— (/\1Pz,]7_) + 0(/\) (5)

Note that 3+ € [0,1] so there is a 7; € [0,1] such that 3 — 7; as A\ — 0. From the second
equation (equation (5)), setting 7 = 1, we have:

as A — 0. From the first equation (equation (4)), using a Taylor expansion, applied to the first

term with respect to A and \; evaluated at (0,0), we have:

afii()‘a)‘iuT) )\+ 8f7,7,(A7 AivT)
oA XisA;=0 a>‘j i, A;=0

= 1+ (e A1+ A=X)+e7) A= [e 77

fu()\, )\1) = f;;(o7 0, 1) + . /\j + O()\)

AN=0" AA;=0 Ai+0(A)

where note that in the last term we put all factors that converges to zero faster than A (so also

0(Ai)). We have therefore:
1 —fii
s
\ i

as A — 0. [ |

5 The solved example of Section 5

To characterize the optimal contract we first guess which constraints are relevant and then we
show that we can ignore the remaining constraints without loss of generality. We focus on a
weakly relazed program (henceforth WR-program) that constitutes problem (3.3) with |©| = 3 and
T = 2, with the following subset of constraints:

IR, ICuM,ICNL, ICHT, (6)
[Cnt (M), ICasr(M), ICpar (M), ICsa1(L), ICarr. (L), ICas (L)

where IRy is the individual rationality constraint of type L at ¢ = 0, IC}; is the incentive
constraint requiring that type ¢ doesn’t want to misreport being type j in period 1, and IC; (k) is
the incentive constraint requiring that type ¢ doesn’t want to misreport being type j in period 2,
after the agent reports being type k in period 1. See Figure 3 for an illustration of the constraints.

The intuition for modifying the FO-approach to focus on the WR~program is as follows. It
is natural to ignore incentive constraints after history h' = 0y, since the contract is typically

efficient after this history even in the FO-approach (see (3.7)). Similarly, it is natural to drop
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Figure 3: The dashed arrows are the constraints in the WR-program that are ignored in the
first-order approach.

the individual rationality constraints at t = 2, since they are typically not binding even in the
FO-approach (any rent left to the lowest type at ¢ = 2 can be extracted at ¢t = 1, so there is no
reason to force these rents to be non-negative). There are, however, two reasons why we need
additional constraints. First, we must include ICy, since we know from the previous analysis
that it may be violated if ignored. Second, since the second period is terminal, within history
monotonicity is a necessary condition; that is, ¢(6,|6;) is weakly increasing in ¢;. Thus to allow
for pooling in period 2 we include ICp (k') for bt = M, L.

In what follows we prove that there is no loss of generality in restricting attention to the
WR-program so we can focus on (6) to solve for the optimal contract. For a given py, and §, the
environment is fully described by two parameters, pys and «, and therefore it can be represented
in the two dimensional box (uar, @) € E(ur) = (0,1 — pr) x (1/3,1).> In the rest of the analysis
we will fix uz, and § and study how the optimal contract changes as we change ;s and a.

The following proposition provides a full characterization of the optimal contract. Table 2

details the exact formulas case by case; Figure 4 illustrates the possible cases in the (uar, @) space.
Proposition Al. There exist thresholds p*(c) and p**(a), p*(a) > p**(a), such that:

e Case A: For all ppr > p*(«), ICkL does not bind and there exists a threshold ag(par) such
that:

— Case Al:  if a < ag(par), the optimal contract is fully separating and FO-optimal.

— Case A2: If a > ag(un), the optimal contract is fully separating after all histories
except M ; after this history types M and L are pooled: q(0nr|0nr) = q(0110nr).

5 The thresholds defined below do not depend on the types 6.
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Figure 4: Fully characterized contract when pp = 0.25 and § = 0.95.

e Case B: For all pupy < p*(a), ICHL binds and there exists a threshold po(cr) such that:

— Case Bl: if uy € [ (a), p*(a)) N (o), 1), then the optimal contract is fully
separating.

— Case B2: if upy € [ (), p* (@) N (0, po(a)], then the optimal contract is fully
separating after all histories except M ; after this history types M and L are pooled:
q(On|0nr) = q(0110n)-

— Case B3: if uy < p**(«) the optimal contract pools types M and L in the first
period: qy = qr. In the second period, after history H the contract is separating and

efficient; after histories M and L, types M and L are pooled across both histories:
q(0r16:) = q(0.16:) and q(6;|0nr) = q(6;161) fori,j = M, L

While the example solved in Proposition Al is very special, it presents interesting features
that are reminiscent of the features of optimal contracts in multidimensional screening problems.
Multiple IC constraints can bind simultaneously to determine the optimal quantities, a fact that is
ruled out by assumption in FO-optimal contracts. For example, in regions A2 and B2 both ICy,
and ICp s are binding. Multiple binding IC constraints have been observed in a multidimensional
screening problem by, for example, Armstrong and Rochet [1999]. The optimal contract also
features a strategic use of bunching in order to minimize the expected rent of the buyer. In
regions A2 and B2, we observe separation in period 1 followed by history-dependent pooling in
period 2, which we term dynamic pooling. In region B3, types are pooled in period 2 across the

pooled histories in period 1—it is as if we were in a two-type model following the pooled histories.



An analogous use of bunching to screen types in multidimensional problems, even with a very
simple distribution of types, has been documented by Rochet and Chone’ [1997]. The similarities
between contracts in dynamic and multidimensional environments are not surprising. In a dy-
namic environment, the expected utility of a type at ¢ is not only given by the time ¢ realization
6:, but also by the conditional distribution of types f(6;11]6;), a multidimensional object. At
the same time, the optimal contract as stated in Proposition Al features some distinctive charac-
teristics that depend on the dynamic structure of the problem, the most interesting perhaps being
the fact that pooling is state dependent and thus dynamic.

5.1 Proof of Proposition Al

To solve the example, we use a simplified notation. Let U; be the expected utility of type ¢ in the
first period and w;(h) be the expected utility of type i after history h in the second period. Note
that since the second period is the terminal period, the expected utility and stage utility are the
same. Similarly, we define ¢; and ¢;(h) to be the first and second period allocations respectively.

In Section 5.1.1 we prove two preliminary results. In Section 5.1.2 we characterize the WR-
problem. In Section 5.1.3, we prove the the solution of the WR-problem is optimal.

5.1.1 Preliminary results

The Lemmas here are numbered The following lemma allows to simplify the constraint set (6):
Lemma A10. In the WR-program, constraints IRy, ICg, ICy 1, bind at the optimum.
Proof. First, we prove a useful lemma.

Lemma A10.1. The optimal solution satisfies: qr, < 0r, qr(L) < 01 and qa(L) < 0p.

Proof. Suppose q;, > 01. Then, decrease gz, by ¢. Since it only appears on the RHS of incentive
constraints and has positive coefficients, this does not violate any of the constraints. Moreover,

the change in the monopolist’s profit is proportional to
1 1 1
<9L (ar —¢) =5 ~ 5)2) - (0L‘ZL - 5(1%) = (qz —Or)e - 5&*.

We can choose € small enough so that the above expression is positive, giving us a contradiction.
We can similarly show that ¢ (L) < 0y,.
Next, suppose g (L) > 0ps. Note that the second period incentive constraints after history L
give
A0qr(L) < up(L) — ur(L) < Abga(L).

Without loss of generality, ICr,(L) can be assumed to hold as an equality. Suppose up (L) —
ur, (L) > Afqr(L). Then, decrease up (L) so that ICyr(L) holds as an equality. This does not
violate any constraints and keeps the profit of the monopolist the same.

If ICLp(L) holds as an equality, then we must have qp (L) = qr(L) < 01 < 0y, giving a
contradiction. If ICy, (L) does not hold as an equality, then we can decrease gps(L) by € without



disturbing any of the constraints. Moreover, the change in the monopolist’s profit is proportional

to the following expression:

(8 (s (2) =€) = 5 an (1) =21 ) = (Barane (D) = Gane()? ) = (aua(L) = a0 = 32

We can choose ¢ so small that the above expression is positive, giving us a contradiction. |

Now, we show that IRy, binds. Suppose not. Decrease Uy, Uy, U, by the same small amount.
The first period incentive compatibility constraints continue to hold and the second period con-
straints are unaffected. This increases the profit of the monopolist without disturbing any of the
constraints, giving us a contradiction. Thus, Uy, = 0. Next, we show that ICjsy, binds. Suppose
not. Decrease Ups by €. Then, all the constraints are satisfied and we increase the monopolist’s
profit, giving us a contradiction. Using these two binding constraints we can eliminate Uy, and

Uy from the maximization problem. In particular, ICg)s can now be written as

Ja—1

U > A0 (g +qr) +9 [(upr (M) —upr(M)) + (uar(L) — ur(L))]

Also, ICgy, is given by
3a—1
Uy > 2A60qr, + 6

[ur (L) —ur(L)]

First, note that at least one of ICy); and ICy must bind. If not, then we can decrease
Uy and increase the monopolist’s profit. Suppose ICx s does not bind. Then, ICy, must bind.
Thus, we can eliminate Uy from the maximization problem. In particular, ICp); can now be
written as

3a—1 Ja—1
@ [UH(L>—UM(L)] ZAQQM+(5 @

Abqr, +6 [upr (M) — upr (M) (7)

Second, we claim that if ICsy, and ICg 1, bind and ICy s does not bind, then ICy (L) binds.
Suppose ug (L) — upr(L) > Abqpr(L). Decrease ug (L) by € (and so Uy by é(agy — apg)e and
Upr by 0(anrm — arm)e), thereby, increasing the profit of the monopolist without disturbing any
of the remaining constraints, giving us a contradiction. Thus, ICp (L) must bind.

Using ICy (M) and the binding ICH (L) we can rewrite (7) to obtain:

Ja—1 Ja—1
AfOqr, + 6 5 5

AOqn (L) > Abgar + 6 Abgnr (M)

Since ICppr does not bind, it is easy to see that gy = Oy and ¢, (M) = 6; for any i. By
Lemma A10.1, we have q;, < 01, (and thus q;, < 0ps) and ga(L) < 0ps. These clearly contradict
the above inequality. Thus, we must have that ICgps binds. B

5.1.2 Characterization of the optimal WR-contract

We can now use the equalities implied by Lemma A10 to reduce the number of free variables
in the optimization problem. In particular we can eliminate the period 1 utility vectors. Define
wrm(t) = up(8) — up (i) and wprr (1) = upr(i) — up (i) for ¢ = M, L. The variable wy;(¢) is the
net utility of reporting to be type k rather than a type [ after history . Using this notation, we

10



can rewrite the WR-program as a maximization problem in which the control variables are the

quantities q and second period marginal utilities w:

> i [0igi— 32 +0 Y ik (eqe(i) — 3qx(i)?)
i=H,M,L k=H,M,L

{E)agg —pm [AG(JM + (SgagloJHM(M)] (8)

—(pw + par) [Abgr + 03%5 2wy ()]

subject to:
Ja—1 Ja—1

A+ Afga +0 wrm (M) > Abqr, + 0

OJHM<L)

Aam(M)]: wanm (M) = Abqae(M) | [Aam(L)] 2 wanm(L) = Abgn(L)

A (M)] 2wy (M) > Abgr (M) | [Ave(D)]: wwmr(L) > Abqr(L)
Aeae(M)] 2w (M) < Abgar(M) | [Aem(L)] 2 wan(L) < Afqu(L)

where the variables in the square brackets on the left are the Lagrange multipliers associated with
the constraints. Program (8) is a standard maximization problem, but it is complicated by a still
significantly large number of constraints. The key difference between (8) and the FO-approach
is the global constraint ICy, and the presence of the local upward constraints ICp (M) and
ICLp(L). We cannot ignore any of these three constraints. Moreover now we cannot assume
without loss of generality that all local downward incentive constraints are binding at ¢ = 2, so
the envelope formula (4) in Section 3 cannot be directly applied. Hence, we still have utilities in
the objective function.

We start the analysis of (8) with the first order conditions. It is easy to see that the H type
always gets the efficient quantity. After history H, moreover, quantities are always efficient,
implying: gy = qu(M) = qu(L) = 0p and qu(H) = Ou,qu(H) = Onm,qr(H) = 0. The
remaining first-order conditions are given by:

laae) = par (Onr — qnr) — pr A0 + AAG = 0

lqr] : pr (Op —qr) — (pm + par) A — XA =0
[are (M)] = paedee (Onr — qre (M) — A (M)AG + Appr (M)A =0
[QL<M)} : MM(Sl_Ta <9L_QL(M))—/\ML(M)A9=0

11—«

lane (L)) prd—

(O — qu (L)) = A (L)AO + Apa (L)AG =0

11



lqu(L)] : prda(0r —qr(L)) — Ay (L)AO =0
(M) : — uHa?’a; Ly Aa?’o‘; L (M) =
lwrp(M)] 2 Amp(M) = App(M) =0
(D] = M2 4 Aa(2) = 0
()] = G+ ) 822 Mg (L) = Apar (L) = 0

The following result characterizes when we can ignore the ICyy constraint:

Lemma A11l. There exists a threshold p* (o) such that the global incentive constraint ICky, can
be ignored if and only if py > p* ().

Proof. We first characterize the optimal allocation assuming A = 0. We then derive the conditions
under which the assumption of A = 0 is admissible.

Assuming A = 0, we have

qugM_'”_HAg and qugL_M

A6, 9)
1Y 207

Clearly, A = 0 implies Agar(L) = 0. Also, it is easy to show that Apps(L) = 0, else qpr(L) > Oy,

which contradicts lemma A10.1. We therefore have Ay (L) = (ug + par) 2%, and the solution

after history L is given by:

~ pH A pa 3a—1

qM(L) = QM and qL(L) = 9[, L %

A9. (10)

Next, note that we must have Agp (M) = uH53O‘2’1 and Ay (M) = Apy (M), We have two

possible cases:
Case Al. \yp (M) =My (M) =0. In this case:

pwr 3a—1

M) =0, — — Af d M)=20 11
QM()MMMQQ and qr(M) =10 (11)
For this to be a solution, we must have 6, — %33‘—;1A9 > 05, so a < ag(upr) where
ao(par) = 72—
3um — 2pm

We conclude that for a < ag(par) the solution is given by gy = 0, qu(j) = 0u, q;(H) = 6; for
all j = H, M, L in addition to (9)-(11).

Case A2. Ayrp(M) = App (M) > 0. Then, qpr (M) and g (M) are both equal to a constant q.
From the first order condition with respect to gp; (M) and g1 (M) we have:

2a l-«a pr 3a—1
= 0 0, — —
1—|—aM+1—|—aL wyv 1+«

CIM(M) =qr(M) Af. (12)

We conclude that for a > ag(par) the solution is given by gy = 0, qu(j) = 0u, q;(H) = 6; for
all j = H, M, L, (9)-(10) and (12).
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To characterize the necessary and sufficient condition for A\ = 0, we need to verify that given

the solution defined above, ICyy, is satisfied. Plugging in the values of Case A1, we obtain:

304—1((9 g 3a—1

Onr — PN 4 6
25,73

M — —

—1
A0> S, MM Ny g3,
wyv 2a 2

222
(13)

that is,

i (1= ) (14 2 (354)7)

L+ pr (1+§(3‘”‘;1

By =

Plugging in the values of Case A2, we obtain:

15:; 3a—1 2« 11—« pwE da—1 Hy + 1 3a—1
O — —AO0+ 6 O + 0, — — AO) >0, — ——AO+0 Onr,
M 2 <1+aM T+a ™ iy l+ta =L (L 9 M

that is,

3a—1)2
u S ,UL(lf,UJL) (1+6%)
M

= 13 (o 16
_1+ML(1—5311;1(1—204)) 1 (€] 1o

Let us define p* (o) = min{pj (), u3 (@)}. We have the following result.

Lemma A11.1. If o, pps is such that ppr > p* (@) and o < ag(par) then the optimal contract
is as described in Case Al presented above. If p > p* () and o > ap(upr) then the optimal
contract is as described in Case A2 presented above.

Proof. We first prove that when a < ag(par), then pps > p* (o) implies pps > pi (). To this
end, we prove the counterpositive: when a < ag(uar), py < i (o) implies pp < p* (o). Note
that: 1. the left hand side of (13) and (15) are the same; 2. the right hand side of (13) is not
larger than the right hand side of (15) if and only if £20 < =2 that is if a < ag(par). It follows
that if pps < pi (@), then neither (13) nor (15) hold, implying py < pb (o) as well: we therefore

conclude that pps < p* (o). Given this, the conditions pps > p* () and a < ap(par) imply the
conditions pp > pf (@) and o < ap(par), so by the discussion presented above, the allocation
described in Case Al is an optimal solution of the WR-problem. By a similar argument, we can
prove that when a > ag(uar), then pps > p* (o) implies ppr > p3 (). This implies that when
we have ppy > p* () and o > ag(par), then the allocation described in Case A2 is an optimal
solution of the WR-problem. |

Finally note that Cases Al and A2 described above are the only possible allocations consistent
with A =0. So, if uy < p* (@), the Largrange multiplier of ICp, must be binding. |

Cases Al and A2 follow from Lemma A11.1. For the remaining cases we first prove a useful
lemma.

13



Lemma A12. The optimal solution satisfies: q;, < 0 — %Ae, qr(L) <0p— %%AH
and q1,(M) < 0y,

Proof. We proceed in 3 steps.

Step 1. Suppose qr > 0p — WAG. Now, decrease gy, by €. All the constraints are still
satisfied. The change in the monopolist’s profit is given by

| =016 = 5 (G = 07 = @) |+ G+ an) Mo

= uL KqL _ <9L _ MA9)> e — 162} :
B, 2

which is greater than zero for small enough €, giving us a contradiction.

Step 2. Suppose qr(L) > 01 — %‘M%AO. Now, decrease qr,(L) by € and wysr, (L) by Abe.
All the constraints are still satisfied. The change in the monopolist’s profit is given by

izt |~0ue = 3 (an(0) = 07 = @uD)P)] + Gun -+ a6 > 20
= préa [<QL(L) - (9L - W%A@) €— %62} ,

which is greater than zero for small enough €, giving us a contradiction.

Step 3. Suppose qr,(M) > 0. Now, decrease qr,(M) by € and wyrr,(M) by Afe. All the

constraints are still satisfied. The change in the monopolist’s profit is given by

b 5 |=me = 5 (@) = 07 = (@ 00)) | = b 52 [ Han (01) = 1) - 5.

which is greater than zero for small enough €, giving us a contradiction. |

Keep in mind that A > 0 = Ay (L) > 0. It follows from the first order condition with respect
to wgam(L). Next, in order to characterize the quantities after history M, we prove a useful
lemma.

Lemma A13. A > 0= Agp (M) > 0.

Proof. Assume by contradiction that Mg s (M) = 0. Then, we must have Ay, (M) = Appy (M) =
0. Assuming them strictly positive gives us qp; (M) = qr,(M). Also, from the first order condition
for gqpr (M), we obtain gas (M) > 0y, implying qr, (M) > 0y > 01, a contradiction to Lemma A12.
Thus, A = pug and qar = g (M) = 0.

Next, we note that if A > 0, then gps(L) < 0p;. To see this point, consider the first-order
condition with respect to gas(L). Since, Agar(L) > 0, if Apar(L) = 0 then it follows immediately
that qar(L) < Oar. I Apar(L) > 0, then ga (L) = qn(L) < 0, < 6y, where the first inequality
follows from Lemma A12.
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Using these facts, we can now write:

3a—1 3a—1 3a—1
N « « a2

wHM(M):A9~9M+5 wH]u(M)ZAH-QA[—F(S AOqM(M)

(17)

3« 3a 3a—1

—1 —1
5 A -0y > ABqr, + 6 5 Abqp (L) = Abqr, + 6

The strict inequality proven in (17) contradicts A > 0. Thus, we must have Agp (M) > 0 as

:A9'0A1+5 OJHM(L)

requested. This completes the proof of Lemma A13. |

We divide the reminder of the proof of proposition Al into two steps. First we assume that
ICLp(L) is not binding and we characterize the parameter region in which this assumption is
correct. This will allow us to define the regions B1 and B2 described in the statement of the

proposition. Then we characterize the optimal contract when ICp (L) is binding, region B3.

Characterization of Regions B1 and B2 Let us assume App (L) = 0. Since ppr < p*(a),

we have A > 0. From the first order conditions, we obtain:

= 9M—NH_)\A9, qugL_wAg (18)

1227 KL

A3a—1 w4+ par 3o —1
Ly = 0Oy—— AO L)y=0, - ————A# 19
qm (L) M i l—a . qu(L) L L %0 (19)
Since A > 0, we have AHM(M) > 0 and >\HM(L) > 0. Thus,

Ja—1 Ja—1

qm +6 au(M) =qr + 90 gm (L) (20)

2 2

There are two relevant cases. We use A1 to denote A from Case B1 and Ay from Case B2.

Case B1. A\ (M) = Apa (M) = 0. Then, from the first-order conditions:

prg — A 3a—1
M 2

qAI(M)ZGM— A6 and qL(M)ZHL (21)

Substituting, the values from (18)-(19) and (21) in equation (20) we obtain:

1+)\1+63a—1£3a—1_/LH—)\1+63a—luH—)\13a—l (22)
KL 2 pupl-a 15Ys 2 1Y 2a
which gives:
s (14 §3a=l8a-1y _ 1
M= (a) = i (L0 50 ) ~ g (23)

1 3a—13a—1 1 3a—1 3a—1
W(l"'(S 0l2 (;oz )"',TL(l"“S a2 1a7a>

Clearly, for this case to be valid, we must justify the assumption that Ay (M) = Apa (M) = 0.
A necessary and sufficient condition for this is gar (M) > gr.(M). Given (21), this condition can

be rewritten as: %{Al&;—;l < 1, where )\ is given by (23). This condition is implied by:

1+ (1 —pp)bo(a) — prpco(a)ap()
bo(a) (1 + co(e))

B > = po(a),
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where
3a—13a—-1 Ja—13a—1 2a
= 1 =
7 2o W@ =l andale) = 57
It follows that (under the assumption that Ar (L) = 0) the solution is given by (18)-(19), (21)
and (23) when when pps > po(c).

ap(a) =140

Case B2. For pps < po(a) we must have Ay, (M) = App(M) > 0. In this case, we must have:

2 1— — -1
049 agL_,uH A2 3«

M) = M)=—— —_—
au (M) = q.(M) 1+04M+1+oz 134 14+«

A9 (24)

Substituting gy (M) and gps (L) equation (20) we obtain:

1—|—/\2+63a—1 M3a—1 1-a _uH—)\2+630¢—1,uH—)\2304—1 (25)
1155 2 uwr 1—a 14+a/) 1Y 2 150 1+«
which gives
3a—1 3a—1 1 3a—11—«
m (1 +5Tl+—a) - (,TL —5Tl+—a)
/\2 - _1 1 +530¢—1 3a—1 + 1 1 +530¢—1 3a—1 (26)
1273 2 14« 1733 2 11—«

It follows that (under the assumption that Arps(L) = 0) the solution is given by (18)-(19), (24)
and (26) when par < po(a).

We now complete the analysis of this section by characterizing the conditions under which we
can ignore the ICy, (L) constraint and so Apar(L) = 0. Tt is easy to see that ICp (L) is satisfied
if and only if gas(L) > qr(L). We have qp(L) > qr(L) if and only if:

13a—1\"" 1— ~1
A < (—30‘ > <1+¢30‘—> (27)
pr 1—a prL 2«
Thus, for Case B1 we have,
fr (L ofatiss) — o0 <<i3a—1>1 <1+1—uL3a—1>
1 3a—13a—1 1 3a—13a—1\ — 1-— 2
o (L0295 352) + - (1+5Tﬁ) pir 2 —a proooca
Define 30— 13a—1 30— 13a—1
a—13a— oa—13a—
a1 (@, pp) = 1+ 0—F————, bi(a,ur) =1+——F——, an
-1
1 3a—1 1-— 3a—1
pr 11—« “r 200

We can then write the previous inequality as:

iy > — e (o, pp) [1 = pr — a1 (o, pr)]
“ 1+4ay(a,pr) pr + by (o, pr) e (o, pr

Next, for Case B2, we have qpr(L) > qr (L) iff,

7= p (@)

30—13a—1 1 30—11— _
ﬁ(1+6a7ﬁ_a>_(ﬂ_5a2 H_g) <<13a—1) 1( 1—,UL3O¢—1>

1+ ——
1 3a—1 3a—1 1 3a—13a—1) 1-— 2
L (14 otartsazt) 4oL (14 g3artsent) T A 1 pe o 20
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Define

3a—13a—1 1 3a—11—«
=146 b =— - S
as (o, pr) + 5 1ra’ 2 (o, pr) L 5 1ra
1 3a—1\" 1—pp3a—1 3a—13a—1
— (= 1 d =146
c2 (e, pir) (MLl—a) (+ . , da (e pp) =14 0————

Rearranging, we obtain:

praz (o, pr) [1—pr — c2 (o, pr)]
pr (a2 (a, pr) +ba (o, pr)) + ba (o, pr) 2 (o, pr

par > 7= ps" ()

Let us define p** () = min {p* (a), pi* («), p3* ()} . We have:

Lemma 14. If py € [** (o), p* (@0)] and ppr > po(e), then the solution of the WR-problem is
given by the solution in Case B1 presented above. If ppyr € [ (a), p* ()] and pp < po(a),
then the solution of the WR-problem is given by the solution in Case B2 presented above.

Proof. We first show that if pps € [u** (o), p* ()] and par > po(e@), then par € [pi* (o), p* (o)]
and par > po(a). This implies that the solution is given by Case B1. Assume ppr < pi* (o).
In this case, (27) does not hold with A;. This implies that (27) does not hold with Ay as well if
A2 > A1. Subtracting equation (25) from equation (22), we get

1 1 3a—1 1 3a—1 1 3a—1 Ja—11—« —AM3a—1
A=) |—+—+6 (— +— ﬂ_ = —1
WL WAL 2 ur 1l—a  puy 14+« 2 l+a 1150 2«
(28)
So, we have that Ao > Ay if:
‘LLH—>\1305—171§07
ar 200

which is implied by pa > po(a). It follows that if upr < pi* («), then py < p** («), a
contradiction. We conclude that it must be ppr > pi* (a).

We now show that if pp € [u** (o), p* ()] and par < po(e), then pps € [uh* (), u* ()] and
< po(@). This implies that the solution is given by Case B2. Assume pps < p3* (). In this
case, (27) does not hold with Ay . This implies that (27) does not hold with A; as well if A; > Xo.
From (28) we have that this always true if pp < po(e). It follows that if pys < ps* («), then
punp < p** (), a contradiction. We conclude that it must be par > pd* (). u

Characterization of Region B3 Finally, we characterize the contract when py; < p**(a) and
so both A > 0 and Ap (L) > 0. This is region B3. In this case:

- A A
gt =0 — LT AN and g =0, - PEETRMEA g (29)
M ML
We also have that Apy (L) > 0 implies gp (L) = g (L), so:
11—« 20 wE +pp +A3a—1
L) = L) = 0 O; — AO
qum(L) = qr(L) T tm 0 L +a (30)
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From Lemma Al2, we have ¢ (L) < 01 — %%AH. Also, when App(L) > 0, the above
inequality is strict. Thus, substituting the optimal value of ¢y, (L), we obtain:

A3a—1 Ja—1
TN +MH+MM o <
pr 11—« Br 200

0 (31)

Note that as Ay (L) converges to zero, (31) is the exact violation of s > p**(«), that is,
inequality (27).
To characterize the quantities after history M, we now show that Ay (M) = App (M) > 0.
Lemma A15. A, )\LM(L) >0= )\ML(M) = ALJVI(L) > 0.
Proof. Suppose Ay (M) = Apar(M) = 0. Then,
prg —A3a—1
M 2«

From 6, — %%A > 01, we have:

g (M) =0y —

A and qr(M)=10r.

2« Wi — A

— > 0. 32
3a—1 wMo (82)

Since A, Apa(L) > 0, using qpr (M) > qn(M) = 0, > qr(L) = qu(L), we get qr, > qpr. This

implies

+

- A A
(1_HH MH + e+ ><0_
123,73 125

Using equation (32). we get
wHE + v+ A3 —1

<1 33
Hr -« (33)
Now, inequality (31) can be written as
Ada—1 1 1
1<MH+MM+ e} 7,UH+,UM(3a71) L
Wr l-—«a 1153 l-a 2«

_,uH—l—,uM—l—)\?)oz—l_uH—I—uMSa—ll—Fa
N Wwr l-a 1133 20 2«

which contradicts condition (33). ]

It follows that

2« 11—« pwg—A3a—1
0r —

= — Al
1+on+1+a pvy  l1+a

qm (M) = qr(M)
Finally, substituting the optimal values in ICyy, as equality, we obtain:

- A A
<1_,UH N Vs ):0 (34)
1234 ur

that implies gps = qr,. Note that equation (34) gives the value of A, which uniquely defines the

solution at the optimum. In particular note that type M and L are treated as one, that is,

qu =qr and qu(M)=qr(M) = qu(L) = qr(L) (35)

18



We conclude that the solution of the WR-problem in region B3 (upy < p**(«)) is given by:
(29),(30), (35) and (34).
This concludes the complete characterization of the optimal allocations in the WR-problem.

Table 2 summarizes the solution of the describing the optimal allocation for each possible case.
[ |

5.1.3 The optimal WR-contract is the optimal contract

We prove the lemma as follows. Let U = U(h!) be the vector of expected utilities, mapping an
history h! to the corresponding agent’s expected utility. First, we construct a vector of utilities U
using the solution of the WR-problem, (w,q). We then show that the solution (U, q) satisfies all
the constraints of the seller’s profit maximization problem and it maximizes profits. We proceed
in two steps:

Step 1. We set ur (M), ur(L), ur,(H) all equal to zero. We also define:

wmr (M), un (L) = wnr (L), un (H) = Abqr,(H)
wyr (M) +wan (M), upg (L) = wyrr (L) +wanm (L), ug (H) = A0 (qr.(H) + qn (H))

Since IRy, IC), and ICy; hold as an equality, we must have:

U, = 0,
—1
Uy = AHqL+63a OJML(L), and
3a—1
Un = Uwm+ Mg + 62— wmar(M).

Step 2. We now show that (U, q) satisfies all the constraints of the profit maximizing problem.
By construction it is immediate that (U, q) satisfies all the constraints in the WR-problem. It
remains to be shown that it also satisfies the other constraints,

IRy, IRy, ICh, ICLar, ICLy, (36)
ICun(H), ICy(H),IRL(H), IR, (M), IR (L)
ICyu(H),ICL(H), ICLy(H),ICrL(H)), ICpp (M),
ICLy (M), ICyL(M),ICy (L), IC g (L), ICHL(L).

First, we show that IR, is satisfied. From IC};;, we have

3av—1
Uy =Urp +Abgqr, +6 [unr(L) — ur(L)]
3a—1 .
=Alqr, + 6 [upr (L) — ur (L)) [Using TRy]
> Mgy + 622 - "Aqu(D)> 0 [Using ICaw (L))

Similarly, we can show that IRy is satisfied. To prove the remaining constraints we need the
following properties of the solution of the WR~problem.
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Lemma A16. For all parameter configurations, in the solution to the WR-problem we have: 1.
qi(H) = 0; fori = M,L H, gqu(M) < On,qr(M) < 0r, and qr.(M) > qr(L) 2. wgm(M) =
AOqp (M) and, without loss of generality, warr, (M) = AOqr, (M), wiaa (L) = Abqa(L); 3. quan-
tities at t = 2 are nondecreasing in type after any history; 4. qu > qn > qrL-

Proof. Point 1 follow from the solution characterized in Section 5.1.2 of this appendix (for
convenience the quantities are reported in Table 2). The first part of Point 2 (ICH (M) always
binds) follows from the first-order condition for wyas(M) (when A = 0) and Lemma 13 (when
A > 0). The second part follows from the fact that ICp;r, (M) can be assumed to hold as an
equality. Suppose wy,(M) > Afqr(M). Then can decrease wyr, (M) so that this holds as an
equality. No constraint is violated and the profit of the monopolist is unaffected. Similarly, we
show that ICp (L) can be assumed to hold as an equality, implying wgas (L) = Afqpr(L). Point
3 follows from incentive compatibility constraints for the second (terminal) period. We now turn
to Point 4. From the fact that in the solution to the WR-problem, qg = 0 and the fact that (as
shown in Section 5.1.2 of this appendix) ¢; < 6; for i = H, M, L, we have qu > ¢q; i = M, L. We,

therefore, only need to prove that qy; > qr,. We will show this result case by case for all regions
A1, A2, B1, B2 and B3. In cases Al and A2, from (9) we have qps > ¢y, if and only if

| B gt EM
123,74 HL

)

that is, #% > % In regions Al and A2 we have upr > p* (@), as defined in Lemma 5.2. This

condition can be written as

1 3a—1 3a—1 1 3a—1 (11— 3a—1
Ao Ba—lppde—1 o1 pm 30 ( o pn 3o )
pr — pMm 2 pm 2a KL KM 2 I+a pu lta

clearly implying ;%L > J;‘—Z For case B3, we show in Section 4.1.2 of this appendix that ¢ = qr..
We now show that in regions Bl and B2 we have qy; > g as well. In these region we have
€ [ (o), p* (o)]. We have qpr > qr, if and only if 1 — “Zf};)\ + NH‘ZJLM‘F)\ >0 . It is clear from
the first-order condition for wg (L) that A > 0 implies Agas (L) > 0, thus, wgar (L) = AOqa(L).

Therefore, we have in regions B1 and B2,

3av—1 3av—1

qu + 9 5 qu(M) =qr +6 5 qm(L).

When ppr > po (o), substituting optimal values (summarized in Table 2) we have

1

B — AN g+ A 3a—1[A3a—-1 pug—X3a-—1
_ 4 +6 LS — =0.
29.% 153 2 pr 11—« Lar 2«
That can be re written as:
- -1)? -1)? -1
(1MH A MH+MM+/\1> <1+5(3a4a ) )_5(304 ) [1+,UH+,UM£3O( }

Jr
war Br da 153 pur 1 —a

We know from (27) that right hand side of the above equation is non-negative. Thus, 1 — /“Z#’\l +
pHtpMEN S ()
1224 -
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When par < o (@), substituting optimal values again (see Table 1) we have

1 =0.

CpH = A2 pH A v+ A 304—1[&304—1_#1{—)\23@—1 11—«

+ +6 -
InY; L 2 pr 1—a pv l+a  1+a

That can be rewritten as:

(l_uH—A2+uH+uM+A2) L sBa= D) a@Ba—1) | T+ HEREE
Y4 KL 2(1+a) I+« A2 3a-1
pr 1—a

We know that (27) is always verified in the relevant range. Using this condition we can see that

prtAs

right hand side of the above equation is non-negative. Thus, we we have 1 — M; ;ﬁz + MH+M

0. ]

Consider the first period constraints. To show that ICp s holds it is sufficient to prove:

1— 1-—
0 = Up>0rqm+96 |aur(L)+ 2auM(M)+ 2auH(M) (37)
= UM—A9QM—53a2_1UL(M)
Ja—1
= UM—AH(]M—(S (]L(M)

Since Upr = Abgy, + 63%-1q. (L), (37) can be written as:

3a—1 3a—1
5 qrL(M) > qr +6 5

The fact that this inequality is satisfied follows from Point 1 and 4 in Lemma A16. (In the

following, when we mention a point, we refer to the points of Lemma A16.)

qm + 96

qr(L)

Next, we show that ICy;y holds. From ICy s we have:

3a—1
U = Unt + A0gas + 5 [upr (M) — upr (M))]
Thus,
3a—1
Un =Upg — ABqpr — 0 [wpr (M) — upr(M)]
3a—1
— Uy — Mgy — 6= [up (H) — ups (H)]

3a—1

+ A0(qr —qm) + 9
3a0—1
2

[(urr (H) = upr(H)) = (ui (M) — uar(M))]

>UH—A9qH—(5 [’LLH<H)—UM(H)]

The last inequality follows from the observation that:

uH(H) — uM(H) > A@qM(H) = A0y > AOqM(M) = uH(M) *’LLM(M), (38)
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where the first inequality follows from the definition of u;(H), the first equality and the second
inequality follow from Point 1. From (38) and the fact that qg > qas (Point 4), it follows that
I1Cyr g holds. We now turn to ICpy. Using ICp s first and then IC)y g, we have:

3a—1
Uy, > Uns — A0qays — 62— Jups (M) — ug (M)

a1 [UH(H) —UM(H>] —A@qM _5304— 1

>Upg — ABgg — 6

[uns (M) — ur (M)]

=Un —2A0qy — 53&; : [up (H) — ur(H)]
20 (arr — ) + - [(uas (H) — i (H)) — (uas (M) — (M)
3a—1

> UH—QAHQH—(S

[ur (H) —ur(H)],
The last inequality follows from the observation that:
uyp (H) —ur(H) > Abqr,(H) = A0, > Abqr (M) = up (M) — ur, (M), (39)

where the first inequality follows from the definition of u;(H), the first equality and the second
inequality follow from Point 1. From (39) and gy > qa (Point 4), it follows that ICp g holds.

Consider now the second period constraints. The constraints IRy (M), IRL(L) IRL(H),
ICy L (H), and ICyp(H)) follow immediately by the definition of the utilities at ¢ = 2.  The
proof that (U, q) solves the seller’s problem is therefore completed if we prove that it satisfies the
constraints in the last two lines of (36). This result follows from the fact that the local downward
incentive constraints are satisfied in period 2 and quantities are weakly monotonic after any history
(Point 3). Finally, to see that the contract is optimal, we note that it maximizes expected profits
in the less restricted WR-problem, so it must be optimal in the seller’s problem. Note moreover
that since the original problem is concave in ¢ this is in fact the unique solution (in quantities).
|

6 Numerical solution of the example in Section 6

We consider a three-type, three-period model with a uniform prior and the Markov process:
f(010) =, f(016) = (1—a)/2 for § # 6, and calculate the loss in expected profit from using (i)
the optimal monotonic contract and (ii) the repeated optimal static contract. The loss is expressed
as a percentage of the profit in the optimal contract in the Table 1 in Figure 5. As can be seen,
the approximation by the optimal monotonic contract is quite good for all cases, with a loss of
profit that is never higher than 0.06%.
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Table 1

6=0.95 0.38 048 0.38 0.68 0.78 0.88 0.98

uy=D5  pp1 001 002 002 00l 00l 000
mye=0.1 1100 987 849 687 498 28 051

py=0.5 0.01 0.02 0.04 0.06 0.06 0.04 001
y=0.2 10.70 962 832 677 496 287 051

py=0.5 0.01 0.01 0.02 0.03 0.03 0.02 001
=03 10.01 987 851 6.91 5.06 393 052

py=0.3 0.01 0.01 0.01 0.02 0.02 0.01 0.00
Hy=0.1 10.75 9.73 8.45 6.91 5.08 295 053

py=0.3 0.01 0.01 0.01 0.03 0.04 0.03 001
y=0.2 10.61 961 837 6.87 5.08 398 054

py=0.3 0.01 0.01 0.01 0.02 0.02 0.0z 001
Hy=0.3 10.41 942 820 672 497 292 053

Figure 5: Percentage loss of optimal objective (monopolist’s profit) by using monotonic contracts
(in bold) and repetition of the static optimum.
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Qi Qu q qu(®) | gs(H) qu(M) qu(M) qu(L) qu(L)
3a -1
Al y —%%AH 0,
0, —Z—”Ae eL—“”ﬂﬂAe v 0,
A2 M - 2a -« —&30{_1A
M L
I+« I+ M, l+a o _ Mt Hy 3a—1A9
eH 9 L '—2
My =4 My + g T4 H - My @
0, -——"—A0| 6 ———————=A0 -4 3a-1 3a-1
B1 (s T o, -Hn=heTl gl g | g, A3eT],
Hy 2a u 1-a
-1 +py + A
0, -2 pp| o - EnTEM T g 2a . l-a, -4 3a-1 4, 3a-1
B2 Hy He M L~ A6 Oy ————— A0
I+a I+a u, l+a -«
B3 HM—’UH_EAH:HL—'UHJF'UMﬁL/IAH 20 9M+l—a€L_,uH—l3a—lA0:1—a 2a L_,uH+,uM+/13a—1A6
Hy Hy I+ I+ Hy 2a I+ I+ )7 I+

Table 2: The optimal contract when N=3 and T=2.




